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Evaluation exercises

Chapter 1

Geplab Corporation produces three products at two different plants. The cost of producing a unit
at each plant is given in the following table.

Product 1 Product 2 Product 3
Plant A R5 R6 R8
Plant B R8 R7 R10

Each plant has the capacity to produce a total of 10 000 units. Demand for at least 6 000 units of
product 1, at least 8 000 units of product 2 and at least 5 000 units of product 3 must be met.
Geplab wishes to minimise costs.

(@) Formulate an LP model for this problem using the variables
Pij = the number of units of product j produced at plant i, wherei=A,Bandj=1, 2, 3.

(b) Solve this model with LINDO. Write down the optimal solution and the associated total
costs.

Use only the initial printout of the optimal solution to answer the following questions. (This
means that you may not change the relevant parameters in the model and do reruns.) Explain
how you arrive at your answers.
(c) Give the optimal solution and total costs if

0] plant A has 9 500 units of capacity,

(i) plant B has 9 000 units of capacity,

(iii)  plant A has 12 000 units of capacity.

(d) What would the total costs be if the demand for product 2 reduces to 4 000 units?

(e) What would the cost of producing product 2 at plant A have to be for the firm to make this
choice?
() What would the new optimal solution and total costs be if
0] the new cost of producing a unit of product 3 at plant A is R8,50?
(i) a new production process is introduced at plant B which reduces the cost of
production of all products by R1 per unit?

9) The workers at plant B have just completed a course on product 1 and the production
manager suggests that 1 000 units of product 1 be produced at plant B. How will this
affect the total cost?
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Chapter 2

Consider the following LP model:
MAX PROFIT=18A+10B+12C
subject to
(Cl) 4A+8B+4C <56
(C2) 4A+3B+2C <40
and
all variables > 0.

When LINDO is used to solve this model the following final simplex table is generated:

THE TABLEAU

ROW (BASIS) A B C SLK 2 SLK 3

1 ART 0.00  11.00 0.00 1.50 3.00 204.00
c1 c 0.00 2.50 1.00 0.50  -0.50 8.00
c2 A 1.00  -0.50 0.00 -0.25 0.50 6.00

Answer the following questions using only the final simplex table. (This means that you may not
use the LINDO solution and the ranging analysis.) Show and explain all your calculations.

@) Write down the optimal production plan and associated profit.
(b) What is the reduced cost of each variable?

(c) What is the dual price of each constraint?

(d) Which constraints have slack?

(e) Calculate the range within which each objective coefficient may vary without changing
the optimal basis.

() Calculate the range within which each right-hand side may vary without changing the
optimal basis.

(9) What are the new values of the decision variables if the right-hand side of constraint C1
changes to 60 and the right-hand side of constraint C2 changes to 45?
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Chapter 3

1. Jack Makoena has been asked to organise the taxi service operating between Mamasweto and
Durberley. He has already done a study to determine the needs of the commuters and plans to
schedule the taxis so that the following numbers of taxis will be available during the different
times of the day:

Number of
Time of day taxis required
00:00 — 04:00 25
04:00 — 08:00 60
08:00 — 12:00 35
12:00 — 16:00 50
16:00 — 20:00 55
20:00 — 24:00 15

In order to meet this demand Jack will contract a number of taxi drivers. Each one will work a
shift of eight consecutive hours per day. There will be six different shifts, the first one starting
at 0:00 and running until 8:00, the second one starting at 4:00 and running until 12:00, the third
one starting at 8:00 and running until 16:00 etc.

Each taxi driver will be restricted to working in a specified time slot. If too many drivers are
contracted, it may happen that the demand in a time slot is exceeded by far and the drivers will
not be able to fill up their taxis to capacity. Thus, in order for the plan to work, the total number
of taxi drivers should be kept to a minimum.

(@)

(b)

(©
(d)

Formulate an LP model to determine how many taxi drivers to schedule in each eight-hour
shift so that the demand for each four-hour time slot will be met and the total number of
taxi drivers required will be a minimum.

Solve the model using LINDO. Show that the demand in each period will be met by this
solution.

Comment on the existence of alternative solutions.

Use LINDO to find an alternative solution.

The Grow-n-Grow Manufacturing Company, producing a single product, wants to expand
the production capacity of its factory during the next four quarters. The objective of the
company is to have the production capacity as large as possible at the beginning of the
next year (that is the fifth quarter). Currently the production capacity is 800 units.

Each item produced costs R100 (this includes labour and material) and utilises one unit of
the production capacity of the factory. The return is R140 at the beginning of the next
quarter.
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During each quarter the company can use one or both of two construction methods to
expand the factory. Each method requires cash during the period within which the
expansion is started. Method 1 requires R20 000 per unit increase in capacity and method
2 requires R15 000 per unit. Method 1 takes one quarter to complete, while method 2
requires two quarters for completion. Assume that construction starts at the beginning of
a quarter and that the total enlarged capacity becomes available at the beginning of a
quarter.

At the beginning of the first quarter the company has R250 000 with which to finance
production and expansion to the factory. The company requires that all production and
expansion during the coming year be financed from these funds and the return on
production. At the beginning of the following year all expansions to the factory should be
completed and production at full capacity must be possible.

Formulate an LP model to represent this problem. Solve the model using LINGO.

Chapter 4

1.

The Bloom & Blossom Company wants to expand its activities. In the next few years a
number of large capital amounts will become untied, and they wish to plough these back
into the company.

The amounts that will become available at the beginning of each year are given in the
following table:

Year Amount
1 R150 000
2 R135 000
3 R210 000
4 R120 000
5 R 90000

Four projects are being considered. The capital needed per year for each project (in
R1 000) and the present value of the net return (in R1 000) on each project are given in the
table below.

Capital needed Net

Project 112 3 [4]5]return
1. Expand plant in Alberton 30]60| 81 | 60|30 | 240
2. Build new plant in Port Elizabeth 60 | 30 | 120 | 60 | 60 | 300
3. Enlarge small machine capacity in Rosslyn | 30 | 15| 60 |30 | O 120
4. Enlarge large machine capacity in Rosslyn | 90 | 60 | 30 |30 | 30| 210

If a project is selected, it has to be completed as a whole.

Money not used can be invested at 12% per annum for a year.
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Bloom & Blossom wants to select one or more of the projects in such a way that the net
return on the chosen projects will be a maximum.

Formulate and solve an integer programming model of this problem.

2. A large town and its surrounds are divided into six regions. A possible location for a fire
station has been identified in each region. The town council wants to build the minimum
number of fire stations needed to ensure that any point within the six regions is within 15
minutes drive from a fire station.

The following table gives the time in minutes required to drive between each fire station
and the point within each region which is the furthest from the specific fire station.

Region
Fire station 1 2 3 4 5 6
1 5 15 25 35 40 25
15 10 25 40 35 15
20 20 5 15 20 25
40 45 15 10 15 25
45 40 20 15 10 15
30 15 20 30 15 10

o0 BWwiN

Formulate and solve an integer programming model that will help the town council to
decide how many fire stations to build and where they should be located.

Chapter 5

Lee’s Butchery produces sausage by mixing beef, pork and mutton. The cost per kilogram,
percentage fat per kilogram and percentage protein per kilogram for these ingredients are given in
the following table:

Beef Pork Mutton
Cost (R per kg) 21,00 17,00 23,50
Fat (% per kg) 10 36 22
Protein (% per kg) 40 26 32

Lee must produce 100 kilogram of sausage. He has set the following goals:

Goal 1: Sausage should consist of at least 30% protein.
Goal 2: Sausage should consist of at most 15% fat.
Goal 3: Cost per kilogram of sausage should not exceed R20,00.

Goal 1 is twice as important as goal 2 and three times as important as goal 3.

Formulate and solve a goal programming model for this problem. Write out the best solution and
state which goals have been attained.
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2. Solutions to evaluation exercises

Chapter 1
(a) Decision variables

Pij = the number of units of product j produced at plant i,
wherei=A,Bandj=1,2, 3.

Objective function

Minimise total costs. The only costs that can be considered here are the production costs
given here.

Min COSTS =5 PA1 + 6 PA2 + 8 PA3 + 8 PB1 + 7 PB2 + 10 PB3
Constraints

Capacity A:  PA1 + PA2 + PA3 < 10000
Capacity B:  PB1 + PB2 + PB3 < 10 000
Demand 1: PA1 + PB1 > 6 000
Demand 2: PA2 + PB2 > 8 000
Demand 3: PA3 + PB3 > 5000

Feasibility restrictions
All variables > 0

(b) The model is entered into LINDO as follows:

TITLE CHAPTER 1

MIN 5PA1+6PA2+8PA3+8PB1+7PB2+10PB3
SUBJECT TO

CAPA) PA1+PA2+PA3<10000

CAPB) PB1+PB2+PB3<10000

DEM1) PA1+PB1>6000

DEM2) PA2+PB2>8000

DEM3) PA3+PB3>5000

END

The printout of the solution is:

OBJECTIVE FUNCTION VALUE

1) 128000.0
VARIABLE VALUE REDUCED COST
PA1 6000.000000 0.000000
PA2 0.000000 1.000000
PA3 4000.000000 0.000000
PB1 0.000000 1.000000
PB2 8000.000000 0.000000
PB3 1000.000000 0.000000
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ROW  SLACK OR SURPLUS DUAL PRICES
CAPA) 0.000000 2.000000
CAPB) 1000.000000 0.000000
DEM1) 0.000000 -7.000000
DEM2) 0.000000 -7.000000
DEM3) 0.000000 -10.000000

NO. ITERATIONS= 2

RANGES IN WHICH THE BASIS 1S UNCHANGED:

OBJ COEFFICIENT RANGES

VARIABLE CURRENT ALLOWABLE ALLOWABLE
COEF INCREASE DECREASE
PA1 5.000000 1.000000 7.000000
PA2 6.000000 INFINITY 1.000000
PA3 8.000000 1.000000 1.000000
PB1 8.000000 INFINITY 1.000000
PB2 7.000000 1.000000 7.000000
PB3 10.000000 1.000000 1.000000
RIGHTHAND SIDE RANGES

ROW CURRENT ALLOWABLE ALLOWABLE
RHS INCREASE DECREASE

CAPA 10000.000000 1000.000000 1000.000000
CAPB 10000.000000 INFINITY 1000.000000
DEM1 6000.000000 1000.000000 1000.000000
DEM2 8000.000000 1000.000000 8000.000000
DEM3 5000.000000 1000.000000 1000.000000

The optimal solution is to produce 6 000 units of product 1 and 4 000 units of product 3 at
plant A, and 8 000 units of product 2 and 1 000 units of product 3 at plant B at a total cost
of R128 000.

0] Capacity plant A = CAPA constraint.
Capacity was 10 000 units, now 9 500. This is a decrease of 500 units.

Since 500 is less than the AD (allowable decrease) for the RHS (right-hand side) of
the constraint CAPA, the optimal basis remains unchanged but quantities of the
variables may change.

Dual price = R2, implying that every one unit increase in RHS improves costs by
R2 (or every one unit decrease in the RHS worsens costs by R2). In this case, costs
increase by R2 x 500 = R1 000.

Hence, if the capacity of plant A decreases from 10 000 to 9 500 units, then the
optimal production plan remains unchanged, but the quantities of the products may
change and the costs increase by R1 000 to R129 000.

(i)  Capacity plant B = CAPB constraint.
Capacity was 10 000 units, now 9 000. This is a decrease of 1 000 units.
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Since 1 000 is equal to the AD for the RHS of the constraint CAPB, the optimal
basis remains unchanged but quantities of the variables may change.

Dual price = RO and the constraint is nonbinding with a slack of 1 000 units.

Only 9 000 units of the available capacity of 10 000 units are used. Decreasing the
capacity from 10 000 to 9 000 will reduce the slack capacity to zero and will not
affect the production plan or costs.

(iii)  Capacity plant A = CAPA constraint.
Capacity was 10 000 units, now 12 000. This is an increase of 2 000 units.

Since 2 000 is more than the Al (allowable increase) for the RHS (right-hand side)
of the constraint CAPA, the optimal basis will change, and we cannot make any
deductions from the current printout.

Hence to find the optimal solution and total costs a rerun of LINDO is necessary.

Demand for product 2 = DEMZ2 constraint.
Demand was 8 000 units, now 4 000. This is a decrease of 4 000 units.

Since 4 000 is less than the AD for the RHS of the constraint DEM2, the optimal basis
remains unchanged but quantities of the variables may change.

Dual price = —R7, implying that every one unit increase in RHS worsens costs by R7 (or
every one unit decrease in the RHS improves the costs by R7). Therefore, costs decrease
by R7 x 4 000 = R28 000.

Hence, if the demand for product 2 reduces to 4 000 units, then the total costs will
decrease by R28 000 to R100 000.

PA2 is a nonbasic variable; therefore, no units of product 2 are produced at plant A.

Reduced cost = R1, that is, for every one unit increase in the lower limit of 0, the total
costs will worsen by R1. Therefore, to offset this increase in total costs, the production
cost of product 2 must reduce by R1 from R6 to R5.

Hence the cost of producing product 2 at plant A must decrease by at least R1 per unit for
the firm to make this choice.

0] The cost of producing a unit of product 3 at plant A is the objective function
coefficient (OFC) of PA3. It was R8, now R8,50. This is an increase of R0,50.

Since 0,5 is less than the Al for the OFC (objective function coefficients) of the
variable PA3 (= 1), the optimal basis and quantities of the variables remain
unchanged.
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PA3 is a basic variable and equals 4 000, implying that 4 000 units are produced.
Therefore, total costs increase by R0,50 x 4 000 = R2 000.

Hence the optimal solution remains unchanged and the total costs increase by
R2 000 to R130 000.

(i) The cost of production of all products at plant B is reduced by R1. The objective
function coefficients of PB1, PB2 and PB3 change, implying that three parameters
are changing simultaneously. Therefore, we cannot make any deductions from
current printout.

Hence to find the new optimal solution and total costs a rerun of LINDO is
required.

PBL1 is a nonbasic variable. No units of product 1 are therefore produced at plant B.
Reduced cost = R1. For every one unit increase in the lower limit of O, the total costs will
therefore worsen by R1. If 1 000 units of product 1 are produced at plant B, the total costs
will increase by 1 000 x R1 = R1 000.

Hence the total costs will increase by R1 000 to R129 000.

Chapter 2

(@)

(b)

(©)

(d)
(€)

The basic variables are listed in the second column of the final simplex table and are C
and A. The remaining variables, namely B, S1 (SLK 2) and S2 (SLK 3) are not listed and
therefore they are nonbasic and take on the value of their lower bound of zero.

The values of the basic variables are given in the last column and are C =8 and A = 6.

The value of the objective function is given in the last column of the first row of the final
simplex table and is 204.

Therefore the optimal production plan is:
A =6,B=0and C =8 with PROFIT = 204.

The reduced costs (shadow costs) of the variables are their coefficients in the objective
function equation, which appears in the first row of the final simplex table. The reduced
costof Ais 0, of Bitis 11 and of Citis 0.

The dual prices (shadow prices) of the constraints are the coefficients of their associated
slack variables in the objective function equation. The dual price of C1is 1,5 and of C2 it
is 3.

Since both S1 and S2 = 0, both the constraints are binding and neither has any slack.

A: The objective function coefficient of A is 18. Suppose this changes to 18 + d.

The objective function equation in the final simplex tableau will then become

PROFIT-dA+11B+1,5S1 + 3 S2=204.
A'is a basic variable and must be eliminated. Replace it with
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A=6+05B+0,2551-0,5S52.

The objective function equation now becomes
PROFIT -d(6+0,5B+0,25S1-0,5S2) + 11 B +1,5S1 + 3 52 = 204
or
PROFIT +(11-0,5d)B + (1,5 -0,25d)S1 + (3 + 0,5d)S2 = 204 + 6d.

To maintain optimality, we must have
11-05d >0 or 0,5d <11 or d < 22;
15-0,25d >0 or 0,25d <15 or d <6;
3+0,55d >0 or 0,5d > -3 or d > -6.

From this it follows that
-6 <d<6.

Hence the Al is 6 and the AD is 6.

B: The objective function coefficient of B is 10. Suppose this changes to 10 + d.

The objective function equation will now become
PROFIT +(11-d)B+1,5S1 +3S2=204.
B is a nonbasic variable and need not be eliminated.

To maintain optimality, we must have
11-d >0 or d <11
Hence the Al is 11 and the AD is infinity.

C: The objective function coefficient of C is 12. Suppose this changes to 12 + d.

The objective function equation will now become
PROFIT+11B-dC+1,5S1+3S52=204.

C is a basic variable and must be eliminated. Replace it with
C=8-25B-0,5S1+0,58S2.

The objective function equation now becomes
PROFIT+11B-d(8-25B-05S1+0,5S2)+1,5S1+3S2=204
or PROFIT + (11 + 2,5d)B + (1,5 + 0,5d)S1 + (3 - 0,5d)S2 = 204 + 8d.
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To maintain optimality, we must have
11+425d>0 or 25d >-11 or d > —44;
15+05d>0 or 05d>-15 ord=>-3;

3-05d>0 or 0,5d <3 or d <6.

From this it follows that

-3<d<6.

Hence the Al is 6 and the AD is 3.

C1: The right-hand side of C1 is 56. Suppose that this changes to 56 + d. The coefficients
of d correspond to the coefficients of S1 (SLK2).

The basic variables become

C=8+0,5d
A= 6-0,25d
To maintain feasibility, we must have
8+0,5d >0 or 0,5d > -8 or d > -16;
6—-0,25d > 0 or 0,25d < 6 or d <24,

From this it follows that
-16 < d < 24.

Hence the Al is 24 and the AD is 16.

C2: The right-hand side of C2 is 40. Suppose that this changes to 40 + d. The coefficients
of d correspond to the coefficients of S2 (SLK3).

The basic variables become
C=8-0,5d;
A= 6+0,5d.

To maintain feasibility, we must have:
8-0,5d >0 or 0,5d < 8 or d < 16;
6+05d >0 or 0,5d > -6 or d > -12.

From this it follows that =12 < d < 16. Hence the Al is 16 and the AD is 12.
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Let the right-hand side of constraint C1 change to 56 + d and the right-hand side of constraint C2
changeto 40 +e. Thend=4ande =5.
The basic variables and PROFIT become
C=8+0,5d-0,5e=8+0,54)-0,505)=7,5;
A= 6-0,25d + 0,5e =6 -0,25(4) + 0,5(5) = 7,5;
PROFIT =204 + 1,5d + 3e =204 + 1,5(4) + 3(5) = 225.

Chapter 3
1. (a) Decision variables
Jack must decide how many taxi drivers to assign to each shift.

Let NOO_08 = the number of taxi drivers required for the shift from 00:00 to 08:00,
NO4_12 = the number of taxi drivers required for the shift from 04:00 to 12:00,
NO8_16 = the number of taxi drivers required for the shift from 08:00 to 16:00,
N12_20 = the number of taxi drivers required for the shift from 12:00 to 20:00,
N16_24 = the number of taxi drivers required for the shift from 16:00 to 24:00,
N20_04 = the number of taxi drivers required for the shift from 20:00 to 04:00.

Constraints

Each four-hour period must have enough taxis so that the requirement in that period will
be met.

For example, in the period 00:00 to 04:00 taxis manned by drivers on both the 20:00 to
04:00 shift and the 00:00 to 08:00 shift are available. Therefore at least 25 drivers should
be assigned to these two shifts. This constraint may be written as

NOO_08 + N20_04 > 25 (Period 00-04).
Likewise, the constraints for the other five time periods may be written as
NOO_08 + N04_12 > 60 (Period 04-08);
NO4_12 + N08_16 > 35 (Period 08-12);
NO08_16 + N12_20 > 50 (Period 12-16);
N12 20+ N16 24 > 55 (Period 16-20);
N16_24 + N20_04 > 15 (Period 20-24).

Objective function

The total number of taxi drivers should be kept to a minimum, that is

Minimise TOTAL = NOO_08 + N04_12 + NO8_16 + N12_20 + N16_24 +
N20_04.
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LP model
Minimise TOTAL = NOO_08 + NO4_12 + N0O8_16 + N12_20 + N16_24 +
N20_04
subject to NOO_08 + N20_04 > 25 (PER0OO_04)
NOO_08 + NO4_12 > 60 (PER04_08)
NO4_12 + NO8_16 > 35 (PER08_12)
NO8 16 + N12 20 > 50 (PER12_16)
N12 20 + N16 24 > 55 (PER16_20)
N16 24 + N20 04 > 15 (PER20_24)
and
all variables > 0.
(b) Solution
OBJECTIVE FUNCTION VALUE
1) 125.0000
VARIABLE VALUE REDUCED COST
NOO_08 25.000000 0.000000
NO4 12 35.000000 0.000000
NO8 16 0.000000 0.000000
N12_ 20 50.000000 0.000000
N16 24 5.000000 0.000000
N20 04 10.000000 0.000000
ROW  SLACK OR SURPLUS DUAL PRICES
PEROO_04) 10.000000 0.000000
PERO4_08) 0.000000 -1.000000
PERO8_12) 0.000000 0.000000
PER12_16) 0.000000 -1.000000
PER16_20) 0.000000 0.000000
PER20_24) 0.000000 -1.000000

According to this solution the total number of taxis available in each time period is

as follows:
Time period Taxis available Taxis required
00:00 — 04:00 25+10=35 25
04:00 — 08:00 25+ 35 =60 60
08:00 — 12:00 35+0=35 35
12:00 — 16:00 0+50=50 50
16:00 — 20:00 50+5=55 55
20:00 — 24:00 5+10=15 15

During each period the number of taxis available equals the required number of taxis,
except during the period from 00:00 to 4:00 when 10 extra taxis are available.

(c) The variable NO8_16 is zero (nonbasic) and has a reduced cost of zero. The constraints
PERO8_12 and PER16_20 are binding and have dual prices of zero. This indicates the
existence of alternative solutions.
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Follow the instructions as given in Section 2.8 of the study guide to generate an alternative
solution. Enter NO8_16 in the MY VARIABLE SELECTION box. (The variables SLK 4
and SLK 6 may also be entered.) The alternative solution is as follows:

OBJECTIVE FUNCTION VALUE

1) 125.0000
VARIABLE VALUE REDUCED COST
NOO_08 35.000000 0.000000
NO4_12 25.000000 0.000000
NO8_16 10.000000 0.000000
N12_20 40.000000 0.000000
N16_24 15.000000 0.000000
N20_04 0.000000 0.000000
ROW  SLACK OR SURPLUS DUAL PRICES
PEROO_04) 10.000000 0.000000
PERO4_08) 0.000000 -1.000000
PER08_12) 0.000000 0.000000
PER12_16) 0.000000 -1.000000
PER16_20) 0.000000 0.000000
PER20_24) 0.000000 -1.000000

Decision variables

Let

PRODI = number of units to be produced in the i-th quarter,

MET1i = number of units with which capacity is enlarged using method 1 in the i-th
quarter,

MET2i = number of units with which capacity is enlarged using method 2 in the i-th
quarter,

UNUSEDiI = unused cash at the end of the i-th quarter, where i =1, 2, 3, 4.

Constraints

Two things restrict what can be done in each quarter — the cash available in each period
and the production capacity.

In the first quarter R250 000 cash is available to be divided amongst production,
expanding capacity using method 1 and expanding capacity using method 2. If all of the
R250 000 is not used, the remaining cash does not “disappear” as does unused capacity,
for example, but remains available for the next quarter. Therefore, the cash constraint for
the first quarter may be written as:

100 PROD1 + 20 000 MET11 + 15 000 MET21 + UNUSED1 = 250 000.

In the second quarter the cash available is whatever was left over from the first quarter
plus the return on the production of the first quarter. Again it can be divided amongst
production, expanding capacity using method 1, expanding capacity using method 2 and,
if desired, cash left over for usage in the third quarter:

100 PROD2 + 20 000 MET12 + 15 000 MET22 + UNUSED2 = UNUSED1 +
140 PRODL1.
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Likewise we have for the third quarter:
100 PROD3 + 20 000 MET13 + 15 000 MET23 + UNUSED3 = UNUSED?2 +
140 PROD2

The constraint for the fourth quarter is similar, except that method 2 may not be used for
expansion because of the requirement that all expansions should be completed at the end
of the fourth quarter. Thus we may write

100 PROD4 + 20 000 MET14 + UNUSED4 = UNUSED3 + 140 PROD3.
Production in the first quarter is restricted by the current production capacity of 800 units.
Thus,

PROD1 < 800.
If method 1 is used in the first quarter, the production capacity for the second quarter
increases as follows:

PROD2 < 800 + MET11.
From the second to the third quarter the production capacity increases according to the

amount of money spent on expansion method 1 in the second quarter and on the amount of
money spent on expansion method 2 in the first quarter:

PROD3 < 800 + MET11 + MET12 + MET21.
Likewise, the production capacity increases from the third to the fourth quarter according

to the amount of money spent on expansion method 1 in the third quarter and on the
amount of money spent on expansion method 2 in the second quarter:

PROD4 < 800 + MET11 + MET12 + MET13 + MET21 + MET22.

Objective function

The objective is to maximise the production capacity at the beginning of the next year.
This capacity is given by

800 + MET11 + MET12 + MET13 + MET14 + MET21 + MET22 + MET23.

The model
Max CAPACITY = 800 + MET11 + MET12 + MET13 + MET14 + MET21 + MET22 +
MET23
subject to
100 PROD1 + 20 000 MET11 + 15 000 MET21 + UNUSED1 = 250 000
100 PROD?2 + 20 000 MET12 + 15 000 MET22 + UNUSED2 = UNUSED1 + 140 PROD1
100 PROD3 + 20 000 MET13 + 15 000 MET23 + UNUSED3 = UNUSED?2 + 140 PROD2
100 PROD4 + 20 000 MET14 + UNUSED4 = UNUSED3 + 140 PROD3
PROD1 < 800
PROD2 < 800 + MET11
PROD3 < 800 + MET11 + MET12 + MET21
PROD4 < 800 + MET11 + MET12 + MET13 + MET21 + MET22
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all variables > 0.

Optimal solution

17

The optimal solution is set out in the following table:

Expansion | Expansion
Quarter | Production using using
quantity | method1 | method 2
1 800,00 - 11,33
2 800,00 - -
3 811,33 - 4,19
4 - 5,68 -

DSC3702/102

R32 000 cash is not used in the second quarter. The total capacity at the beginning of the
fifth quarter is 821,20.

The production capacities in the four quarters are 800, 800, 811,33 and 811,33
respectively. It appears that production must be at full capacity in the first three quarters
to generate cash that may be used for production and expansion in the ensuing quarters.
After the production has been financed, all the extra cash is utilised to finance the
expansion of the factory — using method 2 in the first and third quarters and method 1 in
the fourth quarter. Quarter two is an exception. The R32 000 extra cash in that period is
held back to fund expansion in the third quarter. However, if LINDO is used to solve the
model, it becomes clear that an alternative solution exists according to which the R32 000
is used to fund expansion according to method 2 in the second quarter. This makes sense
as the extra production capacity generated by using method 2 only becomes available two
quarters later, that is, in either the fourth or fifth quarters. Therefore it makes no
difference to the final solution whether the R32 000 is utilised for method 2 in the second
or in the third quarter.

Chapter 4

Decision variables

1 if the plant in Alberton should be expanded

Let P1=4 .
{0 if not.

P2, P3 and P4 are similar for the other three projects.
Let Ai=amountinvestedinyeari(i=1,2,3,4,5.)
The model

MAX RETURN = 240 P1 + 300 P2 + 120 P3 + 210 P4

subject to
(Year 1) 30P1+ 60P2+30P3+90P4+Al1=150
(Year 2) 60P1+ 30P2+15P3+60P4+A2=135+112A1

(Year 3) 81P1+120P2+60P3+30P4+A3=210+1,12 A2
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(Year 4) 60 P1+ 60P2+30P3+30P4+A4=120+1,12A3

(Year 5) 30P1+ 60P2 +30P4+A5= 90+1,12A4
and

P1, P2, P3, P4 are zero-one variables

Al, A2, A3, A4, A5 > 0.

Optimal solution

The optimal solution is to:

e expand the plant in Alberton

enlarge the small machine capacity in Rosslyn

enlarge the large machine capacity in Rosslyn

invest an amount of R39 000 in year 3, R43 680 in year 4 and R78 922 in year 5
the net return on the chosen projects is R570 000.

Decision variables

_ (1 if afire station is to built at location i,

Let Fi= .
0 if not,

i=1,2,3,4,5,6.

Constraints
There must be a fire station within 15 minutes drive from any point in each region.

Consider region 1. It must be served by a fire station in either region 1 or region 2, since
the time to reach region 1 from the other four possible fire stations is too long. Therefore
at least 1 fire station must be built at locations 1 and 2 to ensure that any point in region 1
can be reached in at most 15 minutes time.

Therefore:
F1+F2>1 (REGION 1)

Similarly for the other regions we get:
F1+F2+F6>1 (REGION 2)
F3+F4 >1 (REGION 3)
F3+F4+F52>1 (REGION 4)
FA+F5+F6 > 1 (REGION 5)
F2+F5+F6>1 (REGION 6)

Objective function

The total number of fire stations to be built is F1 + F2 + F3 + F4 + F5 + F6. Therefore
the objective function

MIN NOFS=F1+F2+F3+F4+F5+ F6.
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Model

MIN NOFS=F1+F2+F3+F4+F5+F6

subject to
F1+F2>1 (REGION 1)
F1+F2+F6>1 (REGION 2)
F3+F4>1 (REGION 3)
F3+F4+F5>1 (REGION 4)
FA+F5+F6>1 (REGION 5)
F2+F5+F6 > 1 (REGION 6)

and

all variables are zero-one variables.
Solution

Build two fire stations: one in region 2 and one in region 4.

Chapter 5
Decision variables

Beef, pork and mutton are mixed to make sausage. Lee needs to know how many kilograms of
each ingredient to use to produce 100 kg of sausage.

Let: BEEF = number of kg of beef used,
PORK = number of kg of pork used, and
MUTTON = number of kg of mutton used.
Constraints
Lee must produce 100 kg of sausage. Hence
BEEF + PORK + MUTTON = 100.
Goal 1
Sausage should consist of at least 30% protein.
30% of 100 kg = 30 kg , therefore, Protein > 30 kg.
The protein content of 100 kg of sausage is
0,40 BEEF + 0,26 PORK + 0,32 MUTTON.
Define two variables to represent the deviation from the required protein content:

LPROT = number of kilogram of protein less than 30 kg, and
XPROT = number of kilogram of protein more than 30 kg.
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The constraint to represent this goal is
0,40 BEEF + 0,26 PORK + 0,32 MUTTON + LPROT — XPROT = 30.

Goal 2
Sausage should consist of at most 15% fat.
15% of 100 kg = 15 kg, therefore, Fat < 15 kg.

The fat content of 100 kg of sausage
0,10 BEEF + 0,36 PORK + 0,22 MUTTON.

Define two variables to represent the deviation from the required fat content:
LFAT = number of kilogram of fat less than 15 kg, and
XFAT = number of kilogram of fat more than 15 kg.

The constraint to represent this goal is
0,10 BEEF + 0,36 PORK + 0,22 MUTTON + LFAT — XFAT = 15.

Goal 3

The cost per kilogram of sausage should not exceed R20,00. Therefore, the cost of 100 kg of
sausage should not exceed 100 x R20,00 = R2 000. This implies that

Cost < R2 000.

The cost of 100 kg of sausage is
21,00 BEEF + 17,00 PORK + 23,50 MUTTON.

Define two variables to represent the deviation from the specified cost:
LCOST = amount by which the total cost is less than R2 000, and
XCOST = amount by which the total cost of R2 000 is exceeded.

The constraint to represent this goal is
21,00 BEEF + 17,00 PORK + 23,50 MUTTON + LCOST — XCOST = 2 000.

Objective function

The objective is to minimise the deviation from the set goals and hence only the decision variables
that represent the undesirable deviations from the goals should be included in the objective
function.

Goal 1: Sausage should consist of at least 30% protein. Thus, LPROT is an undesirable
deviation.

Goal 2: Sausage should consist of at most 15% fat. Thus, XFAT is an undesirable deviation.

Goal 3: Cost per kg of sausage should not exceed R20,00. Thus, XCOST is an undesirable
deviation.

Goal 1 is twice as important as goal 2 and three times as important as goal 3. Thus, if goal 3 has a
weight of 1, goal 1 must have a weight of 3 (3 x 1), and goal 2 a weight of 1,5 (3 + 2).

Therefore the objective function is
Min DEVIATE =3 LPROT + 1,5 XFAT + XCOST.
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Model

Min DEVIATE = 3 LPROT + 1,5 XFAT + XCOST

subject to
BEEF + PORK + MUTTON =100
0,40 BEEF + 0,26 PORK + 0,32 MUTTON + LPROT - XPROT = 30
0,10 BEEF + 0,36 PORK + 0,22 MUTTON + LFAT — XFAT =15

21,00 BEEF + 17,00 PORK + 23,50 MUTTON + LCOST — XCOST = 2 000

and
all variables > 0.

Optimal solution
75 kg of beef and 25 kg of pork should be mixed to make 100 kg of sausage.

LPROT = 0, implying that Goal 1 is attained, since the sausage does not contain less than 30%
protein. In fact, XPROT = 6,5, which indicates that the sausage contains 6,5 kg more protein than
the minimum requirement of 30 kg.
XFAT = 1,5, implying that Goal 2 is not attained, since the sausage contains 1,5 kg more fat than
the minimum requirement of 15 kg.

XCOST = 0, implying that Goal 3 is attained, since the cost per kilogram does not exceed R20,00.
In fact, the cost of the sausage is exactly R20,00 per kilogram since we also have LCOST = 0.
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