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Chapter 1

Introduction and overview

1.1 Determining decisions

A human being is the sum total of his or her decisions. Choosing a study field, husband or wife,
friends, a career and an employer, a car and a house – these choices provide a framework for every
person’s existence. The less significant, ongoing choices are equally important, for example how to
spend the next hour, how to react to a question or a greeting, how to feel about issues beyond one’s
control – these decisions add up and in the end “maketh the man”.

People have been aware of this for millennia and have responded in various ways. Philosophers and
prophets have expounded different ways of seeing life and afterlife and countless philosophical and
religious systems have been proposed. Many of them accept that man cannot be trusted to do the
right thing and is subject to lapses for which a number of mantras, standardised prayers, meditation
and similar remedies have been proposed and used. Recent research has uncovered that a person
only becomes aware of decisions after they have been made unconsciously, confirming what has been
stated in different ways and solved in more ways centuries ago. To put it into the terms of today’s
popular psychology, one needs an extensive program of self-indoctrination to become and to stay
the person one wants to be. This ensures that the subconscious decision making corresponds to the
values one has assumed.

Western thought has evolved from an integrated world view in the Middle Ages to a system where
different fields are treated by different disciplines and people specialise in such a field to become
experts while knowing almost nothing of a different field. This system of specialisation has brought
enormous advances and benefits but (of course) it has its disadvantages as well. This is the reason
for terms like holism, integration and interdisciplinary.

Operations research is probably the only mathematical discipline that confesses a multidisciplinary
approach. This goes back to its origins in World War II when teams of scientists from different fields
were assembled to research optimal ways to conduct military operations; hence the term operations
research. A multidisciplinary approach does not imply that operations research concerns itself with
the whole of man as religion and the other grand approaches do; it is much humbler focused on
decision making in the practical world of business and organised endeavour.

This study guide discusses an aspect of decision making as a topic in the decision sciences and in
itself represents a decision to concentrate on specific topics and to follow specific procedures. The
term “decision theory” as used in our discipline, is given a content that is appropriate to our way of
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thinking and our points of departure – it focuses on techniques for rational decision making. Using
decision trees and the mini-max rule you encountered in DSC2602 are examples of such techniques.

We accept in this module that people have mental models that contain valuable information and
judgments, but we also accept that people do not necessarily deal with these models in a logical
manner. This is, broadly speaking, also the point of departure of decision theory. However, this field
of decision theory specialises in the quantification of human preferences and the ensuing applications,
also known as the mathematical modelling of human judgment. This briefly means that decision
makers are questioned in a structured manner about their preferences in respect of particular items
(eg objectives, principles, criteria, services) and that their answers are processed to obtain a weight
for every item. These weights are then used in different ways to determine best decisions.

It is also valid to speak of multi-criteria decision analysis (MCDA) because several objectives or
criteria usually apply and no single item would optimise all the objectives. The task is to select a
best choice from this chaos in which one item could optimise a number of objectives but at the same
time have a negative effect on others.

1.2 Related fields of study

Behavioural economics focuses on consumer behaviour and typical decision-making patterns. One
such pattern is that people deal in different ways with money that comes from different sources. A
person who did really well from a risky investment frequently withdraws the original capital leaving
the rest of the investment intact. This investor would then say, “I don’t care what happens to the
remaining money; I have my money back”. When someone retires and then gets a contract to work
for a salary for another few years, the person uses the monthly pension in a different way than the
salary income.

Inconsistent and even foolish decision-making patterns have also been studied. People sometimes
drive long distances, then spend considerable time on saving 50% on a household item that costs R80
but pay an estate agent 7% on a big property transaction without blinking an eye. (The percentage
is focused on and not the absolute amount.) These decision-making patterns are known as heuristics
– a quite different meaning for the word than we attach to it in DSC3706.

Psychologists have worked on people’s reactions to (or their perceptions of) a physical experience, for
example how they experience an increase in the temperature of their bath water or in the volume of
the music to which they are listening. The last is expressed in decibel, which is related to the log of
the energy of the sound. Although different senses may require different mathematical expressions,
today there is reasonable consensus about the mathematical relationships between the strength of
the stimulus and the intensity of the human experience. We return to this aspect.

Another research result in psychology to which we will refer later, is Miller’s 7±2 law which states
that every person has a limit to the number of concepts he or she can manipulate at a particular
moment and that this limit lies between 5 and 9. In this study guide we postulate another result
which is just as basic, and is based on both mathematical and empirical grounds.

Another related field is that of voting theory where different methods of capturing votes and inter-
preting them are studied. One such method, Borda’s method, has been in use with Unisa’s senate
for many years. The object is to select a number of members of a committee from a larger list of
candidates. Borda’s method requires each voter to arrange the whole list of candidates in order of
preference. Every preference list is analysed by counting the number of times each candidate is pre-
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ferred to others, i.e. the number of candidates that are ranked lower than him on that particular list.
A preference number is calculated for each candidate by adding these figures from all the preference
lists and the required number of committee members are selected by taking the candidates with the
highest scores.

This process discriminates against candidates who are highly preferred by one group but strongly
disliked by another group. The candidates whose names are towards the top of the list for both
parties are often appointed. People from all groups consequently find the designated committee
members acceptable.

In terms of the current Constitution of the RSA (as for the previous one) electoral colleges are
employed, for example to designate the president. Here the national assembly acts as the electoral
college. The USA also uses an electoral college to select their president, but this is the only task for
which this electoral college is used. Because the USA is a federation, the voters in every federated
state elect a number of members, more or less based on the size of the state, and they form the
electoral college. Even in Europe in the Middle Ages, the emperor of the Holy Roman Empire was
elected by an electoral college consisting of “electors”. The electors differed in rank (kings, princes
and dukes, and even bishops) but reflected the balance of power at the time.

The points systems for competitions in which several teams participate (eg soccer and rugby) are
attempts to establish an order of precedence in a complicated situation. Rugby fans would imme-
diately think of the points system used for the Super 14 – a competition between teams from the
RSA, New-Zealand and Australia. Actually, one of the early tasks of MCDA was to address the
ranking of competitors in sport.

The problem here is that A could beat B as well as C, both B and C could beat D whereas D could
conclusively beat A. There is no transitivity. For example, if Chiefs beat Pirates and Pirates beat
Swallows, it does not mean that Chiefs will definitely beat Swallows.

MCDA uses two approaches to determine a ranking order: place them directly in sequence, or
determine a success measure (weight, precedence, preference) for each in terms of which they can
then be arranged. We focus on the last approach.

1.3 Human judgment

During the first few decades of its existence operations research concentrated on problems where
there were no (or few) uncertainties and the information required for the model could be measured
objectively. Consider the typical linear programming problem where the only inaccuracies would be
introduced by cost accounting and no provision is made for uncertainty. As time passed, however,
it became clear that operations researchers did not need to sacrifice their scientific orientation when
entities that could not be measured objectively were considered. This empowered them to bring
method to the many major and significant decisions that are in fact made on the basis of subjective
but expert judgment. Without training and guidance these processes can be extremely imprecise
and inaccurate. There is a real need.

This module concentrates on the decision-making process in one specific area. This problem is so
common and so important that a whole community of scientists work on it: the selection of one
from a number of competitors.

Consider the following examples:

3
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• Choose a car in a given price category.

• Choose a city to live in.

• Choose a training aircraft for the SA Air Force.

In all three these cases there are measurable features (eg fuel economy, number of residents, and
weaponry), but there are also immeasurables (appearance, ease of making new friends, and the
political reliability of the supplier country).

The third example was deliberately chosen because defence forces in the West make almost all
procurement decisions about weapons systems by using the methods we will discuss here.

The military application on its own is reason enough to study this problem.

1.4 Defensible choices

The question is why these methods – that were developed only recently – were so quickly adopted
for military decision making.

Operations research originated in the British defence force and assumed its mathematical character
in the American defence force – all during or shortly after World War II – and has since become part
of the military environment. Operations researchers in the defence services and external consultants
are continually marketing new (and old) techniques to military decision makers. As soon as the
operations research community has accepted a method as appropriate for major decisions about
purchasing military equipment, it is marketed vigorously and persuasively. Thomas Saaty stands
out for both developing a new method (the AHP) and marketing it to great effect.

In the modern-day democracies there is always pressure on the government and the public service to
treat the taxpayers’ money effectively and circumspectly. This pressure is especially relevant to the
military sector where the budgets are frequently at issue, and modern weapons systems are extremely
expensive. Moreover, the various military contractors are watching each other with an eagle eye and
would readily expose any irregularities in the allocation of projects. Under these circumstances the
decision makers in the military do not have much of a choice; they have to make defensible decisions
and choosing a scientifically acceptable selection procedure is therefore unavoidable.

At the personal level or in private enterprise such public pressure does not exist and decision-
making tend to be informal. This is why these methods are not commonly used in these areas. The
application of decision-making procedures nevertheless has advantages:

• They take the decision maker methodically through the evaluation process and guide his or
her thoughts to take more (or even all) possibilities and considerations into account.

• The decision maker could be satisfied that he or she has dealt with the problem judiciously
and responsibly.

• The decision maker would be able to explain and justify his or her decision to all stakeholders
such as financiers, directors, employees and clients (as decision makers in the public sector
frequently do).

4
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Most problems where one possibility has to be selected from among several can be represented by
a tree. In fact, as soon as a problem has to be analysed in some detail, a tree structure becomes a
matter of course. Consider the choice of a cellphone by studying the tree.

Phone

Appearance Functions Battery life

Size Colour Face plate

Reception GPRS Fax

A tree develops from the top to the bottom, but also from the bottom to the top. The tree
above is a first attempt to describe the problem. Considering the components of the tree the
question arises whether battery life should not be placed at a lower level. What does it represent?
Perhaps convenience of use? And what about the computer-type facilities on the new phones?
These questions lead to the tree below where convenience of use is placed at the secondary level and
functionality has been extended.

The process of constructing a tree utilises generalisation when an item in the tree has to be replaced
by a subtree of which this item is just one component – as we have seen in the case of battery life.
Studying actual phones on its part discovers features that have not been considered. Constructing
a tree becomes a way to discover new items, but also offers the possibility of classification.

In the end, however, it is not about the structure, but about the characteristics of the loose ends on
the tree, sometimes called the leaves of the tree. The tree below has twelve such leaves.

5
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Size

Phone

Appearance Functions Ease of use

Colour Face plate

Office Telecom

Word-
processor

Spread-
sheet

Timetable
and calendar Reception GPRS

DiallingKeyboard Battery life

Fax

In practice this sort of tree is developed with the aid of a facilitator (perhaps you!), but it is the
brainchild of several coworkers (the decision makers) who cooperate as a group. At some stage they
decide that the tree is now complete. Assuming that they are satisfied with this tree, it now becomes
necessary to explain the short names in the blocks and make a list of the twelve end points or leaves
of the tree.

Size size of phone – smaller is better
Colour colour of the phone – a choice of colours is preferred
Face plate replaceable face plate – is it available and cute
Word processor does the phone incorporate a word processor – how good is it
Spreadsheet program is there one and how good is it
Timetable and calendar is there one and how good is it
Reception is there reception in peripheral areas and how good is it
GPRS is this form of internet access available
Fax can faxes be sent and received
Keyboard is there a keyboard or pen / writing ability
Battery life how long does the battery last – longer is better
Dialling is there infrared and wireless (eg Bluetooth)

The phone will be assessed in terms of these twelve items.

1.5 Value function

The most important methods (for choosing one from several) all use a value function that transforms
the vector measuring the characteristics of one of the competitors to a single figure that reflects the
value of this particular competitor. This process is followed for each competitor and the one with the
highest value is selected. The value function depends on the form

∑
i

wifi(xi) where wi represents the

6
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weight (importance) and fi(xi) the scoring function of the i-th item. The weights are nonnegative
and add up to 1. The methods of determining the weights differ and so do the manner in which the
scoring functions are compiled. We pay considerable attention to both in the chapters that follow.
However, to establish the idea, first consider the values in the table below.

Competitor Competitor Competitor
Characteristic Importance 1 2 3
Size 0,075 60 45 90
Colour 0,040 70 60 90
Face plate 0,055 90 0 90
Word processor 0,050 35 90 35
Spreadsheet program 0,040 0 90 0
Timetable, calendar 0,125 45 90 50
Reception 0,130 85 75 75
GPRS 0,050 0 90 0
Fax 0,075 50 90 50
Keyboard 0,090 25 90 25
Battery life 0,140 55 90 75
Dialling 0,130 75 90 75
Values 54,125 78,525 59,300

The values presented in this table derive from the scoring function. In this way the value 55
for battery life was calculated from the scoring function of the battery life to quantify competitor
1’s performance in this area. The values of the competitors in the bottom row of the table were
determined by weighing and adding the values for each competitor in terms of corresponding weights
to find a weighted average for the values in the column. For the first competitor it is for example

0,075× 60 + 0,040× 70 + 0,055× 90 + . . . + 0,130× 75 = 54,125.

Value function methods succeed in finding a single figure that summarises the performance of a
competitor despite a confusing mix of criteria that all have to be taken into account. Now making
a choice becomes a simple matter: competitor 2 (with a value of 78,525) is better than competitor
3 (59,300) which is in turn better than competitor 1 (54,125).

In this example the scoring is out of 100 as in the SMART method. The other important method
is the analytical hierarchical process (better known as the AHP) where every criterion allocates a
total of 1 point. This applies to all twelve characteristics or criteria and therefore to the values in
the bottom row as well (because this is a weighted average of the twelve).

1.6 Preview

The next (relatively long chapter) treats a topic that is the engine of MCDA – finding the weights.
When human value structures are modelled it frequently involves the relative importance of items
and the method mostly used is to ask for ratios between pairs of items and then distill the weights of
the items out of this. At this stage in the development of the field there are still competing methods
to do this and Chapter 2 presents the most important ones in a way meant to develop the reader’s
intuition. This chapter contains several examples and self-test exercises.

7
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Once this basis is laid you are prepared for the two most important methods to choose one item from
a number. They are the analytical hierarchy process (the AHP) and SMART. SMART employs a
value function consisting of weighted scoring functions and the only new concept (and skill) is that
of constructing such functions. The AHP is a system of repeated calculations of weights and after
Chapter 2 this is not difficult to master.

When you have mastered these two important methods, we act like scientists and consider their
weaknesses and strengths before we suggest improvements so that you will be fully informed about
modern-day best practices by the end of the guide.

1.7 Reading Matter

This study guide consists of five chapters. A number of papers follows after that. They form a part
of the tutorial matter and in the appropriate place you will be referred to the applicable paper.

For the student interested in MCDA there are two new books from Kluwer, both worth-while.
They are authored by Belton and Stewart [2] and Lootsma [6]. Full references can be found in the
bibliography. There are also older books like that of Von Winterfeldt and Edwards [9].

8



Chapter 2

Weights from ratios

2.1 Introduction

When various criteria are present, a weight is usually allocated to each. The term weight in mathe-
matics means that there are a number of nonnegative numbers that add up to 1.

Definition 2.1.

If αι ≥ 0, i = 1,...,n, with
n∑

i=1

αi = 1, then {αι} is a set of weights.

When {αι} represents a set of weights, then
n∑

i=1

αixi is a weighted arithmetical and
n∏

i=1

xαι
i a weighted

geometrical mean of the values xi, i = 1,...,n.

Several primitive methods are available to determine weights. One of these methods is to discover
each participant’s most important item and then counting how many times this item crops up. These
figures are then normalised to add up to 1.

Example 2.1.

Item Number Weight
1 2 0,1
2 0 0
3 8 0,4
4 6 0,3
5 4 0,2

Total 20 1,0

The first column contains the item numbers, the second the number of participants who indicated the
particular item as the most important one, and the last column shows the second column after it has
been normalised to 1.

Note that the general term item is used rather than criterion which is a specific type of item. The
reason is because weights can be determined for almost anything and not only for criteria. Also note
the term criterion and its plural criteria. Please use the term like this.

9
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The example is not meant to advocate this method (it is not recommended!), but to explain the
normalisation concept. Normalisation merely means that the total of the relevant numbers, here the
five values in the second column, is calculated and that each is then divided by the total. When
these normalised values are added, the sum should therefore be 1.

Activity 2.1.

1. Normalise the numbers 12, 14, 9, 5, 3, 12, 4.

2. Normalise 120, 140, 90, 50, 30, 120, 40.

2.2 The data

Most studies in the field of multi-criteria decision analysis (MCDA) are conducted under the guidance
of a so-called facilitator. This word has its origins in Latin where its basic meaning is easy. The
facilitator is therefore someone who has to make things easy for a group.

Facilitators are more common in less quantitative fields than ours, for example in strategic planning,
where they formulate visions, missions and objectives, sometimes with a group, and sometimes
(seldomly) with a single person. In MCDA we mainly find groups, and the relative importance of a
number of items is usually at issue.

The problem is to estimate a set of weights from a number of observations that directly or indirectly
reflect the weights. Think about basic statistics again. Suppose the requirement is to determine
the average length of male students at Unisa. One of the first questions is how many measurements
would be necessary – and the answer depends on the required accuracy. If the number of quantities to
be estimated increases, the sample should be bigger to ensure the same degree of accuracy. Clothing
also requires arm length, chest measurement, neck measurement, waist and hips, and the length of
the inner leg. Even if the clothing factory intends to make tracksuits for the average male student
only, seven values have to be determined and the sample has to be bigger to maintain accuracy.
If the factory plans to supply the entire population from short to tall, it would need many more
measurements and therefore bigger samples.

In our case where the importance of n items has to be determined, n has to be taken into account
when the number of data points required is established. The facilitator may increase the number of
data points by using more participants or by asking more questions. If there are more participants,
a different statistical process will apply than in the case of only one participant (something that has
not yet taken root in practice, but which is discussed in this study guide).

The facilitator therefore collects data for a statistical estimate and decisions about the number of
participants and the number of questions are statistical issues. We will refer to this point again in
a later chapter. When it comes to an estimate of the preference vector, we look at the simplest case
where there is only one participant and an adequate number of data points.

Several methods may be used to determine the weights. The most popular approach by far is to
ask for a ratio. One method that uses ratios is found in the extract from Von Winterfeldt and
Edwards’s [9] book that appears at the end of this study guide. (They discuss the ten steps of the
earliest version of SMART and report on a practical application by Gardiner.) Turn to the extract
and consider their example.

10
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In order to obtain the criteria weights, the participants arrange the criteria in a rising order of
importance and then express each item as a ratio of the weakest one. When these numbers have
been normalised, they represent the weights.

In the example, the ratios appear in the second column. The 1,0 at the top of the second column
provides the ratio of importance of the weakest criterion to the weakest criterion and can be nothing
but 1,0. (The facilitator wrote this down. It contains no information.) The third column is a
normalised version of the second column.

Example 2.2.

Ordered list times more important normalised
of criteria as weakest (weight)
Criterion 5 1,0 0,10
Criterion 6 1,1 0,11
Criterion 1 1,5 0,15
Criterion 2 1,8 0,18
Criterion 4 2,1 0,21
Criterion 3 2,5 0,25

Total 10,0 1,00

Several objections apply in this case. The most important one is that there is no redundancy. Five
values have to be estimated, and there are only five data points. Please note: five and not six,
because whatever criterion is used as the point of reference, there will be a 1,0 in the second column.
(If measurement were to be against an ideal criterion – one better than the given criteria – all six
would have to be measured in this way and then there would be six data points. This, however,
does not apply to the example.) If five of the weights were known, the other would follow clearly
because the six weights have to add up to 1.

Reaffirm this notion: Think about a problem where a unit has to be cut into two sections. One
kilogram of dog biscuits has to be divided to feed two dogs – a big one and a small one. One dog
is twice the mass of the other one. You decide to divide the food in proportion to the mass of the
dogs. The answer is to feed the big dog 666,7g and give the rest to the small dog. Note that only the
one quantity has to be given because the other is the rest. Consider another example, but one with
more parts: A bonus of R10 000 000 has to be divided among the twenty members of the football
team who won the World Cup. When the allocation for the nineteenth player has been announced,
the already distributed total comes to R8 250 000. Obviously the remaining player gets the rest.

The table requires six weights of which five have to be estimated. There are six data points (ratios)
in column two but only five contain information. The 1,0 at the top of the second column presents
the ratio between criterion 5 and the importance of criterion 5 and contains no information.

Although the five weights can be calculated from the five points, there is no excess information.
This is the equivalent of measuring the length of just one student and deducing that his length is
the average length of all the male students.

This early method of determining weights has a second weakness, namely that all five the ratios
have been obtained from a comparison with the same item. Everything is considered from the same
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viewpoint. If the other five items were to be compared with say the most important item as well,
there would at least be another angle. The best way would of course be to compare all possible
pairs. This would ensure that the participants have considered the items from every possible angle.
Doing so would help them to refine their mental models, and values that were given early in the
process could then be reviewed and improved.

Another point of criticism is that people find it easier to work inwards than outwards. It is easier
to scale the others against the most important criterion than against the least important one. The
method might for example place the most important item on 100 and ask for the other criteria values
out of 100. It is easier to mark or value something out of 100 than using an open scale as in the table
(and the early SMART). Participants become confused about the value of for example “2,5 times as
important”. In practice there would without exception be someone who requires an upper limit on
the scale and who wants to hear that the top value in the comparison must be 5 or whatever.

The early method discussed above has been used to establish the idea of ratios
between items as input. There was reference to statistical aspects, especially in
respect of the sample size. The ability of the participants to provide sound feedback
was used as a guideline to formulating the questions: the perspective has to be as
wide as possible, and it is easier to work inwards than outwards with a scale.

2.3 Ratios between weights

A vector w =




w1

.

.

.
wn


 of weights (or preference values) is known as a weights vector (or preference

vector). Other symbols used to represent a weights or preference vector are u and v.

The most commonly used method to calculate preference values is to ask the participants to de-
termine cij = wi

wj
where wi and wj are the values of the i-th and the j-th items. However, the

participants would be unable to submit their true cij and would provide aij = cijfij = wi

wj
fij, a

rendering of cij with an error included.

As both aij and cij have two indices, they can be arranged in two-dimensional arrays (matrices).
The notation A = [aij ] and C = [cij ] comes naturally and the terms A-matrix and C-matrix are
used for them. A = [aij ] is also known as a matrix of pairwise comparisons or ratios. As the A- and
C matrices play such an important role, you must clearly understand the relationship between them
(and the preference vectors).

Differing from the views of some postmodernistic philosophers, scientists believe that there is a
reality beyond mankind. Theories about and explanations of aspects of the physical reality replace
previous ones, but do not render the reality a personal choice (the postmodernistic viewpoint).
Scientists are excited about the ability of their disciplines to keep providing better theories that
describe and elucidate more aspects of this reality more accurately. Their view is reinforced by
spectacular technological developments during the past few decades (eg computers, the internet,
cellphones and new materials) which boosted prosperity in the developed countries and offered a
host of scientific breakthroughs.

12
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In the same way, decision experts have no doubt about the existence of a preference vector w as far
as the client is concerned. And if a w exists in someone’s mental model, the construction C = [cij ]
also exists, with cij = wi

wj
, because C is determined by w. These are the assumptions. The scientist’s

problem is to determine w and we are optimistic about being able to do this even better in future.

In the development of processes to facilitate the calculation of w, references to C = [cij] occur
frequently because the participant is expected to provide cij = wi

wj
. The question is: provide cij = wi

wj
.

In words: Give the number of times that item i is as important as item j.

The pattern runs as follows: The participants are asked to present their C = [cij]. They have to
provide different cij = wi

wj
one by one. It is accepted that no one would be able to produce and

quantify such a ratio precisely. The figure that is provided consequently deviates from the true cij

and is therefore given another name, aij, to distinguish it from the correct cij . The aij is entered
into the matrix A = [aij ] and from this a preference vector w′ that is appropriate to A = [aij ] is

calculated. From w′ a C ′ =
[
c′ij =

w′
i

w′
j

]
can be calculated. The notation indicates that the calculated

w′ differs from the correct w and therefore C ′ differs from the correct C.

The error is unavoidable. Mistakes occur even with accurate measurements, sometimes merely
because of rounding off. The length of male students is for example given to the nearest centimetre,
and a man who is 188,51cm tall may be measured as 189cm whereas his friend who is 189,49cm tall,
and who is in fact almost one centimetre taller, is also measured as 189cm. Imagine how many more
measurement errors are possible when the participants are asked to compare abstract criteria!

It is significant that the error is not added as in the case of for example length measurements, but
multiplied. Lengths will for example be indicated as measurement = actual + measurement error,
and this makes sense. To oversimplify: Lengths are measured with rulers and the accuracy depends
on how finely the ruler has been calibrated. If the ruler indicates measurements in centimetres,
the measurement error is less than one centimetre. If the ruler indicates millimetres, the reading is
accurate to the nearest millimetre and this serves as an upper bound for the error. However, think
about a meter which indicates the ratio between the mass of two items. If the scale stops at 1, the
two have the same mass. It would be meaningful to calibrate such a meter in ever-increasing units.
At 1 the next mark would be 1,1, after 2 would follow 2,2, and after 3 would come 3,3. When the
needle comes to a stop between 2 and 2,2, the error would at most be 0,2. But 0,2 of what? What
are the units? Not kilogram, but part of the mass of the basis item. It would be appropriate in this
case to work with a multiplication error and to say dat the error is bound by 1,1. This means that
the measured ratio aij is bound by the actual ratio cij multiplied by the error.

Thus
(1,1)−1cij ≤ aij ≤ 1,1cij.

The error in a ratio is a factor error. If cij = 2 and aij = 2,4 it follows from aij = cijfij that
2,4 = 2fij and from this fij = 1,2 which means that there has been an overestimate of 20%. Not an
overestimate of 0,4 units, but of 20%. The nature of the question gives rise to the form of the error
and if a ratio is given, the error is also a ratio.

When cij = wi

wj
= (

wj

wi
)−1 = c−1

ji , it makes no sense to ask the participants for both cij and cji, and

(instead of aji) aji = 1
aij

= a−1
ij is used. Although aij = a−1

ji will not necessarily occur, cij = c−1
ji

prevents the facilitator from asking both aij and aji. (Indeed, a facilitator who asks for both can
expect to be corrected. There is always someone who realises that the question has already been
asked in the reverse format. This person is sometimes hostile about the process and sometimes
he or she wishes to impress the facilitator or the other participants. In either case, the effect is
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negative.) For a method that requires a fully completed matrix, however, both have to be captured.
The facilitator asks for one and calculates the other from aij = a−1

ji .

Definition 2.2.
A square matrix R = [rij ] for which rji = r−1

ij is known as an inverse symmetrical matrix.

Example 2.3.
Consider the matrix of pairwise comparisons below.

A = [aij] =




1,00 0,80 2,00 1,25
∗ 1,00 ∗ 1,00
∗ 1,50 1,00 1,50
∗ ∗ ∗ 1,00


 .

As A is an inverse symmetrical matrix and as there are enough entries, the missing entries can
be deduced from the rest. The upper missing entry in the first column is for example a21 = a−1

12 =
0,8−1 = 1,25. The other five entries that are still missing can be calculated in the same manner to
complete the matrix.

A = [aij] =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00


 .

Activity 2.2.
Complete the A matrix below.

A = [aij] =




1,00 ∗ 0,67 ∗
1,20 ∗ ∗ ∗
∗ 1,50 ∗ 1,40

1,25 0,80 ∗ 1,00


 .

The answer is given at the end of this chapter.

We now look at the methods for calculating the weights.

2.4 Linear equations

It would probably be simplest to accept that there are no errors in aij, thus that aij = cij = wi

wj
, and

to compile and solve linear comparisons from this.

Example 2.4.
Take another look at the matrix A below.

A = [aij] =




1,00 0,80 2,00 1,25
∗ 1,00 ∗ 1,00
∗ 1,50 1,00 1,50
∗ ∗ ∗ 1,00



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It is assumed for calculation purposes that aij = cij = wi

wj
. The four entries in the top row render:

a11 = c11 = w1

w1
= 1(which is trivial).

a12 = c12 = w1

w2
= 0,8, thus w1 = 0,8w2, or w2 = 1,25w1

a13 = c13 = w1

w3
= 2,0, thus w1 = 2w3, or w3 = 0,5w1 and

a14 = c14 = w1

w4
= 1,25, thus w1 = 1,25w4, or w4 = 0,8w1.

Because the sum of the weights add up to 1, it follows that

1 = w1 + w2 + w3 + w4 = w1(1 + 1,25 + 0,5 + 0,8) = 3,55w1

from which the value of w1 can easily be calculated, and by substituting into the expressions above,
it follows (to two significant figures accurate) that:

w1 = 0,28
w2 = 0,35
w3 = 0,14
w4 = 0,23.

Activity 2.3.
Recalculate the weights by using the entries in the fourth column. Test your answers by referring to
the example at the end of this chapter.

This time the weights are w1 = 0,26; w2 = 0,21; w3 = 0,32; w4 = 0,21 which is different from the
values calculated above.

The error lies in the assumption that aij = cij = wi

wj
. If that were the case, the two sets of equations

would have provided the same weights. This method is therefore only useful if no measurement
errors have been made or when only the minimum number of aij is available.

2.5 Average of normalised columns

Let A.j represent the j-th column of a A matrix. Then:

A.j =




w1

wj
f1j

w2

wj
f2j

.

.

.
wn

wj
fn j




and wj A.j =




w1f1j

w2f2j

.

.

.
wnfn j




.

A normalised A.j will therefore look like the preference vector w but with an error term multiplied
into every component. Using the method of first normalising all the columns and then determining
the average would provide a normalised column. It is to be hoped that, to a large extent, the errors
have now been cancelled so that the answer should be close to w.
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Example 2.5.
Have another look at:

A = [aij] =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00


 .

Its normalised columns are:


0,28
0,35
0,14
0,23







0,19
0,23
0,35
0,23







0,46
0,15
0,23
0,15


 and




0,26
0,21
0,32
0,21




and their average is 


0,30
0,24
0,26
0,21


 .

Recall that normalisation means that the elements in a row are added and used to divide the elements
in that row. The average of a column is obtained by adding all the first elements (at the top of the
different columns), dividing them by their number and repeating this for the rest of the elements.

As the calculations have been done to two significant figures, there can be an error of ± 0,01.
Here the error is evident in the values of the third normalised column and in the final answer (the
calculated preference vector) which fails to add up to 1. In practice you will use a computer model
and the rounding-off errors then become insignificantly small.

Example 2.6.
The calculation above offers an opportunity to highlight the relationship between w, C, w′ and C ′.
The A matrix was given in the example above.

The facilitator in fact asked for C with cij = wi

wj
, thus for the right relationships between pairs of

preference values. The participants were unable to provide the precise values and gave their versions
aij placed in A = [aij ]. The average of the normalised columns was determined, namely:


0,30
0,24
0,26
0,21




and that is the preference vector w′ which is an estimate of w. From w′ a C ′ =
[
c′ij =

w′
i

w′
j

]
can

be calculated by dividing the above elements of w′ and locating them in the right places in C ′. The
matrix C ′ is then (correct to two significant figures):

C =




1,00 1,25 1,15 1,43
0,80 1,00 0,92 1,14
0,87 1,08 1,00 1,24
0,70 0,88 0,81 1,00


 .
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Activity 2.4.
Consider the A matrix.

A =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00


 .

Calculate the preference vector by using the average of the normalised columns. Work to four posi-
tions after the decimal comma. (The answer appears at the end of the chapter.)

Criticism of this method is based on the form of the errors. If the error appeared in the form

aij = cij + εij = wi

wj
+ εij,

with εij symmetrically distributed around 0 (the normal assumption for measurement errors of this
kind), an ordinary arithmetical mean would have cancelled the errors over the average. Stated more
formally: The expected value of the error is 0.

However, the error appearing in the form aij = cijfij = wi

wj
fij where the fij has a distribution around

1. If the observation is without errors, aij = cij = wi

wj
and fij = 1. The method for calculating the

preference vector therefore has to take errors inherent to the process along and end up with their
values equal or near to 1.

For this type of error, fij = 0,5 and fij = 2 are just as undesirable because in the first instance

aij = 0,5cij = 1
2
c−1
ji = (2cji)

−1

and because aji is replaced with a−1
ij , meaning that aji is now written as

aji = a−1
ij = 2cij .

A factor error of f in aij therefore gives rise to a factor error of f−1 in aji.

The i-th element of the j-th normalised column is wifij and the average of all these elements is
wi

fi1+...+fin

n
. The error term fi1+...+fin

n
should, in the event of large values of n, approach 1 but fails

to do so because an error of f and one of f−1 are equally possible and should cancel each other out
– but fail to do so. The average of the expected error of the normalised columns is not 1.

On the other hand the log least squares (LLS) method uses geometric means and the error is

(fi1 × ...× fin)1/n.

For large values of n it approaches 1 because f and f−1 in this error term come to 1. If an error has
an equal chance of appearing than its inverse, the expected value of the geometric mean is 1. (The
LLS method will be discussed shortly.)

2.6 An iterative method

This method repeatedly uses the relationship Cw = nw – a rather elementary approach to numerical
methods. Cw is the product of an n× n matrix C and a column vector w with n elements. Its i-th
element is therefore:
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ci1w1 + ci2w2 + ... + cinwn = wi

w1
w1 + wi

w2
w2 + ... + wi

wn
wn = nwi

so that Cw = n(w).

From this it follows that w = Cw
n

. Because w is a preference vector and therefore a vector of weights,
its elements add up to 1. The elements of the right-hand side of w = Cw

n
therefore also add up

to 1 from which it follows that the sum of the elements of Cw equals n. Put differently: Cw is
normalised by dividing with n.

If w is not available, a first estimate can be made for w. Call this v0. Calculate v1 from v1=
Cv0

n

and continue in this way until consecutive solutions are the same. Say this applies to the seventh
and eighth solutions. From v7 = Cv6

n
and v6= v7 it follows that v6=

Cv6

n
or Cv6 = nv6 so that v6

is the preference vector of C. In practice C is just a dream and we have to be satisfied with A. This
algorithm nevertheless serves as a guide.

Because A contains errors, v =Av
n

is only more or less true. Specifically, the sum of the elements
of Av is not necessarily equal to n and has to be determined in the normal manner. If the column
vector Av is multiplied from the left with a row vector of the same length – of which each element
is a 1 – the result is a scalar (ordinary real number) 1Av = 1(Av)1 +1(Av)2 + ...+1(Av)n, the sum
of the elements of Av. In order to normalise Av, it has to be divided by 1Av.

Algorithm
Choose an initial solution v0 and calculate vi+1=

Avi

1Avi
for i = 0,1,... . Stop when two consecutive

solutions no longer differ significantly.

Example 2.7.
Reconsider the A matrix of the previous example:

A =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00


 .

Select

v0 =




0,25
0,25
0,25
0,25


 .

In order to determine v1=
Av0

1Av0
, the vector Av0 is first calculated, then the sum of its elements, and

lastly Av0 is normalised to obtain v1.

Av0 =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00







0,25
0,25
0,25
0,25


 =




1,26
0,98
1,13
0,87



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1Av0 = (1, 1, 1, 1)




1,26
0,98
1,13
0,87


 = 4,24

v1=
Av0

1Av0
= 1

4,24




1,26
0,98
1,13
0,87


 =




0,30
0,23
0,27
0,21




The second iteration:

Av1 =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00







0,30
0,23
0,27
0,21


 =




1,30
1,00
1,08
0,86




1Av1 = (1, 1, 1, 1)




1,30
1,00
1,08
0,86


 = 4,24

v2=
Av1

1Av1
= 1

4,24




1,30
1,00
1,08
0,86


 =




0,31
0,24
0,25
0,20


 .

The third iteration:

Av2 =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00







0,31
0,24
0,25
0,20


 =




1,25
1,00
1,03
0,86




1Av2 = (1, 1, 1, 1)




1,25
1,00
1,03
0,86


 = 4,14

v3=
Av2

1Av2
= 1

4,14




1,25
1,00
1,03
0,86


 =




0,30
0,24
0,25
0,21


 .
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The fourth iteration:

Av3 =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00







0,30
0,24
0,25
0,21


 =




1,25
1,00
1,04
0,86




1Av3 = (1, 1, 1, 1)




1,25
1,00
1,04
0,86


 = 4,15

v4=
Av3

1Av3
= 1

4,15




1,25
1,00
1,04
0,86


 =




0,30
0,24
0,25
0,21


 .

Because v3= v4, the solution has been achieved, namely




0,30
0,24
0,25
0,21


.

The observation that v3= v4 is correct according to the agreement that only two significant figures
should be used and that comparisons should be based up to this point of accuracy. If accuracy to
the 1000-th significant figure is required, several hundred or even thousand iterations might become
necessary!

In practice the preference values are frequently expressed as percentages and four significant figures
are used. Values of less than 10% (eg 3,92%) are common, but so are a few bigger values (eg 11,86%).
Of course the number of items is important because if 100% has to be divided among 20 items, the
average value would naturally be bigger than when 200 items have to share! The relative values of
the items are important, not their absolute values. If the 20 items were to be encompassed in a
bigger set of 200 items and their relative values were to remain unchanged (or even approximately
the same), the facilitator should be satisfied. The addition of another 180 items would water down
the total weight of 1 to be allocated and in effect a new scale would be created. Of course, expressing
weights in fractions and percentages does not affect their value or the scale. Percentages are just a
convention (an agreement) to express fractions in another way.

Activity 2.5.
Consider the A matrix:

A =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00


 .

Calculate the preference vector by using the iterative method.
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Criticism of this method relates to the question of how the designers of this method model and
handle the errors − and they do not! No statistical handling of errors applies and it becomes a
continuity argument.

The iterative method calculates a preference vector v for which it approximately holds true that
Av = (1Av)v – which is an equivalent form of Cw = nw (because 1Av is the sum of the elements
of Av, and n is the sum of the elements of Cw). The argument is based on continuity: As A is not
very far from C and because Cw = nw, a weights vector v which satisfies a similar equation for A
should necessarily be a good representation of the preference vector which is implicitly present in A.

The question arises how close A has to be to C if the continuity argument were to be valid. The
same problem applies to the Eigenvector method.

2.7 The Eigenvector method

This method was proposed by Thomas L Saaty as a necessary component of the analytical hierar-
chical process (AHP) he developed in the seventies and aggressively promoted. The AHP elicited
a lively debate and a storm of development in the field of MCDA. Current extensive application of
techniques from this field is largely due to Saaty’s marketing energy – and equally to the ongoing
controversy around the AHP. We return to the AHP in later chapters. Here we are concerned with
the Eigenvector method as one method of determining a preference vector from A.

Similar to the iterative method – which also derives from the Saaty stable – the Eigenvector method
is based on the equation Cw = nw. Because x = Ix, for any vector x, Cw = nw can be written
as Cw = nIw. (I is the identity matrix of order n, a n× n matrix which has ones on the diagonal
and zeros elsewhere.)

Rewritten, it reads Cw− nIw = 0, or (C − nI)w = 0. The preference vector w can be solved from
the n× n matrix C’s characteristic equation (C − nI)w = 0 from which only w is unknown. As C
is unknown in practice, A is used to get the characteristic equation (A − λI)v = 0. It is no trivial
task to calculate an Eigenvector and the iterative method of the previous section is applied. The λ
is known as an eigenvalue of the characteristic equation (A− λI)v = 0.

Characteristic equations and the related concepts of eigenvalues and eigenvectors are defined in linear
algebra (or matrix theory). You are not expected to know these nor to understand the following, but
the results are nevertheless presented for those students who do possess the necessary background.

The preference vector w can be solved from the characteristic equation (C − nI)w = 0 of the n× n
matrix C where only w is unknown. It has a nonzero solution only if n is a root of (C − nI)w = 0.
As every row (or column) may be expressed as a multiple of the first row (or column), C is of rank
one. C therefore has only one eigenvalue which is not zero – call it λmax – and because its friends

are all zero, λmax =
n∑
1

λi. It is known that
n∑
1

λi = tr(C) and because tr(C) =
n∑
1

cii =
n∑
1

1 = n, it

follows that λmax = n.

In practice, only A is known and instead of determining the preference vector w from (C−nI)w = 0,
it is possible to obtain an approximation, v, from (A− λI)v = 0.

Again the method is based on continuity, which means that if the matrix A differs too much from
C, the eigenvector approach would also differ too much from the right preference vector. In order
to deal with and prevent this “too much”, Saaty uses λmax which is larger than n and is calculated
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from λmax = 1
n

n∑
1

(Av)i

vi
where (Av)i is the i-th component of the vector Av. First v is calculated,

then Av, then λmax, and finally the inconsistency index OI = λmax−n
n−1

. The random index EI is

looked up in the table and OI
EI

is calculated. If it exceeds 0,10, A will be considered too inconsistent
for the calculation of a v.

n 2 3 4 5 6 7 8 9 10
EI 0 0,58 0,90 1,12 1,24 1,32 1,41 1,45 1,51

The eigenvector v of A is then used as the preference vector.

The EI values were determined in a simulation and represent the mean inconsistency index of
symmetrical reciprocal matrices of size n × n of which the upper diagonal section has been filled
with random numbers.

Although it is mentioned here of consistency and inconsistency and these are even measured, the
errors are not explicitly modelled or handled. The EI values would for example have been more
meaningful if there had been an error model and if the A matrices had been created by introducing
errors into a consistent matrix C according to the error model.

Example 2.8.
Take another look at the A matrix which had been used to explain the calculations for the previously
discussed methods:

A =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00


 .

As it is difficult to calculate the eigenvector, an approximation that has been determined by means
of the iterative method is used. The v and Av below come from the above example which used the
same A matrix.

v =




0,3019
0,2371
0,2563
0,2046


and Av =




1,2600
0,9900
1,0700
0,8540




λmax = 1
n

n∑
1

(Av)i

vi
= 1

4
(1,2600

0,3019
+ 0,9900

0,2372
+ 1,0700

0,2563
+ 0,8542

0,2046
) = 4,1742

OI = λmax−n
n−1

= 4,1742−4
3

= 0,0581 and from the table EI = 0,9 so that OI
EI

= 0,0581
0,9

= 0,0646.

As this value is less than 0,10 there are no serious inconsistencies and A can be used.

Activity 2.6.
Consider the A matrix:

A =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00


 .
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Accept the preference vector that was determined by using the iterative method and establish whether
A is sufficiently consistent to be used.

Activity 2.7.
Study Winston’s discussion of the AHP, and continue up to the end of the section on consistency.
In Winston’s fourth edition this is from p785 to p793.

2.8 The log least squares (LLS) method

This method has several names. LLS refers to the approach that was followed to develop the method.
Statistics is sometimes called the mathematics of errors and the name the statistical method, also
used for this approach, follows from the way the errors were expressly modelled and handled (as in
statistics). There is in fact a strong resemblance between linear regression and the methodology of
the LLS method. For this reason we first look at the simplest linear regression (least squares in the
case of a straight line) before the LLS method is developed.

As the calculation method (for fully completed A matrices) makes use of the geometric means of
the rows, the method is also called the geometric means method.

The LLS is known for two strong points:

• As in statistics, measurement errors are explicitly modelled and the method is derived from
the model.

• The A matrix need not be fully completed before this method can be applied.

Scientists have a preference for explanatory models and axiomatic systems and consequently prefer
methods based on a firm axiomatic foundation. In pairwise equations the errors in the aij values are
large compared to typical observations of physical quantities. The first requirement for a method
that uses aij as the only input data is consequently that errors are to be dealt with clearly and
explicitly. In this respect the eigenvector method falls behind the LLS method. Although it is
accepted that “inconsistencies” occur in the data system as a whole, errors as such are not modelled
or dealt with in developing the method. In contrast, the LLS method follows exactly this path.

A combination of theoretical and practical considerations necessitates the use of sparse A matrices.
Practical decision-making situations can easily have more than a hundred criteria. The correct
procedure is to display them in one matrix. However, the number of entries in a n × n matrix is
in the order of n2 – too many to collect in practice. The conventional solution is to combine items
in groups of not more than seven and to allow the groups to compete in a A matrix. The group
weight is subsequently allocated to the members in the same way. This process can be illustrated
as a tree. The more criteria, the more levels in the tree. Unfortunately the structure dictates the
outcome and different trees with the same criteria present different weights. (We return to this topic
in a later chapter.) The only solution is to use one sparse matrix. Another reason for not filling the
matrix completely is because too many observations are needed for the number of parameters to be
estimated (more about this later).

We first take a look at the concept of a least squares fit (to deal with errors).
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2.9 Least squares for a straight line

A scientist or an engineer sometimes faces situations where a particular relationship (eg a straight
line) is required but where the parameters (eg the intercept and the slope of the straight line) depend
on the circumstances, for example the density of the soil, or the conduction coefficient of a material.
It may be known that the quantity required, y, is a linear function of another quantity, x, ie that
y = a + bx, but the values of a and b are not known. This relationship could be important because
it may be easier or cheaper to measure x than to measure y, and if the values of a and b are known,
the required y value can be calculated from the cheaper x value.

A number of (x; y) pairs, say (xi; yi), i = 1,...,n are used to calculate the values of a and b. One
now expects an a and b for which yi = a + bxi for each value of i. However, this is extremely
rare in practice. Whichever a and b are selected, there would always be a difference when the
observed yi is compared with the expected a + bxi. This situation can be mathematically presented
as yi = a+ bxi + εi where a+ bxi represents the “correct” value to which a measurement error εi �= 0
has to be added in order to obtain the measured yi.

y

x

a �

�
�

� �

� � �

�

�

b
1

A straight line with abscissa a and slope b fitted to the observations (xi; yi).

y

yi

xxi

•

a + bxi

εi{

The component a + bxi of yi = a + bxi + εi is given by the straight line and εi is the deviation of yi

from the line.

The least squares approach fits the particular straight line that minimises the sum of the squares of
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these measurement errors. A compound error or an aggregate error for this problem is defined to
be the sum of the squares of the errors. As some of the εi are positive and some negative, they can

cancel out in
n∑

i=1

εi and make a very poor fit look acceptable. All the calculated y values may for

example be too low for the first part (the smallest values of x) and too high for the second part – a
poor fit – and the sum of the errors would nevertheless add up to zero!

The aggregate error should therefore take all positive and negative errors to be positive. The
first option is to use the absolute values because they reflect the lengths. Unfortunately absolute
values are not differentiable (in null) and that makes it very difficult to determine a minimum.
Another possibility is to use the squares of the errors. The squares of the deviations are positive
and differentiable as well. The same applies to all even powers of errors and the aggregate error may

as well be defined as
n∑

i=1

ε2k
i with k = 1, .... The sum of the tenth powers of the errors is therefore

another possibility. Thrift is a fundamental principle of science. For example: If two parameters are
sufficient to model a situation, two are used and not three. In this case it means that if squares are

good enough, a higher power will not be considered.
n∑

i=1

ε2
i is therefore used as the aggregate error.

It follows from yi = a + bxi + εi that εi = yi − a − bxi and consequently that S(a,b) =
n∑

i=1

ε2
i =

n∑
i=1

(yi − a− bxi)
2. Note that everything is known, except a and b. When all the measured

pairs (xi; yi) have been substituted in the equation, S(a,b) is a function of the two parameters a and
b only. In order to minimise S(a,b) it is (partially) differentiated to a and b, the two expressions are
set equal to zero, and a and b are solved for.The two equations are:

∂

∂a
S(a,b) =

∂

∂a

n∑
i=1

(yi − a− bxi)
2 = 2

n∑
i=1

(yi − a− bxi)(−1) = 0 .................... (2.1)

∂

∂b
S(a,b) =

∂

∂b

n∑
i=1

(yi − a− bxi)
2 = 2

n∑
i=1

(yi − a− bxi)(−1xi) = 0 ....................... (2.2)

From (2.1) it follows that

n∑
i=1

(yi − a− bxi) = 0

n∑
i=1

yi − na− b
n∑

i=1

xi = 0

na + b

n∑
i=1

xi =

n∑
i=1

yi

and

a =
1

n

n∑
i=1

yi − b
1

n

n∑
i=1

xi ........................... (2.3)
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From (2.2) it follows that

n∑
i=1

(xiyi − axi − bx2
i ) = 0

n∑
i=1

xiyi − a
n∑

i=1

xi − b
n∑

i=1

x2
i = 0

a
n∑

i=1

xi + b
n∑

i=1

x2
i =

n∑
i=1

xiyi

Substituting a and solving for b, it follows that:

b =

n
n∑

i=1

xiyi −
n∑

i=1

xi

n∑
i=1

yi

n
n∑

i=1

x2
i − (

n∑
i=1

xi)2

.............................. (2.4)

Calculate b with (2.4) and substitute the result in (2.3) to find a.

Example 2.9.
The values in the first two columns are the observed (xi; yi) pairs, and columns three and four contain
calculations with a view to determining a and b. The figures in the bottom row are the column totals.

xi yi x2
i xiyi

0 1,1 0 0
−1 0,1 1 −1,0
1 1,9 1 1,9
4 4,8 16 19,2
5 6,2 25 31,0
7 8,1 49 56,7
16 22,2 92 108,7

Using (2.4) and (2.3) b and a can be found.

b =
6× 108,7− 16× 22,2

6× 92− (16)2
= 1,0034 � 1,00

a =
1

6
22,2− 1,00

1

6
16 = 1,03.

The straight line is y = 1,03 + x and the values in the third column of the table are based on this.
The fourth column contains the error terms which are the difference between the second and third
columns.
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xi yi 1,03 + xi ει

0 1,10 1,03 0,07
−1 0,10 0,03 0,07
1 1,90 2,03 −0,13
4 4,80 5,03 −0,23
5 6,20 6,03 0,17
7 8,10 8,03 0,07

Example 2.10.
Construct two equations from which a and b in the previous example can be calculated. Then solve
these equations and check whether the same values have been determined for a and b.

na + b
n∑

i=1

xi =
n∑

i=1

yi

and

a
n∑

i=1

xi + b
n∑

i=1

x2
i =

n∑
i=1

xiyi

which are simplifications of the two original equations, are used. The equations that are obtained are

6a + 16b = 22,2

and
16a + 92b = 108,7.

Multiply the first by 16 and the second by 6 to obtain

96a + 256b = 355,2

and
96a + 552b = 652,2.

When the first is subtracted from the second, it follows that

296b = 297

b =
297

296
= 1,0034.

Up to two decimals, the answer is b = 1,00. Enter this value in the first equation and solve.

6a + 16 = 22,2

a = 1,0333

Up to two decimals, the answer is a = 1,03.
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2.10 Least squares for a preference vector

The previous section is useful in itself, but serves here as an introduction and (simple) example to
explain the approach on which a least squares fit is based, to illustrate dealing with the error and
summarising it into an aggregate error, and to demonstrate how the algebraic optimum is deduced.
It also explains an alternative approach where equations are written and solved numerically. Both
approaches are necessary because the information that fills a A matrix contains an aggregate error
for which the general optimum can be determined algebraically. From this a simple calculation
method can be deduced, namely the geometric means method (or GM method). The aggregate
error in a set of observations that does not fill all the positions in a A matrix does not lend itself to
a general solution. In this case equations are constructed and solved numerically.

The aggregate error is now discussed.

An observation aij is expressed in terms of the correct answer, wi

wj
, but is amended with a factor error

fij and not a typical additive error. The expression is therefore aij = wi

wj
fij and not aij = wi

wj
+ εij .

Where ε can be positive or negative, f varies around 1. Where ε = −0,01 and ε = 0,01 are errors
of the same size, the same is true for f = 2 and f = 0,5. Where these two epsilons add up to zero,
the two fs multiply to one. Then how does a suitable aggregate error for the fij errors look?

It can be demonstrated (Wolvaardt 1991) that the metrics for the additive
case,
l+k = (

∑
i

(|ει|)k)1/k, have their equivalents in

l×k = exp

{
(
∑

ij

( ln fij)
k)1/k

}
.

The equivalent of the aggregate error used above S = (l+2 )2 =
∑
i

ε2
i for the ad-

ditive case is therefore equivalent (in the sense that the same solution minimises

it) to l×2 = exp

{
(
∑
ij

(ln fij)
2)1/2

}
which is equivalent to

ln l×2 = (
∑
ij

( ln fij)
2)1/2 which is equivalent to

∑
ij

( ln fij)
2.

It follows from aij = cijfij = ui

uj
fij that fij = aij

uj

ui
. The ln of the right side is ln aij − ln ui + ln uj

and the aggregate error is consequently

S =
∑

(i, j)∈L

(ln fij)
2

=
∑

(i, j)∈L

(ln aij − ln ui + ln uj)
2

where the index set is L, with L = {(i, j) for which there is anaij observation}. The LLS approach
considers the weights vector u > 0 that minimises the aggregate error as the best. Finding the u
requires a solution to the mathematical programming problem (MP problem) which minimises S
with feasible space as the positive part of the n dimensional space.
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Setting yij = ln aij and bi = ln ui (because u > 0, all bi are finite), then

S(b) =
∑

(i, j)∈L

(yij − bi + bj)
2 .

The yij are known and S(b) is therefore a function of only the vector b as indicated by the notation.
The LLS method finds the b which minimises S.

The weights vector u is calculated from b and is closest to the true preference vector w in the clearly
defined sense that u minimises the aggregate error S. The lowest value of S is 0 and can only be
achieved if all fij = 1 and no error is present. A high value of S occurs when a number of or all
the fij lie away from 1; the further away, the higher is S. If S is to be brought closer to 0, the
optimisation process of necessity has to bring fij closer to 1. If the fij lie close to 1, aij ≈ cij = wi

wj

and u is close to the correct w.

The entries in the k-th row, those in the k-th column and the rest have to be dealt with separately
in the deductions below. Define the following for this purpose:

Lk. = {(k,j) ∈ L}
L.k = {(i,k) ∈ L}
L∗∗ = {(i,j) ∈ L, i �= k, j �= k}

(Note that no index set can contain an element (k,k) because no observations are made on the
diagonal. (It is known that akk = 1, but also that it contains no information.))

This means that L is divided into three sets that do not intersect and that together cover the entire
L – a so-called categoric system. The aggregate error is divided according to these sets and partially
differentiated to bk. There are n variables bk and there are therefore n partial derivatives. In order
to obtain the vector b which minimises S, the derivatives are set equal to zero and solved for b.
(It can be shown that S(b) is strictly convex in b and the solution derived from these equations is
consequently a minimum.)

S =
∑

(i, j)∈L∗∗

(yij − bi + bj)
2 +

∑
(k, j)∈Lk.

(ykj − bk + bj)
2 +

∑
(i, k)∈L.k

(yik − bi + bk)
2

∂

∂bk
S = 0 +

∑
(k, j)∈Lk.

2(ykj − bk + bj)(−1) +
∑

(i, k)∈L.k

2(yik − bi + bk)(1).

When the derivatives are set equal to zero, the factor 2 can be divided out. In the resultant (the
k-th) equation,

bk(
∑

(k, j)∈Lk·
1 +

∑
(i, k)∈L·k

1)−
∑

(k, j)∈Lk·
bj −

∑
(i, k)∈L·k

bi =
∑

(k, j)∈Lk·

yk, j −
∑

(i, k)∈L·k

yik

the coefficient of bk is the number of entries that appear in row k and column k. If there is an aik

(an entry in the k-th column), it would mean that an −bi also appears in the k-th equation, and
that an akj (an entry in the k-th row) places −bj in the k-th equation.
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Activity 2.8.
Consider this matrix: 


1 3 3

1 2
1 1

1


 .

The index set

L =
{

(1,2), (1,3), (2,4), (3,4)
}

contains the four positions in which there are entries.

For each value of k, give the index sets Lk. and L. k .

Then write down the four equations:

bk(
∑

(k, j)∈Lk ·
1 +

∑
(i, k)∈L·k

1)−
∑

(kj)∈Lk·
bj −

∑
(ik)∈L·k

bi =
∑

(kj)∈Lk·

ykj −
∑

(ik)∈L·k

yik

.

2.10.1 A matrix complete – the GM method

If the full A matrix is available, only the upper diagonal elements need be considered because they
contain all the information contained in the A matrix. The index sets L·k and Lk· consequently
contain the indices in the k-th column and the k-th row, above and to the right of the diagonal
element akk . Thus L· k = {(i,k),i = 1,...,k − 1} and Lk · = {(k,j),j = k + 1,...,n}.
The equations become

bk[(n− k) + (k − 1)]−
n∑

j=k+1

bj −
k−1∑
i=1

bi =
n∑

j=k+1

ykj −
k−1∑
i=1

yik .

As yik = ln aik = ln a−1
ki = − ln aki = −yki, and ykk = ln akk = ln 1 = 0, the right side may be written

as

n∑
j=k+1

ykj +

k−1∑
i=1

yki =

k−1∑
j=1

ykj + ykk +

n∑
j=k+1

ykj =

n∑
j=1

ykj .

The k-th equation can now be simplified to

bk(n− 1)−
k−1∑
i=1

bi −
n∑

i=k+1

bi =

n∑
j=1

ykj

which is further simplified (when bk is added and subtracted) to

nbk −
n∑

i=1

bi =
n∑

j=1

ykj .
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It is later shown that we may justly accept that

n∑
i=1

bi = 0

which further simplifies the k-th equation to

nbk =

n∑
j=1

ykj .

From this it follows that

exp(nbk) = exp(
n∑

j=1

ykj).

The left-hand side gives

e(nbk) = (ebk)n

= (eln(uk))n

= uk
n

and the right-hand side

exp(
n∑

j=1

ykj) =
n∏

j=1

eykj

=

n∏
j=1

eln akj

=
n∏

j=1

akj

so that

uk
n =

n∏
j=1

akj

from which it follows that

uk = (
n∏

j=1

akj)
1/n.
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This expression sums up the LLS method for a complete A matrix. The k-th component of the vector
is the n-th root of the product of the entries in the k-th row in A, and thus the geometric mean of
the row. The components of this vector u do not necessarily add up to one and it is therefore not a
weight vector. The vector of geometric means has to be normalised to give the preference vector.

It is obvious why this special case in the LLS method is called the geometric means method (GM
method).

An example and an activity are presented before the outstanding theoretical issues are cleared up.

Example 2.11.
Consider the well-known matrix of the previous calculations for the preference vector.

A =




1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00




The LLS method calculates the geometric mean for each row by determining the product of the n
elements in the row and then calculating its n-th root. The products are


2,00
0,83
1,125
0,536




and the geometric mean is 


1,189
0,954
1,030
0,856


 .

After normalisation, accurate up to two positions, the estimated preference vector is

u =




0,30
0,24
0,26
0,21


 .

Activity 2.9.
Apply the geometric means method to estimate the preference vector from the A matrix below.

A =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00




An LLS preference vector can now be formally defined.

Definition 2.3.
A weights vector u∗ that minimises the aggregate error S(u) is an LLS preference vector.
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Theorem
If u∗ is an LLS preference vector and c > 0, cu∗ minimises S. If u∗ minimises S, a c > 0 can be
found such that cu∗ is an LLS preference vector.

Proof

S(cu) =
∑

(i, j)∈L

(ln aij − ln cui + ln cuj)
2

=
∑

(i, j)∈L

[ln aij − (ln c + ln ui) + (ln c + ln uj)]
2

=
∑

(i, j)∈L

(ln aij − ln ui + ln uj)
2

= S(u).

From this it follows that:

S(cu∗) = S(u∗).

If u∗ minimises S, cu∗ would also do so. And if c is selected as the inverse of the sum of the elements
of u∗, cu∗ is also a weights vector and consequently an LLS preference vector.

This result facilitates the calculation of an LLS preference vector because it is unnecessary to look
for a weights vector that minimises S(u). Any u that minimises S can be taken and normalised
afterwards. The normalisation produces a weights vector with the minimisation of S retained. The
result is an LLS preference vector. And this is how the GM method works.

The expression cu∗ is a radius. This is a geometric concept and can be visualised as a line that
begins at the origin and stretches through positive space into infinity.

In the deduction of the GM method

n∑
i=1

bi = 0

has been used without proof. If its exp is taken, it becomes

exp

n∑
i=1

bi = exp 0

n∏
i=1

e bi = e 0

n∏
i=1

e lnui = 1

n∏
i=1

ui = 1

which means that the product of the GM method’s values before normalisation (the geometric
means) should be one.
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The creators of the GM method (Crawford and Williams [3], whose paper is included in the guide)
introduced the above constraint to facilitate calculation. If this constraint does not apply, a solution
remains possible, but solving a system of simultaneous linear equations becomes necessary. If the
matrix has not been fully completed (see below), exactly this situation crops up. Then the equations
cannot be molded into a form that can be solved analytically and a numerical solution has to be
found.

The critical question is of course whether it is permitted to introduce this constraint. It follows
from the theorem that there is a radius of vectors which minimise S(u). The question is whether
introducing the constraint changes the problem so that its solution no longer lies on the radius.

Consider the constrained optimisation problem below.

Minimise S(u), with u > 0, and with the constraint that

n∏
i=1

ui = 1.

The feasible region of this mathematical programming problem (MP problem) is the intersection of
the positive space and the constraint which is a hyperboloid in positive space. It follows from the
shape of the hyperboloid that no radius cu with c > 0 and u > 0 can miss it. Every such radius
intersects the hyperboloid at some point. This applies to the optimal radius as well, and because the
points on the optimal radius represent the lowest value of S(u) in positive space, the intersection
of the optimal radius and the hyperboloid offers the best value on the hyperboloid. The solution of
the MP problem with the additional constraint therefore lies at this point. The normalised version
is consequently a weights vector which minimises S(u) in positive space and is therefore the LLS
preference vector.

Considering the development of the GM method again, it is clearly the MP problem with the
additional constraint that is solved and not the general problem. The vector of geometric means
u∗ (before normalisation) represents the solution to the more restricted problem. The u∗ that was
found is the one on the hyperboloid

n∏
i=1

ui = 1.

All that remains to do to find the LLS preference vector is normalisation.

Test
It has now been said a number of times that the deduction of the GM method shows that the
vector of the product of the geometric means has to be one, and the time has come for numerical
confirmation. The geometric means of the example are


1,189
0,954
1,030
0,856




and in fact has a product of one.

Does this prove anything? No. All the numerical examples in the world cannot prove a theory or a
theorem. However, it does boost one’s faith in the validity of the result.

In contrast a single counter-example irrevocably proves that a theorem is invalid.
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2.10.2 A matrix incomplete – using equations

Although the methods discussed up to this point are all based on the assumption that a fully
completed A matrix exists, this is not necessarily the case. In fact, requiring a fully completed
matrix introduces an oppressive upper limit on the number of items because the number entries in
the upper diagonal matrix are n

2
(n− 1) which is quadratic in n. Methods needing a fully completed

matrix consequently prefer smaller matrices and at most allow the comparison of n = 9 items in one
matrix – and that in exceptional cases only. A matrix of this size demands 36 entries.

Activity 2.10.

1. Prove that the n× n matrix B has 1
2
n(n− 1) entries above its diagonal.

2. How many pair-wise comparisons are needed (in each of the cases below) to compile complete
A matrices if n items are compared?

(a) n=6

(b) n=7

(c) n=9

(d) n=10

(e) n=16.

There is no reason why all the elements of an A matrix have to be determined. A is merely a
construction in which observations aij can find a home and it therefore offers convenient notation.
However, it would be incorrect to assume that 1

2
n(n − 1) observations is the correct number to

provide a sound estimate of a preference vector. The number of entries in the matrix per parameter
to be estimated (the number of item weights) increases as n increases. This is 1

2
n(n− 1) divided by

n, in other words 1
2
(n − 1) positions in the matrix for each weight to be estimated – unnecessarily

many for high n and too few for low values.

Nevertheless, the facilitator frequently faces a number of options. If n is low and there are too few
observations, compensation is possible if more participants are used – which is often the case. Fewer
participants can be used if n is high. However, it is preferable to maintain the big group and to
reduce the number of observations. The situation frequently dictates the number of participants
and it is beyond the facilitator’s ability to decide on a smaller group. In a study sixteen participants
were involved in weighing 37 items. It would in this case be possible to fill in only part of the
upper diagonal matrix and still have more than enough observations. Moreover, the participants
will appreciate this and are usually happy that they do not have to spend too much time on the
process.

The methods which require full A matrices can only handle a large number of items by means of
grouping and using a tree structure. However, the tree structure affects the values to be determined
– to such an extent that it can render the result invalid. (This is discussed in detail later in this
guide.) The LLS method offers a way out of this dilemma because it is a statistical estimation
procedure and therefore does not require a fully completed matrix. One large, not fully completed
matrix may therefore be used. In this case the GM method cannot be used and the LLS preference
vector has to be calculated from the equations.
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Consider the k-th equation again:

bk(
∑

(k, j)∈Lk·
1 +

∑
(i, k)∈L·k

1)−
∑

(k, j)∈Lk·
bj −

∑
(i, k)∈L·k

bi =
∑

(k, j)∈Lk·

ykj −
∑

(i, k)∈L·k

yik.

This is only one in a system of n equations in the n unknowns bi with general form Db = d. The
first task is to determine D and d. Then b has to be found by solving Db = d numerically. The
obvious method for constructing the equations is to construct the sets L·k and Lk· for every value of
k and to use them to obtain the k-th equation. The equation is the focus point and all observations
pertaining to the equation are to be determined and used. This is a tiresome, computer-unfriendly
process.

In contrast, it is algorithmically convenient to start with the observations. Each observation con-
tributes to two equations and when these entries have been made in D and d, the information from
the particular observation has been exhausted. The next one is then taken, and when all have been
processed, the equation set is finished.

If we study the indices in the above equations, we can deduce that only observations akj and ajk

contribute to the k-th equation. Put differently: only entries with either the first or the second
index k, plays a role in the k-th equation. If we focus on the entry, it is evident that an aij plays
a role in both the i-th and the j-th equation, but nowhere else. The coefficient of bk (in the k-th
equation) is dkk and aik as well as akj contribute. If we focus on the element, aij contributes 1 to
both dii and djj. Stated algorithmically: aij causes dii ← dii + 1 and djj ← djj + 1. If we consider
the other coefficients, it follows that aij also means that dij ← −1 and dji ← −1. The right-hand
sides of the equations are also influenced with di ← di + ln aij and dj ← dj − ln aij .

Constructing the equations
Construct the equations Db = d by initially making all the elements of the matrix D and the d
equal to zero. The observations are then processed one at a time. If a aij occurs, the following
overwrites take place:

dii ← dii + 1; djj ← djj + 1

dij ← −1; dji ← −1

di ← di + ln aij ; dj ← dj − ln aij.

Example 2.12.
Consider the error-free matrix

A =


 1 1,5 3

1 2
1




that has been prepared from

w =


 1

2
1
3
1
6


 .

If a12 = 1,5 is processed, D (the first three columns in the table) and d (the last column) look as
follows:

1 −1 0 ln1,5
−1 1 0 −ln1,5
0 0 0 0

36



CHAPTER 2. WEIGHTS FROM RATIOS DSC3704

Now add the contributions of a13 = 3 to get

2 −1 −1 ln1,5 + ln3
−1 1 0 −ln1,5
−1 0 1 −ln3

and then those of a23 = 2 to get

2 −1 −1 ln1,5 + ln3
−1 2 −1 −ln1,5 + ln2
−1 −1 2 −ln3 − ln2

.

The equations Db = d in the last table are

2b1 − b2 − b3 = ln 1,5 + ln 3.

−b1 + 2b2 − b3 = − ln 1,5 + ln 2

−b1 − b2 + 2b3 = − ln 3− ln 2.

Test
The full upper diagonal matrix has been used for the example so that Db = d found above by using
the algorithm applicable to the case where A is incomplete can be compared with the equations
found deriving the procedure for a fully completed matrix (the GM method).

In deriving the GM method the equations

bk(n− 1)−
k−1∑
i=1

bi −
n∑

i=k+1

bi =

n∑
j=1

ykj

were used.

For k = 1 the general equations above specialise to (remember that n = 3 and yii = 0)

2b1 − b2 − b3 = y11 + y12 + y13 = y12 + y13 = ln 1,5 + ln 3.

The equation for k = 2 is (use yji = ln aji = ln(aij)
−1 = − ln aij = −yij)

−b1 + 2b2 − b3 = y21 + y22 + y23 = −y12 + y23 = − ln 1,5 + ln 2

and for k = 3 it follows that

−b1 − b2 + 2b3 = y31 + y32 + y33 = −y13 − y23 = − ln 3− ln 2.
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This correspondence provides some assurance (but is not proof!) that the algorithm used when the
upper diagonal matrix cannot be fully completed constructs the equations correctly.

In preparing the equations Db = d (as in the tables in the above example) each table presents the
set of equations produced by the observations that contributed to the particular table. For example,
consider a case where there are only two observations, namely a12 and a13. In this case the second
table presents a full set of equations. In this way each table represents a valid set of equations based
on fewer or more observations.

The equations add up to 0 in each of the three tables in the example. Consider the second table as
an example. The equations are

2b1 − b2 − b3 = ln 1,5 + ln 3

−b1 + b2 + 0b3 = − ln 1,5

−b1 + 0b2 + b3 = − ln 3.

When they are added, the result is

0b1 + 0b2 + 0b3 = 0.

This means that the three equations are linearly dependent, meaning that one of them does not
contribute anything to the information presented in the other two. This equation (any one) is
superfluous and may be left out. This leaves a system of equations with one variable more than the
number of equations – an underdetermined system. The same result applies to the equations in the
other two tables. Indeed, this applies to every system of equations Db = d. The system reduces to
any n− 1 of the equations in the n variables.

(Underdetermined systems of linear equations are not foreign to decision making. In fact, linear
programming is designed to look for the best solution to a set of underdetermined equations. In
linear programming there are always more variables than equations, and this is what makes the
feasible region with its many potential solutions to the equations possible.)

An arbitrary value may be assigned to any one of the variables. This leads to a square system, n−1
linear equations in n− 1 variables, but this time linearly independent and consequently solvable.

Whenever a set of equations Db = d has to be solved, any one of the equations may be left out and
a value may be assigned to any variable. It is easiest to leave out the last equation and to make
the last variable zero. The solution is a vector on the optimal radius and still has to be normalised.
Other value choices for the last variable present other points on the radius.

Example 2.13.
Calculate u by solving b from the equations in the second table.

The equations are

2b1 − b2 − b3 = ln 1,5 + ln 3

−b1 + b2 + 0b3 = − ln 1,5

−b1 + 0b2 + b3 = − ln 3.

If the third equation is deleted and if b3 = 0 = ln 1 is used, the system of linear equations reduces to

2b1 − b2 = ln 1,5 + ln 3

−b1 + b2 = − ln 1,5.
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The sum of the two equations is

b1 = ln 3

and it follows from the second equation that

b2 = b1 − ln 1,5 = ln 3− ln 1,5 = ln
3

1,5
= ln 2.

From b1 = ln 3,b2 = ln 2,b3 = ln 1, it follows that u1 = 3,u2 = 2,u3 = 1. The weights vector follows
from normalisation

w =


 1

2
1
3
1
6


 .

Activity 2.11.
Solve the above problem again. This time assume that b3 = ln θ.

Activity 2.12.
Construct the equations for the observations in the matrix below and then determine the implied
preference vector.

A =




1 0,4 0,4
1 0,6

1 1,0
1


 .
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2.11 Answers to activities

Activity 2.1.

1. The normalised values are 0,2034 0,2373 0,1525 0,0847 0,0508 0,2034 and 0,0678. Due to
rounding errors they add up to 0,9999.

2. The normalised values are exactly as above. There are two ways to look at them.

The original figures are all ten times larger than the upper set’s and their sum would therefore
be ten times bigger. The results are the same when the figures are divided by the sum.

Normalisation does not affect the relative sizes of the figures.

Activity 2.2.

A = [aij] =




1,00 0,83 0,67 0,80
1,20 1,00 0,67 1,25
1,50 1,50 1,00 1,40
1,25 0,80 0,71 1,00


 .

Activity 2.3.
a14 = c14 = w1

w4
= 1,25, thus w1 = 1,25w4,

a24 = c24 = w2

w4
= 1,0, thus w2 = w4,

a34 = c34 = w3

w4
= 1,5, thus w3 = 1,5w4.

As the sum of the weights add up to 1, it follows that

1 = w1(1,25 + 1,0 + 1,5 + 1) = 4,75w1

from which it follows that w4 = 0,21. By replacing this in the above equations, it follows that
(accurate to two significant figures)

w1 = 0,26
w2 = 0,21
w3 = 0,32
w4 = 0,21.

Activity 2.4.
In order to find the preference vector of the A matrix

A =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00



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its normalised columns are first calculated


0,3333
0,1700
0,2067
0,2900







0,3299
0,1692
0,2047
0,2961







0,3326
0,1694
0,2066
0,2913







0,3333
0,1667
0,2076
0,2924




and their means provide the preference vector




0,3323
0,1688
0,2064
0,2925


 .

Activity 2.5.
The above answer is also used for v0, accurate to two significant figures after the decimal comma.
Thus

v0 =




0,3300
0,1700
0,2100
0,2900


 .

In order to obtain v1=
Av0

1Av0
, the vector Av0 is first calculated:

Av0 =




1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00







0,3300
0,1700
0,2100
0,2900


 =




1,3302
0,6758
0,8262
1,1707




Because 1Av0 is the sum of the elements of Av0, it follows from v1=
Av0

1Av0
that v1 is merely the

normalised Av0 and consequently v1 =




0,3323
0,1688
0,2064
0,2925


.

The second iteration

Av1 =




1,3272
0,6742
0,8243
1,1680


 and v2 =




0,3323
0,1688
0,2064
0,2925


. As two consecutive solutions are the same, they also

represent the preference vector.

Activity 2.6.
The preference vector of the previous activity is the required preference vector and

v =




0,3323
0,1688
0,2064
0,2925


 and Av =




1,3272
0,6742
0,8243
1,1680


 are consequently used in determining λmax.
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λmax = 1
n

n∑
1

(Av)i

vi
= 1

4
(1,3272

0,3323
+ 0,6742

0,1688
+ 0,8243

0,2064
+ 1,1680

0,2925
) = 3,9937

II = λmax−n
n−1

= 3,9937−4
3

= −0,0021 and from the table EI = 0,9 so that II
EI

= −0,0021
0,90

= −0,0023.

As this value is lower than 0,10, no serious inconsistencies are present and A may be used. The
negative value can be explained by rounding-off errors and an A matrix that is quite close to being
an error-free C matrix.

Activity 2.7.
Compare Winston’s exposition with what you see in the guide. A second author’s way of expressing
the same thing in a different way always offers an opportunity for new insight.

Activity 2.8.
For k = 1

L1. = {(1,2),(1,3)}
L.1 = {}

from which the first equation can be constructed

b1(2 + 0)− b2 − b3 = ln a12 + ln a13 = 2 ln 3

and simplified to
2b1 − b2 − b3 = 2 ln 3. (2.5)

For k = 2

L2. = {(2,4)}
L.2 = {(1,2)}

b2(1 + 1)− b4 − b1 = ln a24 − ln a12

and simplified
−b1 + 2b2 − b4 = ln 2− ln 3. (2.6)

For k = 3

L3. = {(3,4)}
L.3 = {(1,3)}

b3(1 + 1)− b4 − b1 = ln a34 − ln a13

and simplified
−b1 + 2b3 − b4 = ln 1− ln 3 = − ln 3. (2.7)

For k = 4

L4. = {}
L.4 = {(2,4),(3,4)}

b4(0 + 2)− b2 − b3 = − ln a24 − ln a34

and simplified
−b2 − b3 + 2b4 = − ln 2. (2.8)
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Activity 2.9.

The vector of row products is




3,5790
0,2384
0,5326
2,1467


 . The vector of geometric averages is




1,3754
0,6987
0,8543
1,2104


 and (the

geometric means estimate of) the preference vector is given by




0,3323
0,1688
0,2064
1,2925


.

Activity 2.10.

1. An n× n matrix has n elements on the diagonal leaving n2 − n in the rest of the matrix. Half
lies above the diagonal, i.e.

1

2
(n2 − n) =

1

2
n(n− 1).

2. Since aij = a−1
ji the bottom part can be completed if the elements above the diagonal is present.

Only 1
2
n(n− 1) comparisons are therefore needed and this number has to be calculated for the

values of n in the sub-questions.

(a) 15 (b) 21 (c) 36 (d) 45 (e) 120

Activity 2.11.
The equations are

2b1 − b2 − b3 = ln 1,5 + ln 3

−b1 + b2 + 0b3 = − ln 1,5

−b1 + 0b2 + b3 = − ln 3.

If the third equation is deleted and b3 = ln θ used, the set of equations reduces to

2b1 − b2 = ln 1,5 + ln 3 + ln θ

−b1 + b2 = − ln 1,5.

The sum of the two equations is

b1 = ln 3 + ln θ = ln 3θ

and it follows from the second equation that

b2 = b1 − ln 1,5 = ln 3θ − ln 1,5 = ln
3θ

1,5
= ln 2θ.

It follows from b1 = ln 3θ, b2 = ln 2θ, b3 = ln θ, that u1 = 3θ, u2 = 2θ, u3 = θ. Normalisation provides
the weight vector

w =


 1

2
1
3
1
6


 .
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Activity 2.12.
If a13 = 0,4 is processed, D (the first four columns in the table) and d (the last column) look as
follows:

1 0 −1 0 ln 0,4
0 0 0 0 0
−1 0 1 0 − ln 0,4
0 0 0 0 0

Now add the contributions from a14 = 0,4

2 0 −1 −1 2 ln 0,4
0 0 0 0 0
−1 0 1 0 − ln 0,4
−1 0 0 1 − ln 0,4

followed by those of a23 = 0,6

2 0 −1 −1 2 ln 0,4
0 1 −1 0 ln 0,6
−1 −1 2 0 − ln 0,4− ln 0,6
−1 0 0 1 − ln 0,4

and finally those from a34 = 1

2 0 −1 −1 2 ln 0,4
0 1 −1 0 ln 0,6
−1 −1 3 −1 − ln 0,4− ln 0,6 + ln 1
−1 0 −1 2 − ln 0,4− ln 1

If the last row is deleted and ln 1 = 0 is used, the result is

2 0 −1 −1 2 ln 0,4
0 1 −1 0 ln 0,6
−1 −1 3 −1 − ln 0,4− ln 0,6

(b4 = 0 = ln 1 is used to find the set of solvable equations.)

The equations are then

2b1 − b3 = 2 ln 0,4

b2 − b3 = ln 0,6

−b1 − b2 + 3b3 = − ln 0,4− ln 0,6
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and they are easily solved (from the first two equations) by expressing b1 and b2 in terms of b3:

b1 = 0,5b3 + ln 0,4

b2 = b3 + ln 0,6

and then entering these in the third equation.

−b1 − b2 + 3b3 = − ln 0,4− ln 0,6

−(0,5b3 + ln 0,4)− (b3 + ln 0,6) + 3b3 = − ln 0,4− ln 0,6

1,5b3 = 0.

It follows that b1 = ln 0,4 ; b2 = ln 0,6 ; b3 = ln 1 ; b4 = ln 1 and the resultant u values are:

u1 = 0,4; u2 = 0,6; u3 = 1,0; u4 = 1,0.

The weights vector, w, is obtained by normalisation:

w =




0,1333
0,2000
0,3333
0,3333


 .
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Chapter 3

The AHP and SMART

3.1 Introduction

In the previous chapter we discussed the parts from which the two best-known methods are con-
structed in order to select one particular item from among many. Two of these methods, with
variations, are the subject of this chapter.

The best-known method is probably Thomas L Saaty’s [7] analytical hierarchical process (AHP).
This method is based on Saaty’s eigenvector method for calculating weights from an A matrix (ie the
eigenvector method), but any other method for calculating weights may also be used. However, the
AHP is susceptible to several serious errors, inter alia two types of rank inversion. (These problems
are discussed in chapter 4.) FA Lootsma [6] proposed an alternative, namely the geometric AHP,
which is increasingly accepted as an alternative to the AHP because it is not subject to rank inversion
(of the first type).

The most attractive method for large practical problems is SMART, the abbreviation of a somewhat
forced name, the Simple Multi-Attribute Review Technique. SMART also uses a method to calculate
weights, and although the earliest versions proposed quite primitive methods, methods based on a
A matrix have become the norm. SMART may also be seen as a methodology that is independent
of the method used to determine weights.

When one has to be selected from many, we usually find one item that is the strongest in a particular
area whereas another item is better in another area. This immediately tells us that there is more
than one criterion or objective. All these methods allocate weights to all the different criteria, and
values are assigned to the different items under each criterion. The criteria weights are then utilised
to weigh the values assigned to the items under the different criteria before they are added together.
Put differently: The criteria weights are used to calculate a weighted average of the values allocated
to an item under the different criteria.

An example in the previous chapter allocates weights to six criteria in the table. Assume that these
weights are encountered in an actual problem and that the figures presented in the last columns
present the performance of four items under the six criteria. Higher values are better. In this
instance the values may be seen as percentages (or scores out of one hundred). However, study the
table below from which the weights have been removed. The question is: Which item should be
selected?
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Scores for Scores for Scores for Scores for
Criterion Item 1 Item 2 Item 3 Item 4

1 85 70 65 70
2 55 90 70 85
3 35 60 85 60
4 68 65 80 55
5 65 60 30 60
6 70 65 45 65

The only correct answer is probably: It all depends!

However, something that can be deduced from a direct comparison of the items is that item 4 is
outperformed by item 2 in every instance. The scores given to item 2 for each criterion are either
the same or higher than those allocated to item 4. Item 2 dominates item 4 and the latter can be
removed from the list of candidates because it offers nothing that item 2 cannot deliver to the same
extent or better.

Definition 3.1.
Item A is dominated by item B if B’s performance equals or exceeds A’s in every area (or for every
criterion).

Both the AHP and SMART make use of weighted averages. In the table above item performance
was presented as columns (or vectors) and the decision maker had no clear way of ranking the items.
The bottom row of the table below presents a single value that summarises the column above it
and this facilitates item comparison. Inability to compare the items in the above table has been
eliminated by the weighted average.

Criterion Weight Scores for Scores for Scores for
i wi Item 1 Item 2 Item 3
1 0,15 85 70 65
2 0,18 55 90 70
3 0,25 35 60 85
4 0,21 68 65 80
5 0,10 65 60 30
6 0,11 70 65 45

Weighted
Average 59,88 68,50 68,35

The table can be produced by any one of the methods if the allocated scores were discounted. The
principle of using a weighted average on the basis of criteria weights remains the same.

SMART is discussed first because it is the simplest method and because its value function is so
visible – which is not the case with AHP. It is therefore easier to understand AHP once you have
understood SMART.
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3.2 SMART

SMART (Von Winterfeldt and Edwards [9]) makes use of a scoring function fi to allocate values
between 0 and 100 to items on behalf of criterion i. The value function z is then z =

∑
wifi, a

typical weighted average of the values provided by the scoring functions.

The task is therefore to prepare a scoring function for each criterion, and it should preferably convert
an objectively measurable quantity (eg distance in kilometres, or income in rands per year) into a
score out of one hundred. Not all criteria can be measured objectively (eg appearance or status)
and generally depend on human judgment. SMART requires scoring functions for these criteria as
well, converting the initial assessment to a score between 0 and 100. The example illustrates both
possibilities.

Example 3.1.
A man of 34 who has two children of 7 and 9 years old is looking for a house in a price category that
would reflect the fact that both he and his wife are rapidly advancing in their chosen careers. They
have already inspected a dozen houses and then decide to compile a SMART model. The first task is
to determine the criteria, and they decide to concentrate on five characteristics: distance from the
house to the local primary school and to the wife’s place of work, age, appearance, and the area of
the house.

They determine the weights of the criteria as 0,15 (school), 0,12 (work), 0,21 (age), 0,22 (appear-
ance), and 0,30 (area). Scoring functions are prepared, and the two distances (to school and to the
workplace) are represented by the functions below where x is the distance.

fSchool(x) = fWork(x) =




80 + 20x with 0 ≤ x ≤ 1

100 with 1 < x ≤ 3

115− 5x with 3 < x ≤ 23

0 with x > 23

The distances are scored in the same way. However, this is not necessary and the graphs may differ.
The graph is also piece-wise linear, which makes expression in algebraic form much easier. Once
again this is not necessary, and the values may just as well be read from the graph itself.

The score for the age of the house is presented in the table below

Age

Age in years Score
0+ to 1 70
1+ to 2 100
2+ to 5 80
5+ to 8 60
8+ to 50 0

50+ 100

and for the appearance of the house in the following table
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Appearance

Description Score
Will impress yuppies 100

Will impress boss 80
Will impress parents 40
An ordinary house 0

The scoring function for the surface area, x, is presented by the following:

fArea(x) =




0 with 0 ≤ x ≤ 200

0,2x with 200 < x ≤ 500

100 with x > 500

The five functions above are not all in an accustomed form and the one that has to provide a score
under appearance is a function of a subjective input. If the couple in the example were to select
the description that is consistent with their value system, the table would nevertheless allocate the
desired score under this criterion.

Allow fSchool, fWork, fAge, fAppearance, fArea to represent the five scoring functions. The value
function would then be:

z = 0,15fSchool + 0,12fWork + 0,21fAge + 0,22fAppearance + 0,30fArea.

The details of the next three houses they view are presented in the table, and their values have to be
calculated in accordance with the value function z.

Characteristic House A House B House C
School (km) 4 1 12
Work (km) 9 10 1
Age (years) 0 6 69

Appearance (category) yuppies yuppies boss
Area (m2) 230 420 390

The next table presents the values of the scoring functions in the columns below the houses, with the
weighted averages at the bottom – the values assigned to the houses by the value function above.

Characteristic Weight House A House B House C
School (score) 0,15 95 100 55
Work (score) 0,12 70 65 100
Age (score) 0,21 70 60 100

Appearance (score) 0,22 100 100 80
Area (score) 0,30 46 84 78

Value 73,15 82,60 82,25

50



CHAPTER 3. THE AHP AND SMART DSC3704

The value for B is just a little higher than the value for C. Before B is chosen, we have to carefully
consider the reasons for B’s high value. An error in the scoring function or an overenthusiastic
weight can sometimes be the underlying reason. A sensitivity analysis of each case would be a good
idea.

A valid question in this case is what the smallest change, θ, would be in a weight to increase the
value of C above that of B.

C would benefit most from an increase in the weight for age because the score for C exceeds that of
B most in the case of this characteristic. Indeed, if this weight were to increase by θ, the value for
C would increase by 40 θ more than the value for B would increase. The gap is therefore reduced by
40 θ. In the same manner a reduction in the score for school would decrease the value of B quite
quickly relative to C’s value, namely 45 θ. The extent to which the gap would decrease when the
weight for age were to increase by θ and that for school were to decrease by the same amount, is
therefore 85 θ and the gap to be closed is 0,35.

85 θ = 0,35 gives θ = 0,004118, a very small figure. The choice between B and C is therefore quite
sensitive to changes in the weights. Moreover, the weights are obtained in a process that is subject
to quite extensive errors. For practical purposes, the two are equal.

Activity 3.1.
Briefly describe the scoring functions for:

1. Distance from the school.

2. Area of the house.

Activity 3.2.
Calculate the values of the houses described in the table

Characteristic House X House Y House Z
School (km) 6 5 12
Work (km) 3 10 15
Age (years) 1 10 65

Appearance (category) Ordinary Yuppies Parents
Area (m2) 530 520 300

under the value function

z = 0,20fSchool + 0,17fWork + 0,16fAge + 0,22fAppearance + 0,25fArea .

Activity 3.3.
The outcome of the previous activity places Y before X, which is in turn before Z. What would be
the smallest weights change to give Z and Y the same values?

Use the solution of activity 3.2.
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3.3 AHP

The AHP differs from SMART only in the scoring functions. The scoring functions of AHP are
not prepared beforehand. The scoring takes place under each criterion by comparing the various
competitors pair-wise and by using the methods discussed in chapter 2 to solve the resultant A
matrix. (The AHP, as it was originally described, uses the eigenvector method to determine the
preference vectors.) A preference vector is determined under each criterion, and when the value of
the first item is calculated, the first component of each preference vector is used as the score for that
criterion.

The AHP cannot evaluate a competitor on its own; all of them are compared, a preference vector is
derived from the comparison, and the components of the preference vector represent the scores of the
competitors. Because the components of a preference vector add up to one (normalisation), it means
that the more competitors there are, the lower would be the score of each. The values allocated
to each competitor by the value function consequently also depend on the number of competitors.
In principle this is not a problem because the competitors are only compared with each other, but
problems can occur as can be seen from the example.

Example 3.2.
Look again at the above example where different houses have to be compared with each other. Assume
the same weights were determined for the criteria, then the value function would again be

z = 0,15fSchool + 0,12fWork + 0,21fAge + 0,22fAppearance + 0,30fArea .

Also assume that there is an external value process that assigns values to the three houses (as in the
table). This same table has been used in the example and is selected to compare the outcome of the
AHP with that of SMART.

Characteristic House A House B House C
School (score) 95 100 55
Work (score) 70 65 100
Age (score) 70 60 100

Appearance (score) 100 100 80
Area (score) 46 84 78

The A matrices are compiled by using the values in the table in place of the ui. For the first
characteristic, A is

ASchool =


 1,00 95

100
95
55

1,00 100
55

1,00




and its preference vector is

wSchool =


 0,3800

0,4000
0,2200


 .

The other A matrices are
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AWork =


 1,00 70

65
70
100

1,00 65
100

1,00




AAge =


 1,00 70

60
70
100

1,00 60
100

1,00




AAppearance =


 1,00 100

100
100
80

1,00 100
80

1,00




AArea =


 1,00 46

84
46
78

1,00 84
78

1,00




and their preference vectors are

wWork =


 0,2979

0,2766
0,4255


 ,wAge =


 0,3043

0,2609
0,4348


 ,wAppearance =


 0,3571

0,3571
0,2857


 andwArea =


 0,2212

0,4038
0,3750


 .

The i-th component of a preference vector is the score the scoring function assigns to the i-th item.
In this example it means that fSchool provides the score 0,3800 to house A and that fAge = 0,2609
for house B.

The value of A is therefore

zA = 0,15fSchool + 0,12fWork + 0,21fAge + 0,22fAppearance + 0,30fArea
= 0,15(0,3800) + 0,12(0,2979) + 0,21(0,3043) + 0,22(0,3571) + 0,30(0,2212)

= 0,3016.

The value of house B is

zB = 0,15(0,4000) + 0,12(0,2766) + 0,21(0,2609) + 0,22(0,3571) + 0,30(0,4038)

= 0,3477

and that of house C is

zC = 0,15(0,2200) + 0,12(0,4255) + 0,21(0,4348) + 0,22(0,2857) + 0,30(0,3750)

= 0,3507.

The ranking for SMART is B (value 82,60), C (82,25), A (73,15). This is contrary to the AHP
ranking of C (value 0,3507), B (0,3477), A (0,3016) and an explanation has to be found.
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The difference cannot be explained by the criteria weights because exactly the same value function
is used, and the only difference is in the scoring functions. The difference therefore has to lie in the
scoring functions.

The scoring functions of the AHP do not provide values out of one hundred as SMART’s scoring
functions do. In itself this should not make any difference, because the relative quantities of the
values that give rise to their ranking are at issue here and not their absolute quantities. The scores
of the scoring functions of the AHP are weights – which means that they add up to one – and this
is where the problem lies. An example would clarify this point, but first note that it is sometimes
unnecessary to compile A matrices.

In this study guide and in the literature it is sometimes necessary to construct examples to explain
a concept. Values are then postulated for the competitors and from these the weights are directly
calculated by way of normalisation. For example, the above example uses the scores from the
SMART exercise. The A matrices were then compiled and solved to determine the preference
vectors. However, this is unnecessary. Consider for example the first characteristic (the distance to
school) of the three houses. The scores are 95, 100, 55 with a total of 250. Normalisation provides
95
250

; 100
250

; 55
250

and we again have

wSchool =


 0,3800

0,4000
0,2200


 .

Returning to the argument, assume there are five items and that their actual performance cannot
be improved. SMART recognises that they are all good by allocating 100 to all of them. The AHP
(which provides scores to all and where the scores add up to one), allocates 0,20 to each. Suppose
the same five items are all equally poor with respect to a subsequent criterion. The AHP will again
allocate 0,20 to all of them, merely because they recorded the same performance, whereas SMART
might allocate 35. This difference between SMART and the AHP can easily give rise to different
rankings.

Once again consider five items and two criteria. Suppose they all perform quite well on the first
criterion, with an excellent score for the fifth item. SMART’s scoring function for the first criterion
allocates values of say 76; 76; 76; 76; 96. Normalisation provides the following weights: 0,190;
0,190; 0,190; 0,190; 0,240, and these are the AHP’s scores for the five items under the first criterion.
Further assume that SMART allocates values of 48; 38; 38; 38; 38 under the second criterion. The
weights to be used as scores for the AHP are then 0,240; 0,190; 0,190; 0,190; 0,190. Also suppose
that the two criteria carry the same weight. The value function of the AHP then allocates the values
0,215; 0,190; 0,190; 0,190; 0,215 and the SMART values are 62; 57; 57; 57; 67.

The example could refer to five students who each writes two papers. The students who are com-
peting for the best scores are One and Five. In the first paper, Five beats the other four by 20
points, but in the second paper One is the winner with 10 points more than the rest. The SMART
approach uses the average of the two papers and the 67 average of Five is the highest. This is not
unexpected, because he beat the other four by 20 points in the first paper whereas One earned 10
points more in the second paper. The AHP – where the points allocated by the scoring function
have to add up to one – shows 0,24 for both top students in the paper against 0,19 for the rest. The
fact that one student achieved 20 points more in one paper compared to the other’s 10 points more
in another paper is lost in the process.

The problem lies in normalisation. SMART provides 400 points (for the five competitors together)
for the first, and 200 for the second criterion. The AHP always allocates a total of one. In the
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comprehensive criticism of AHP (which is discussed later in the guide), “normalisation at every
level” is repeatedly mentioned as the reason for and the cause of specific problems.

Activity 3.4.
The values of competitors M1, M2, M3, M4 have to be calculated with the AHP.

There are three criteria: A, B and C, and a 3 × 3 matrix of pair-wise ratios is obtained from a
group of decision-makers. After applying one of the solution methods from the previous chapter, the
preference vector is determined as

wcriteria =


 0,2080

0,4305
0,3615


 .

Three 4× 4 matrices are also prepared by the group and their preference vectors are found to be

wA =




0,1719
0,1990
0,3166
0,3125


 ,wB =




0,3004
0,2909
0,2109
0,1978


 , andwC =




0,2710
0,2571
0,2571
0,2148


 .

3.4 Multiplicative AHP

Another way of approaching the value function is by asking: Why the weighted sum of the scores?
Why not the weighted product? Why z from z =

∑
wifi and not from z =

∏
(fi)

wi? Lootsma
(1999) is strongly in favour of this approach as an alternative to the (normal additive) AHP because
it naturally arises from the nature and structure of some problems. The wi are the criteria weights
and the fi values are calculated as for the normal AHP scores.

We again use the example of the person looking for a house.

Example 3.3.
You have already been introduced to the table below. It contains the weights of the five criteria in
the second column and the performance of the three houses in the columns below the houses.

Characteristic Weight House A House B House C
School (score) 0,15 95 100 55
Work (score) 0,12 70 65 100
Age (score) 0,21 70 60 100

Appearance (score) 0,22 100 100 80
Area (score) 0,30 46 84 78

In order to determine the value of A in terms of the multiplicative AHP, the AHP scores under each
of the criteria have to be calculated first. Under School is gets 95 out of the total allocation of
95 + 100 + 55 = 250, therefore fSchool = 95

250
= 0,38.

The scores under the other criteria are: fWork = 70
235

= 0,2979; fAge = 70
230

= 0,3043;

fAppearance = 100
280

= 0,3571; and fArea = 46
208

= 0,2212.
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The value function of the multiplicative AHP allocates to A the value zA with

zA = 0,38000,15 × 0,29790,12 × 0,30430,21 × 0,35710,22 × 0,22120,30

= 0,2954.

Strictly speaking, this is not yet the final zA because the AHP always demand normalisation. The
values zB and zC also have to be calculated and the three of them have to be normalised.

Activity 3.5.
Complete the process by calculating zB and zC and normalising the three weights.

Activity 3.6.
Which values does the value function of the multiplicative AHP assign to the four items of activity
4?
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3.5 Answers to activities

Activity 3.1.

1. The graph of the scoring function appears below.
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2. The graph of the scoring function appears below.
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Activity 3.2.

Characteristic House X House Y House Z
School (km) 6 5 12
Work (km) 3 10 15
Age (years) 1 10 65

Appearance (category) Ordinary Yuppies Parents
Area (m2) 530 520 300

Characteristic Weight House X House Y House Z
School (score) 0,20 85 90 55
Work (score) 0,17 100 65 40
Age (score) 0,16 70 0 100

Appearance (score) 0,22 0 100 40
Area (score) 0,25 100 100 60

value 70,20 76,05 57,60

Activity 3.3.
The gap between the values for Y and Z is 18,45 and it can be closed by increasing the weight of a
characteristic so that Z exceeds Y and simultaneously decreasing to the same extent the weight of a
characteristic for which the opposite is true in order to keep the sum of the weights equal to one.
The two characteristics that show the highest score differences are selected to ensure the smallest
weight change.

The difference under age between Z and Y’s scores is the biggest, and for an increase of θ the gap
narrows to 100θ. Under appearance, the difference between the scores for Z and Y is the smallest
(most negative), and the gap narrows by a further 60θ. The overall narrowing of the gap is therefore
160θ and the θ that makes

160θ = 18,45

has to be found. The answer is θ = 0,1153 and this is the smallest change in weights (one weight up
and one down) that is necessary to equalise the values for Z and Y.

Activity 3.4.
The value function is

z = 0,2080fA + 0,4305fB + 0,3615fC .

The value of M1 is therefore

z1 = 0,2080fA + 0,4305fB + 0,3615fC

= 0,2080(0,1719) + 0,4305(0,3004) + 0,3615(0,2710)

= 0,2630.

The calculations can be summarised in a table:
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Criterion Gewig M1 M2 M3 M4
A 0,2080 0,1719 0,1990 0,3166 0,3125
B 0,4305 0,3004 0,2909 0,2109 0,1978
C 0,3615 0,2710 0,2571 0,2571 0,2148

Value 0,2630 0,2596 0,2496 0,2278

Activity 3.5.
The table below has been given. The first task is to calculate the weights for house B and house C
and the last column has been added for this reason.

Characteristic House A House B House C Total
School (score) 95 100 55 250
Work (score) 70 65 100 235
Age (score) 70 60 100 230

Appearance (score) 100 100 80 280
Area (score) 46 84 78 208

Normalisation requires each of the values allocated under a particular criterion to be divided by the
total of those values (the value on the right). For the sake of completeness, the figures for house A
are also shown.

Characteristic Criterion House A House B House C
Weight (Weight) (Weight) (Weight)

School 0,15 0,3800 0,4000 0,2200
Work 0,12 0,2979 0,2766 0,4255
Age 0,21 0,3043 0,2609 0,4348

Appearance 0,22 0,3571 0,3571 0,2857
Area 0,30 0,2212 0,4038 0,3750

The value function of the multiplicative AHP allocated the value zA to A with

zA = 0,38000,15 × 0,29790,12 × 0,30430,21 × 0,35710,22 × 0,22120,30

= 0,2954.

The value of B is

zB = 0,40000,15 × 0,27660,12 × 0,26090,21 × 0,35710,22 × 0,40380,30

= 0,3422

and that of C is

zC = 0,22000,15 × 0,42550,12 × 0,43480,21 × 0,28570,22 × 0,37500,30

= 0,3415.

These three values add up to 0,9791 and they are normalised by dividing each by this figure. According
to the multiplicative AHP, the values of houses A, B and C are then 0,3017; 0,3495; 0,3488.
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Activity 3.6.
The weights of the criteria (A, B and C):

wCriteria =


 0,2080

0,4305
0,3615




have already been calculated, and the weights (acting as scores) of the four competitors (M1, M2, M3

and M4) under the various criteria are presented by the preference vectors

wA =




0,1719
0,1990
0,3166
0,3125


 ,wB =




0,3004
0,2909
0,2109
0,1978


 , andwC =




0,2710
0,2571
0,2571
0,2148




which have also already been determined. The value function of the multiplicative AHP allocates the
following values to M1, M2, M3 and M4.

z1 = 0,17190,2080 × 0,30040,4305 × 0,27100,3615

= 0,2577,

z2 = 0,19900,2080 × 0,29090,4305 × 0,25710,3615

= 0,2571,

z3 = 0,31660,2080 × 0,21090,4305 × 0,25710,3615

= 0,2465,

z4 = 0,31250,2080 × 0,19780,4305 × 0,21480,3615

= 0,2241.

After normalisation, the values of M1, M2, M3 and M4 are 0,2615; 0,2609; 0,2502 and 0,2274.
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Chapter 4

Tree structures and rank reversal

4.1 Introduction

The AHP, SMART, and the multiplicative AHP were discussed in the previous chapter as methods
to select one from many. The examples contained a limited number of criteria and no effort was
made to explain what to do when many criteria applied. However, in practice problems frequently
have a great many criteria. (The relevant problem of zero-base budgets, which is not discussed in
this module but of which the author has extensive experience, could have as many as 180 competitors
under a single umbrella criterion.) If we are to solve problems of a practical size, we should therefore
be able to deal with large matrices of pair-wise ratios. The best method is that of log least squares
(LLS) for sparse matrices as discussed in chapter 2. The alternative method (that is still frequently
encountered in practice) is explained in this chapter, and theoretical and empirical reasons are
presented to illustrate why it should be avoided.

SMART and the AHP have not been fully dealt with unless rank reversal has also been mentioned
and that is also dealt with in this chapter.

4.2 Calculating weights with trees

Most current methods deal with a large number of competitors by arranging them in a tree and
then allocating weights in steps from the top down. There could for example be a first level with
five group names. These five are compared in a 5× 5 matrix and obtain weights from the equation.
The first group name could for example refer to computer software and would be assigned a weight
of up. This grouping would be subdivided into six subsections, be compared in a 6× 6 matrix and
obtain the weights ui. The up weight of computer software would then be divided among the six
subgroupings according to the weights ui. This means that the first obtains the weight u1up, the
second obtains u2up, etc, up to the sixth whose weight would be u6up. As the ui are weights, the
full weight of computer software is divided among the six below and nothing is retained. This also
happens in the other branches of the tree and in this manner the weight is distributed down the
(upside-down) tree until it reaches the end points. These end points (also known as the leaves of
the tree) are the original competitors for which weights had to be determined.

Example 4.1.
Study the tree in figure 4.1. The weights of the nine leaves had to be determined.
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G21

K1 K2 K3 K4 G31 K8 K9

G22

K6K5 K7

Figure 4.1: Tree with nine leaves.

At the top level the two groupings G21 and G22 were compared and subsequently obtained the weights
0,55 and 0,45. The weight allocated to G21 is divided by comparing the four nodes below 21. This
gives rise to a 4× 4 matrix from which the preference vector v21 is determined. Preference vectors
for G22 and G31 are similarly determined by compiling two 3× 3 matrices. The results are

v21 =




0,24
0,14
0,22
0,40


 ,v22 =


 0,30

0,20
0,50


 , and v31 =


 0,25

0,35
0,40




and the instruction is to calculate the weights for the nine criteria.

The allocated weights have been inscribed in the tree in figure 4.2 in order to make the problem more
visual.

The group of four criteria in the left-hand branch of the tree, G21, obtained the weight 0,55 and this
has to be divided among K1, K2, K3, and K4 according to the stated ratios. Multiply 0,55 by turns
with the components of v21. The result is 0,132; 0,077; 0,121; 0,220. (Conduct a test by adding
them. The answer should be the figure used at the start – in this case 0,55.)

The values of the three items under G22 (G31; K8; K9), are similarly calculated and come to 0,135;
0,090; 0,225. However, this is not all, because the 0,135 of G31 has to be distributed to the criteria
K5, K6 and K7 below it. Multiplying 0,135 with v31 produces the desired weights. Their values are:
0,0338; 0,0473 and 0,0540.

Therefore the desired weights of K1 to K9 are 0,132; 0,077; 0,121; 0,220; 0,0338; 0,0473; 0,0540;
0,090; 0,225.

Note how the weights are combined in a single answer line. This is how you have to write them in
the examination as well as in your current or future careers. People are unwilling to read an entire
report to look for conclusions in different places. The answers or conclusions or recommendations
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G21
0,550

G22
0,450

0,55 0,45

K1
0,132

K2
0,077

K3
0,121

K4
0,220

G31
0,135

K8
0,090

K9
0,225

K5
0,0338

K6
0,0473

K7
0,0540

0,24 0,14 0,22 0,40 0,30 0,20 0,50

0,25 0,35 0,40

Figure 4.2: The tree with weights.

have to be highlighted and suitably summarised.

Activity 4.1.

1. Test the results of the example.

2. Study the tree in figure 4.3 and write down the numbers of the criteria that are to appear in
the value function.

3. Use the tree 4.3 and the preference vectors below to calculate the weights of the value function
criteria

u0 =




0,2
0,4
0,1
0,3


 ,u2 =

[
0,65
0,35

]
,u4 =


 0,5

0,3
0,2


 , andu7 =

[
0,2
0,8

]
.

4.3 Barzilai’s argument

Jonathan Barzilai [1] is a fierce critic of the AHP and has written several articles in which weaknesses
of the AHP are described. However, his criticism of using a tree to calculate weights does not only
apply to the AHP but to SMART as well. It would be easier to understand his argument if we
illustrated it in an example. The example he used has been replaced by an analogous South African
situation.

The tree below is used to determine the importance of the profit from various regions. A retailer who
had commercial interests in the KwaZulu-Natal, Transvaal and Free State provinces and who had
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A0

A1 A2 A3 A4

A5 A6 A8A7 A9

A10 A11

Figure 4.3:
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Figure 4.4: Tree for retailer’s profit.

a head office in each province, decided to adapt his structure to accommodate the new provincial
divisions.

His value function measures profit, and before the change it is

zold = 1
3
fKwaNat + 1

3
fTransvaal + 1

3
fFree State.

The retailers rule was “a rand of profit is a rand of profit – no matter where it is made”. When
he allocated weights to the three provinces, they received equal values. The retailer maintained
his Transvaal head office in Johannesburg, but established reporting offices in each of the four new
provinces in the tree under Transvaal. Weights had to be allocated. According to the retailers rule,
the Transvaal weight of 1

3
had to be distributed equally and the new value function was

ztree = 1
3
fKwaNat + 1

12
fMpuma + 1

12
fLimpopo + 1

12
fGauteng + 1

12
fNW + 1

3
fFree State.

There is nothing wrong with the rule that governs the allocation of weights. However, when this
rule is repeatedly applied, it gives rise to the above value function which contradicts the rule itself
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so that a rand of profit from KwaZulu-Natal or the Free State is worth four times the rand of profit
from the other provinces. The problem may be ascribed to normalisation at every level. After the
weights of one third each had been allocated at the first level, they were fixed. When the four new
provinces came into existence, only 1

3
was available for distribution among them whereas the two

old provinces did not need to relinquish part of their weights.

If the system were to be applied to all six the provinces, they would receive equal weights and the
value function would be

zflat = 1
6
fKwaNat + 1

6
fMpuma + 1

6
fLimpopo + 1

6
fGauteng + 1

6
fNW + 1

6
fFree State.

Our first thought is that participants in such a study (or the retailer) would understand the problem
and would compensate for it. In the tree above, one would for example not have allocated equal
weights to KwaZulu-Natal, Transvaal and the Free State – Transvaal would have received a greater
weight.

The following would have to happen to compensate fully: The facilitator would have to point out
that Transvaal comprised four parts, and the participants would have to allocate a weight that was
worth four times those allocated to the other two provinces.

However, this does not happen. The tree uses the participants in the same manner as the rule does
in the above example - the distribution of a specific weight. The facilitator tries to compensate for
this situation by pointing out the importance of the groupings that consist of many components,
the participants react with insight, but the trees modus operandi remains dominant.

4.4 Empirical evidence

In a study conducted for Armscor in 1996, a branch of a real tree was taken and two alternatives
were constructed. They contained the same criteria but were organised into different groupings.
Two of them are shown at the end of this chapter as tree 1 and tree 2.

Everything was done to ensure that the process remained as authentic as possible. The usual team
who constructed the first tree as part of the bigger study allocated the values in the room they nor-
mally used. The project facilitator played his usual role. In addition, he constructed the alternative
trees and they made sense to the participants. When two trees had the same substructures, the
questions were not repeated. (In this manner the five components of A31 were for example compared
only once.) All the observations were collected during the same session.

The results are presented in the table below. The criteria were grouped so that their mutual ratios
remained the same. The first group in the table is A11 and appears unchanged in all the trees. The
second group contains items 25, 42, 47, 49 and 50 that appear in the second tree under A12 and in
the first under A1. Their ratios were asked only once (in the 6× 6 matrix in which the components
of A1 were compared).
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Group Tree 1 Tree 2 Tree 3

1 6,15 17,86 15,11
2 20,34 12,94 8,86
3 4,22 15,15 14,44
4 4,24 4,93 6,01
5 6,91 3,15 4,04
6 8,46 7,84 8,23
7 7,41 6,62 7,65
8 5,51 2,27 2,90
9 5,19 3,32 4,26

10 6,80 4,41 5,10
11 8,62 5,44 5,72
12 5,07 2,65 3,24
13 5,00 7,71 8,29
14 6,09 5,72 6,15

Total 100,01 100,00 100,00

Any comment would be superfluous. It is clear that using trees to calculate criteria weights interferes
with the values. The differences are so extensive that a credibility gap develops. If we cannot remedy
the situation, decision experts would have to withdraw from this field and acknowledge that the
answers were unreliable.

This result is not unique. Although this is the only experiment of the kind with which the author
is familiar, experienced facilitators state that trees with many levels always present the problem of
lower-level leaves receiving too much weight compared to the leaves on the furthest levels. In practice
this type of tree needs panelbeating to provide answers that are closer to expectations. This does
not bode well for the underlying technique and reaffirms the credibility problem.

It is suggested that a small number of items (nine at most) from different branches be compared after
the weights have been allocated to establish whether the values confirm the trees values. (Remember
that weights are normally calculated from fully completed A matrices. This is the reason why trees
are used and why an absolute maximum of nine criteria apply in this test.) However, this does not
appear to be a sound solution. What do we do when there are big differences?

Two new questions arise: What causes the floundering, and Does a general rule exist to avoid the
floundering?

4.5 Dwindling values

We can deduce from the theoretical example on profits in the different provinces that the lower the
criterion is located in the tree, the lower its weight will be.

The same pattern applies to trees obtained in practice (in the experiment) where one also sees that
a criterion that competes with many other criteria tends to have a lower value. The worst scenario
would probably be when a tree has several short branches and one big branch both with many nodes
at a particular level and with many levels. A leaf that lies on a far level on this branch will have a
much lower value than if it were located at the first level in another tree.
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None of the above has been proven; these are deductions and generalisations based on the example
and practical experience. However, the experiment does prove that two different trees can assign
dramatically different weights to the same criterion. The best explanation for this phenomenon is
probably found in the hypothesis of dwindling values.

Hypothesis of dwindling values
When a number of items are grouped under a summarising heading, their individual values diminish
to a value that is lower than the sum of these values. The more items joined, the greater the value
loss.

The dwindling values hypothesis is related to Millers 7 ± 2 rule. Miller postulated in an article
published in 1956 that every person has an upper limit in terms of the number of concepts he or she
can deal with intellectually at a time. This limit differs from person to person, time to time, and
between different fields. At best the limit is nine, and it can drop to as low as five.

When a person has to compare a grouping of four levels and 130 criteria with another grouping of
one level and five criteria, his or her brain is quite incapable of dealing with the detail of 130 criteria.
The only way in which the human brain can process such a large number of items is to give them a
single name. In a tree like this one, with four levels, this name would be an abstraction of the names
just below it and they would already be an abstraction of the names on the level just below them,
etc. Allocating weights to the bigger grouping (ie the 130 criteria) compared to the smaller grouping
(five criteria) emerges quite skew with too little weight for the bigger grouping. Whether the bigger
grouping comprises 80 or 200 items would not make much difference to the value it receives, so that
the bigger the grouping becomes, the more it would be neglected.

Example 4.2.
In a country where the government wants to and can control crime (such as England or the Nether-
lands), a single murder appears on the national news and is even debated in parliament. In South
Africa where murder, robbery and rape occur every day, the atrocities perpetrated on rural whites
are summarised under the heading “farm murders” and the cruelty and hate that are manifested are
only mentioned in the media when the tempo sharply increases or when European or other visitors
become the victims. The scope of these atrocities disappears because of the grouping.

Note that any pair-wise comparison compares precisely two items (as the word “pair” indicates), and
Millers 7 ± 2 rule is not applicable. The rule only applies when one of the two items represents a
large group of items. The group suffers from dwindling values.

4.6 Simultaneous value scores

Chapter 2 emphasised the LLS method. It was pointed out that a benefit of the LLS method was
that it could deal with sparsely completed A matrices. A matrix can therefore handle many items
without expecting too many observations from the participants. It represents the ideal tool when
we have to avoid value allocation by using trees.

A number of practical questions arise. The first is the number of observations needed and the
second is concerned with the type of observation required. The South African National Defence
Force (SANDF) executes several missions (37) that have to be listed in priority sequence every year.
The LLS method was used in 2004 and each participant was expected to fill in the three upper
diagonals as well as the accompanying triangle at the top right-hand side of the matrix. The limited
(12× 12) example below illustrates the sites that had to be completed in a case like this.
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A =




1 + ∗ − − ∗ +
1 + ∗ − − ∗

1 + ∗ − −
1 + ∗ −

1 + ∗ −
1 + ∗ −

1 + ∗ −
1 + ∗ −

1 + ∗ −
1 + ∗

1 +
1




.

The addition symbols, asterisks and dashes indicate the positions for which values have to be de-
termined. The white section gives an indication of the number of matrix positions that were not
required. The saving is enormous in a large matrix (eg 40× 40).

The number of observations is 3n and the number of parameters to be estimated is n. The number
of degrees of freedom is therefore 2n and for n = 37 the number of degrees of freedom is more
than adequate. In this case degrees of freedom is a statistical term that is for example used in
statistical tables. More degrees of freedom are always desirable, and an extra observation usually
offers an extra degree of freedom. However, additional observations cost money and effort and as the
value of an extra degree of freedom decreases, there comes a point where experimental statisticians
are satisfied with the number of degrees of freedom. Some thirty degrees of freedom are usually
considered sufficient, but it also depends on variance: the more extensive the variance, the more
value is presented by an extra degree of freedom. The errors and variance in this type of observation
are extensive, and 74 degrees of freedom are ample but not excessive. The facilitator normally judges
the amount of available time, and if there is enough time, three upper diagonals are obtained as
indicated in the above scheme.

The above explains the number of observations.

The positions in the matrix indicated by a plus symbol are the first for which a facilitator would
obtain observations. The reason why these positions have been selected becomes clear when the
indices of the upper diagonal are considered. The entries directly to the right of the diagonal
represent the upper diagonal and its elements are the ai,i+1 for i = 1,...,n − 1. (Note that the n-th
row does not contain such an element.) They compare criterion 1 with criterion2; criterion 2 with
criterion 3; . . . ; criterion n− 1 with criterion n. The element a1,n on the upper right-hand side of
the matrix compares criterion n with criterion 1 and the circle is closed in this manner.

These n observations therefore link each criterion with the subsequent one, and the last criterion
with the first one. The set of observations marked with asterisks does almost the same, but misses
one every time. Criterion 1 is compared with criterion 3, criterion 2 with 4, 3 with 5, and eventually
n − 1 with 1, and n with 2. The observations marked with dashes link 1 with 4, 2 with 5, and
eventually the end is again linked to the beginning by comparisons between n− 2 and 1, n− 1 and
2, n and 3.

This structure aims to make provision for occasional inadequate observations. Suppose a56 in the
above matrix is inadequate (has a very large or a very small f56), then there would be a46 and a57

from the data set marked with an asterisk to avoid a break between the first five and the last seven
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criteria. There would still be a few observations from the data set positions marked with a dash
to close the inadequate link, namely a36, a47 and a58. In addition, the criteria with high numbers
would be linked to those with low numbers, which also prevents the first five and the last seven from
getting out of perspective because of one inadequate observation.

Despite the above argument about the choice of observations, there is definitely room for further
research.

The LLS method, which has been developed here for one contributor, may be used again if there is
more than one contributor. Every participant provides his or her ratios for each of the previously
selected matrix positions, and in this manner (what are known in the statistical field as) repeated
observations develop. These observations make no difference to the calculations. The algorithm in
terms of which the equations are compiled and from which the LLS weights derive, is applied to each
individual observation. The equations would now have higher coefficients because there are more
entries, but this does not affect the method of solution.

Example 4.3.
Two participants have to determine weights for two items. They provide the A matrices below.

A1 =




1 0,5 0,7 1,4
1 1,2 2,2

1
1




A2 =




1 0,75 1,6
1 1,25

1 2,5
1


 .

Compile the equations from which the LLS weights can be determined.

The contributions of the first participant provide the equations that can be written down from the
first table below

3 −1 −1 −1 ln 0,5 + ln 0,7 + ln 1,4
−1 3 −1 −1 − ln 0,5 + ln 1,2 + ln 2,2
−1 −1 2 − ln 0,7− ln 1,2
−1 −1 2 − ln 1,4− ln 2,2

and the table of the second participant is:

2 −1 −1 ln 0,75 + ln 1,6
1 −1 ln 1,25

−1 −1 3 −1 − ln 0,75− ln 1,25 + ln 2,5
−1 −1 2 − ln 1,6− ln 2,5

.

The above tables are merely applications of the algorithm that provides the equations Db = d by
initially making all the elements of the matrix D and the d equal to zero and then processing the
observations one by one. If an aij is obtained, the following six entries and transfers take place

dii ← dii + 1; djj ← djj + 1
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dij ← −1; dji ← −1

di ← di + ln aij; dj ← dj − ln aij.

Because the algorithm processes the aijs one by one and adds the contributions of each into the table,
the two tables may be considered subtotals of the table obtained when the two data sets are combined.
This table will therefore look like this

5 −1 −2 −2 ln 0,5 + ln 0,7 + ln 1,4 + ln 0,75 + ln 1,6
−1 4 −2 −1 − ln 0,5 + ln 1,2 + ln 2,2 + ln 1,25
−2 −2 5 −1 − ln 0,7− ln 1,2− ln 0,75− ln 1,25 + ln 2,5
−2 −1 −1 4 − ln 1,4− ln 2,2− ln 1,6− ln 2,5

The desired equations may be read from the table.

Activity 4.2.
Three participants have to provide weights to four items, and their contributions are included in the
following A matrices

A1 =




1 0,4 0,2 0,2
1 0,4

1
1


 A2 =




1 0,3 0,2
1 0,6

1 0,7
1




A3 =




1 0,4 0,2
1 0,5

1 0,6
1


 A4 =




1 0,3
1 0,6 0,4

1 0,7
1


 .

1. Prepare the table for each participant from which the equations for determining its LLS weights
can be compiled.

2. Present the table for their combined weights.

4.7 Other issues and questions

This first section of the chapter provided theoretical and empirical reasons why trees should not be
used to calculate weights. Once again the LLS method was emphasised because it can deal with
extensive sparse matrices. The way to calculate the LLS estimator when more than one participant
is involved has been explained and numerically highlighted. However, a number of issues still have
to be discussed before we turn to rank reversal.

First there is the other role of trees, namely to discover and develop the value system. Trees are
ideal for this purpose and a facilitator would probably never consider going ahead without them.
(Chapter 1 contains more information on this topic.) Clearly distinguish between using trees to
identify different criteria in the value system - which is good and right - and using trees to calculate
weights. It is the latter that gives rise to glaring errors and that should be avoided at all costs. Rather
use the LLS method for one large, sparse matrix that comprises two or three upper diagonals and
the corner elements as discussed in this chapter.

70



CHAPTER 4. TREE STRUCTURES DSC3704

Secondly, suppose a facilitator has to choose between either using the tree to calculate weights or
the LLS as recommended in this chapter. He or she decides to use both and subsequently obtains
two sets of weights that correspond sometimes and otherwise differ dramatically. The facilitor shows
the results to the client who comments,“If the two sets of weights differ so much, how do we know
that anything that derives from this process makes sense? You say the tree gives erroneous weights
- how are we to know that the weights from the sparse matrix are reliable?”

The answer is that we know where, how and why the weights calculated from the tree differ. The
problem is the brains inability to deal with a great number of items at the same time. The phe-
nomenon of dwindling values causes the values of item groupings to be underestimated because the
brain cannot remember the value of each separate item in the grouping.

The only test for accuracy in using a method like this is probably whether the participants consider
the values determined from their equations to be correct. If this test is applied to weights from a
tree and if the tree is deep enough, the answer is, without exception, negative. On the other hand,
values obtained from items that are all at the same level would be acceptable to participants. It is
sometimes said that the values lie too close together, but errors are rare if the process is conducted
correctly.

Using sparse matrices does not obviate all problems. The way in which questions are asked and
the way in which the answers are digitised to determine the A matrix is a subject on its own that
is discussed in more detail in chapter 5. A specific problem exists around the scales that are used.
The results of two participants whose weights arrange the items in exactly the same order can
nevertheless differ considerably in that one persons weights would lie close together whereas the
other persons weights would lie far apart. This difference is often ascribed to one persons inability
to allocate high values to the pair-wise ratios. The two participants use different scales. However,
when a groups weights are determined, everyone has to use the same scale to stop the contributions
of the enthusiasts from dominating the results of the more careful. The LLS method has to make
provision for this eventuality. The method presented in this chapter is therefore not the be-all and
end-all.

Apart from the problem of getting all the participants to use the same scale, there is the issue of
differences of opinion. It is unlikely that all the participants would hold the same opinion when it
comes to the relative importance of different criteria, and this aspect should also be kept in mind.
Perhaps the expanded LLS method indicated for several participants can best be summarised by
stating the correct purpose of the method discussed in this chapter – or by specifying the assumptions
in terms of which this method would be appropriate. These assumptions are that all the participants
apply the same value system to the criteria to be weighed, and that all the answers reflect the same
amount of enthusiasm.

The two expansions to the LLS method for several participants have been discussed separately but
not together. Chapter 5 contains more information on persuading the participants to use the same
scale.

4.8 Rank reversal

Rank reversal is a phenomenon associated with AHP where the addition of an extra item changes the
rank order. There may for example initially be four items under three criteria that obtain weights of
0,41; 0,23; 0,22 and 0,14. When a fifth item crops up, all the items have to be re-evaluated, and the
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weights are then 0,36; 0,20; 0,21; 0,12 and 0,11. The sequence has been maintained and the weight
of the new item has been added at the end.

It is easy to understand why the weights of the first four items decreased when the fifth item was
added as these weights always have to add up to 1. However, it is not clear why the third item
now has a bigger weight than the second item. Their rank order has changed. The original ranking
was I1; I2; I3; I4 and has now been changed to I1; I3; I2; I4 with I5 last. However, the issue is the
first four. It would have been easier to understand this change if new facts had come to light to
influence the relative positions of the first four items. However, this did not happen in any of the
rank reversal examples.

The first example of rank reversal was compiled by Belton and Gear in 1983. (Belton and Stewart
[2] are co-authors of one of the two recommended books in the reading list.) They had to evaluate
three competitors in terms of three criteria (see the table below). These criteria were K1, K2 and
K3. The items were A, B and C.

K1 K2 K3

A 1 9 8
B 9 1 9
C 1 1 1

The values out of ten of the three items in the column under K1 are given as they contribute to K1.
We have considered this same situation earlier in the guide and concluded that a 3 × 3 A matrix
may be prepared and solved from these values (1; 9; 1). We have also shown that it is much easier
to obtain exactly the same weights by normalising the values. The weights assigned to A, B and C
under K1 are therefore 1

11
; 9

11
; 1

11
. In the same way they obtain the weights 9

11
; 1

11
; 1

11
under K2 and

8
18

; 9
18

; 1
18

under K3.

For the sake of simplicity, Belton and Gear assigned equal weights to the criteria and the value for
A is therefore

zA =
1

3

1

11
+

1

3

9

11
+

1

3

8

18
= 0,4512.

In the same way

zB =
1

3

9

11
+

1

3

1

11
+

1

3

9

18
= 0,4697

and

zC =
1

3

1

11
+

1

3

1

11
+

1

3

1

18
= 0,0791.

The order is therefore B, A, C.

Belton and Gear then introduced a fourth item, D, with exactly the same characteristics as B (see
the table below). Note that the characteristics of A, B and C remain unchanged.

K1 K2 K3

A 1 9 8
B 9 1 9
C 1 1 1
D 9 1 9
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Activity 4.3.

1. Calculate zA, zB, zC, and zD.

2. Place the items in rank order.

3. Compare the rank order of A, B and C with that obtained above, and provide comments.

It would be best to solve the activity first and to compare your answer with the solution at the end
of this chapter. However, if you prefer not to lose the thread of this discourse or if you are reviewing
the material, you may turn to the solution for this activity and then refer to the sections mentioned
under the next activity.

4.9 Dyer’s article

After this introduction, Dyer’s paper [4] is easily understandable. It contains a major part of the
study material on rank reversal. The author is interested in dealing with major practical problems
and believes SMART to be the best (currently) applicable method thanks to its scoring functions
which enable evaluation of competitors at different stages. This practical orientation determines
to a large extent the emphases on different parts of the Dyer article and in particular why it is
unnecessary to read the second section on the axioms of AHP.

Dyer and a few co-workers made it their mission to reform the AHP by bringing it closer to the
utility theory. Utility theory with its strong axiomatic substructure is widely supported in the USA.
(In South Africa, as in the USA, decision making is deemed a branch of mathematics – which is not
true of most British universities). This forced the Saaty camp to provide an axiomatic substructure
for the AHP, and the Dyer article concentrates on this aspect in the second section. Section 3 deals
with the topic of this chapter, namely rank reversal, and we direct most of our attention to this
aspect. Except for the second section, you are required to read and understand the entire article.

Look for the Dyer article in the reader at the back op this guide. It is entitled “Remarks on the
analytic hierarchy process”. Page to the third section under the title, “Rank reversal and arbitrary
rankings”, and read the entire section. Then go to the activity below to help you understand Dyer’s
arguments, and afterwards check the solution at the end of this chapter.

Activity 4.4.

1. The argument concentrates on cars. Interpret Belton and Gear’s counter example with refer-
ence to the example in Dyer’s article.

2. Compile a table with particulars of the cars for Dyer’s expansion on Belton and Gear’s example
(where the extra car is a BMW and not a Mercedes).

3. What is Dyer trying to say with this example?

4. An example by Dyer and Wendell is also given. What does Dyer wish to indicate with this
particular example?
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Dyer introduces an interesting point regarding the example by Dyer and Wendell. He contends that
the best ranking is obtained by simply adding the scores under the four criteria for each item. This
provides a SMART value function where a scoring function (unknown) under each criterion provided
the scores (out of 10) in the table.

The Saaty camp reacts to Belton and Gear’s example by calling it unrealistic. Why would one need
copies in such an equation? If copies do in fact occur, they should not be allowed to compete in
the AHP but should receive weights by accepting the weight of their representative competing in
the AHP. The preliminary weights are then normalised to obtain actual weights. Copies of different
items can be dealt with in this way.

Dyer does not believe that their argument is based on intuitive or technical grounds because it is
reasonable to expect a procedure of this kind to be able to deal with copies. The copy should receive
the same weight as the original, which should in turn have the same ranking as the original. The
AHP does assign the same values, but the rank order of the original decreases.

When an example of close copies were introduced, Saaty devised a test to designate an item close to
another one as too close to prove that it should also be banned. This view would nullify examples
such as the one that mentions the BMW.

Dyer did not agree, and the last example was formulated in which rank reversal occurred without
the extra item being completely different from the other items. Dyer was then convinced that he
had proved that the AHP ranks were arbitrary and failed to reflect the opinions of the participants.

Now read the first section in Dyer’s article in which he compares the activity question in the AHP
with the one in the utility theory. He comes to the conclusion that the AHP questions contain
several built-in biases. The AHP question expects a relationship between the importance of two
items and that is the type of information required by all the methods dealt with in this guide. We
will not discuss this point further, but you should study the nine-point scale in the next chapter.

The rest of this section mentions other aspects of the AHP with which Dyer or other researchers do
not agree, but he concentrates on those aspects which he considers important. This is not uncommon
as most researchers focus on specific aspects and mention others only in passing.

You may ignore the second section in the article, and you have already read and studied section 3.
Now study sections 4 and 5 to enable you to answer questions on the relevant material. You are not
required by this module to know or report on the utility theory or its multivariate MAUT extension.
The questions on sections 4 and 5 will therefore be limited to topics that do not touch on the utility
theory or MAUT.
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4.10 Answers to activities

Activity 4.1.

1. Testing is possible because the overall weight cascading from the top is 1 and remains 1 (ie with
the exception of the rounding off of the calculations for K5 and K6). If they had been given to
the fifth decimal, their values would have been 0,03375 and 0,04725. If the values 0,132; 0,077;
0,121; 0,220; 0,03375; 0,04725; 0,054; 0,090 and 0,225 were added, the answer would be 1.

Although this test does not guarantee a correct answer, is does provide reassurance that no
serious calculation errors have been made.

2. The end nodes (leaves) appear in the value system, thus A1; A3; A5; A6; A8; A9; A10; A11.

3. A1 to A4 obtain their weights directly from u0 – thus 0,2; 0,4; 0,1; 0,3. The weights of A1

and A3 are therefore 0,2 and 0,1. The 0,4 of A2 is divided in accordance with u2 and provides
the weights 0,26 and 0,14 for A5 and A6. The 0,3 of A4 is divided in accordance with u4 and
provides the weights 0,15; 0,09 and 0,06 for A7, A8 and A9. The 0,15 of A7 is divided in
accordance with u7 and provides 0,03 and 0,12 for A10 and A11.

To summarise: The weights of A1; A3; A5; A6; A8; A9; A10; A11 are respectively 0,2; 0,1;
0,26; 0,14; 0,09; 0,06; 0,03; 0,12. Their sum is 1.

Activity 4.2.

1. The following are the tables for the four participants, starting with the first participant

3 −1 −1 −1 ln 0,4 + 2 ln 0,2
−1 2 −1 − ln 0,4 + ln 0,4 = 0
−1 1 − ln 0,2
−1 −1 2 − ln 0,2− ln 0,4

2 −1 −1 ln 0,3 + ln 0,2
1 −1 + ln 0,6

−1 −1 3 −1 − ln 0,3− ln 0,6 + ln 0,7
−1 −1 2 − ln 0,2− ln 0,7

2 −1 −1 ln 0,4 + ln 0,2
−1 2 −1 − ln 0,4 + ln 0,5
−1 2 −1 − ln 0,5 + ln 0,6

−1 −1 2 − ln 0,2− ln 0,6

1 −1 ln 0,3
2 −1 −1 ln 0,6 + ln 0,4

−1 −1 3 −1 − ln 0,3− ln 0,6 + ln 0,7
−1 −1 2 − ln 0,4− ln 0,7
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2. The joint table is presented below.

8 −2 −3 −3 4ln0,2 + 2ln0,3 + 2ln0,4
−2 7 −3 −2 ln0,5 + 2ln0,6
−3 −3 9 −3 −ln0,2− 2ln0,3− ln0,5− ln0,6 + 2ln0,7
−3 −2 −3 8 −3ln0,2− 2ln0,4− ln0,6− 2ln0,7

Activity 4.3.

1.

zA =
1

3

1

20
+

1

3

9

12
+

1

3

8

27
= 0,3654

zB =
1

3

9

20
+

1

3

1

12
+

1

3

9

27
= 0,2889

zC =
1

3

1

20
+

1

3

1

12
+

1

3

1

27
= 0,0568

zD =
1

3

9

20
+

1

3

1

12
+

1

3

9

27
= 0,2889

2. The order is A, (B, D) C. B and D are identical, they have the same weights and share a
position. (They are jointly second.)

3. Before D was introduced, the rank order was B, A, C. One would expect the two identical
items to occupy the same position, but also that B would retain the first position. However, B
was originally in first position and now occupies the second position. This cannot be logically
explained.

Activity 4.4.

1. Belton and Gear’s example presents a choice between three cars. Item B is a Mercedes and the
extra item, D, is also a Mercedes. D may for example be another colour than B, but otherwise
the two cars are identical. Moreover, colour is not specified as a criterion.

2. The table for the example in which the extra car is a BMW follows below.

K1 K2 K3

A 1 9 8
B 9 1 9
C 1 1 1
D 8 1 8

3. Dyer wishes to indicate that rank reversal also occurs when the extra car is similar but not
identical to the other one. (Americans do not consider a BMW equal to a Mercedes, but the
two cars are similar compared to the cars American drivers are used to.) By explaining the
example in these terms, Dyer presents his readers with a practical possibility they can compare
with the example about two identical cars.
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4. Dyer and Wendell’s example shows that rank conversion is possible, even if the extra item is
completely different. Rank reversal can no longer be explained away by trying to fault with
the example. This is an illogical outcome of the AHP which renders every application of this
method suspect.
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Chapter 5

Scales

5.1 Introduction

Up to now A-matrices were used without any attention being paid to the scale used in the pair-wise
judgments aij . When participants are asked to give aij = wi

wj
the question is put as:“ How many

times is item i more important than item j?”

(Actually it should be how many times item i is as important as item j. If item i is once more
important than item j, it means, strictly speaking, that aij = wi

wj
= 2. However, people who are

not quantitatively oriented would have described this ratio by saying that item i is two times more
important than item j. Since people generally understand it this way, the facilitator has to accept
this and ask: “How many times more important is item i than item j?” He expects to get wi

wj
in

reply.)

Intensity of
importance on Definition Explanation

an absolute scale
1 Equal importance Two activities contribute

equally to the objective
3 Moderate importance Experience and judgment strongly

of one over another favor one activity over another
5 Essential or Experience and judgment strongly

strong importance favor one activity over another
7 Very strong An activity is strongly favore

importance and its dominance demonstrated
in practice

9 Extreme importance The evidence favoring one activity
over another is of the highest
possible order of affirmation

The table is given verbatim.

Usually participants are not expected to supply a number. Instead a set of categories are offered
and participants have to choose one. The facilitator translates the category to a number by using a
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table. In the early days of pair-wise comparisons Saaty’s (1989) “fundamental scale” was in common
use. (It is given as in the paper and demonstrates a lack of finish which is commonly found in his
work. Mathematicians have an instinctive aversion to inaccuracies and this trait of Saaty’s has
undoubtedly contributed to the number of objections to his work. The table is from his paper “The
negotiation ...” which is included in this guide.)

This is only one of a number of semantic scales, all using the concept of descriptive categories with
paired numerical values.

Participants are asked to compare item i to item j. If they are equally important the entry is 1. If
item i is more important than item j one of the descriptions in the middle column is chosen and the
value of aij is read from the first column. If item j is the more important one aij is allocated the
inverse of the value in the first column.

There are better scales than this one (more about this later) but they all operate the same way
although they differ in descriptions and numerical values. As a group they are known as semantic
scales.

A second way is to ask participants for a numerical value. To the question: “How many times is
item i more important than item j?” a numerical value representing the participant’s sentiments is
expected. Experience shows that participants often have a problem with the scaling of their answer
and someone from the group would invariably counter with the question: “Out of what? What
is the maximum?” Answering that the scale is open and that the number may even be 1 000 but
must represent the participant’s real valuation, is not appreciated except by the really quantitatively
oriented.

A third way and the one that the author is currently using, is the use of a visual analogue scale.
A question is represented by twee bars with the name of the item next to its bar. The participant
must compare the top item with the one below it. The most important is chosen and the bar of the
one of lesser importance is shortened by pencil to a length that represents its relative importance.
The ratio of the lengths of the two bars must express the participant’s sentiments on the relative
importance of the two items.

The shortest bar is measured (the other one is of standard length) and the appropriate ratio (the
length of the top bar over the length of the bottom bar) is calculated. This value is entered in the
data set.

The following section considers the way in which semantic scales should be constructed. A valuable
approach with application to the transformation of observations and scales is proposed there. The
ability to transform scales is necessary and useful when the contributions of a group of participants
must be placed on the same scale.

When using open or virtual scales and to a lesser extent semantic scales, it is soon observed that
different people use different scales and that it is virtually impossible to teach them to use the same
scale. One person may be comfortable with a scale setting one item four times (or even 10 times)
as important as another while another participant is not prepared to go higher than a 2. Of course
most people fall somewhere in between. People who measure conservatively are often very accurate
but the more exuberant are not necessarily inaccurate. The main difference lies in the scale applied.
It doesn’t make sense to do calculations with data some of which are in kilometres and the rest in
miles – all observations must first be brought to the same scale. Put differently: The task is to
prevent that conservative contributions are overwhelmed by the contributions of the exuberant. A
section is devoted to this.
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5.2 Semantic scales

Five, seven and nine point scales are frequently used in surveys and since people are so used to them
they find it difficult to adapt to an open scale (that has no upper bound). Scales may, however, be
open.

Consider the ratio of importance between the value of a life and that of a five cent coin. Is it a
thousand? Or a million? Or is it much more? For one of the world’s super rich his own life will
certainly be many milliards of times more important than a South African five cent coin which will
be meaninglessly unimportant to him. The point is that a numerical scale expressing the ratio of
importance of two items in principle cannot have an upper bound.

A set of items encountered in practice, of course, will not show such drastic contrasts and differences.
It usually is not unacceptable to set an upper bound on ratios – say a limit of 10. The question is
how the semantic scale must increase as the categories progress.

One could start by considering Saaty’s fundamental scale. He proposes other scales as well but
they are similar and may for example run from 1 to 1,9 in increments of 0,2 The increment in this
case is 0,2 while for the fundamental scale it is 2. Fixed increments, however, contain inherent
contradictions as is illustrated by the following example.

Consider the semantic scale of the following table.

A’s importance against that of B Numerical value
Equal 1

Moderately more important 3
Strongly more important 5

Very strongly more important 7
Extremely more important 9

Suppose item 1 is moderately more important than item 2 and that is again moderately more impor-
tant than item 3. Item 1 should be (at most) strongly more important than item 3, definitely not
very strongly more important. Following this interpretation the ratio between items 1 and 3 should
be a 5 (or even less) on this particular scale. The A-matrix should therefore be

A =


 1 3 5

1 3
1




This matrix is not consistent (errorless) at all. Ratios are of the multiplication-division type. From
a12 = 3, a23 = 3 and the definition of aij (aij = wi

wj
) it follows that

a13 =
w1

w3
=

w1

w2

w2

w3
= a12a23 = 3× 3 = 9.

The two threes in the A matrix above therefore imply a 9 in the position (1, 3).

As far as the participants are concerned the A is correct. They chose categories that made sense.
They mean strongly more important and the 5 numerically represents their opinion. The error is
caused by the scale – it is the numerical values that do not make sense, that introduce the error.

Lootsma’s scale follows a different pattern. His argument is that one notices factor increases. For
the categories in the table below the numerical values are given by the powers of a constant α.
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A’s importance relative to B’s Numerical value
Equal α0 = 1

Moderately more important α1

Strongly more important α2

Very strongly more important α3

Extremely more important α4

The value of α can differ from case to case.

Lootsma bases his geometric sequence for the consecutive categories on Weber’s psycho-physical
power law of 1834. He admits that not all sensory observations follow the power law with the
loudness of sound (in dB) a well-known example. The power law is nevertheless applicable to the
measurements that are of interest here.

(Weber did his research on how people react to physical stimuli, eg how they experience water
temperature, in Leipzig. His result is known as Weber’s power law because he found that the ith
category experienced coincides with a real measurement of α0α

i of the physical property experienced.
Here α0 is the measurement, eg temperature in degrees Celsius, on level zero, the level where the
measurement was started.)

The challenge is to convert the human observation to its “real” value. The use of Weber’s power law
to allocate a numerical value to a category can be generalised to be applicable to every intermediate
position. If αk is the numerical value of the kth category then αx (with x a continuous variable) is
the function that allocates a numerical value to the human observation of x.

The problem to get different participants on the same scale can now be tackled. The transformation
to be used on the observations is to raise them to a power since this obeys the power law.

Let aij be an observation then it can be written as aij = αx. Now transform aij = (αx
current) by

raising it to the power β and call the value found bij . This means that bij = (aij)
β = (αx

current)
β =

(αβ
current)

x = αx
new where αnew = (αβ

current) expressing the transformed observation bij in terms of the
same power. What did change was the base α but it is the same for all the transformed observations.
Each of them can now be written in terms of the new base but raised to the same power that it
originally had.

Suppose there are K participants. Each of them supply a reasonable large number of observations,
typically about a hundred and the numerical values supplied vary from 1 (equal importance) up to
as high a value as a 10 or even a few 20s. If a semantic scale is used the highest numerical value of
the scale is of course the upper bound on the observations.

For each of the participants one has to find an exuberance figure representing the width of his
personal scale. (One way is to take the 95th percentile. Another is to use the average of his five
largest values.) Let Uk be the exuberance value of the kth participant. Study the K exuberance
values and decide on a standard value, perhaps a whole number near the mean. Call this value U .

Each set of observations will now be transformed so that the new exuberance values are all equal
to U . For the kth participant this means that a power βk has to be found and used on all his
observations. βk must have the property that it transforms the exuberance value to U . Therefore it
has to hold that

Uβk

k = U

logU = βklogUk
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βk = logU/logUk.

The βk of the kth participant is calculated and each of his observations is raised to the power of
βk to get a new set of observations that is on the common scale. This is done for each of the K
participants. The resulting sets of data are all on the same scale in the sense that the lowest value
in each set is 1 and the measure of their highest values are all at U .

Example 5.1.
Three participants contribute observations. All questions are not answered and the participants
contribute 121, 118 and 119 observations. The eight largest values from each is listed in the table
below.

Participant 1 Participant 2 Participant 3
4,5 100 2,5
4,0 90 2,4
3,8 5,0 2,4
3,6 4,5 2,3
3,1 4,3 2,2
3,0 4,0 1,8
3,0 3,6 1,6
2,4 3,5 1,5

The top two observations of the second participant are much higher than those of the other two and
the facilitator judges that they are wrongly so. To handle this it is decided to use the mean of the
third, fourth and fifth highest observations in each set as the exuberance values. They are

U1 =
3,8 + 3,6 + 3,1

3
= 3,5

U2 =
5,0 + 4,5 + 4,3

3
= 4,6

U3 =
2,4 + 2,3 + 2,2

3
= 2,3.

Suppose 3,8 is taken as the value of U . The three β values are calculated by using βk = logU/logUk

and the values below are found.

β1 =
logU

logU1
=

log3,8

log3,5
= 1,0656, β2 = 0,8748 and β3 = 1,1182.

To check for accuracy Uβk

k can be calculated for each k. All three of them give 3,800 and the β values
look good enough to achieve transformed values accurate to the third decimal position. More decimal
positions can of course be used for the βs but it is good enough for the example. Considering the
accuracy from a measurement viewpoint it is also good enough because the observations aij were in
any case given as two decimals only.

Once the βs have been found it is easy enough to transform the three sets of observations. The
observations in each set is simply raised to the power of the β of that set – the observations in the
kth set are raised to the power βk.
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Activity 5.1.
Consider the data sets of the example. For the exuberance values the third largest values are to be
used. Find the βs if U = 3,75 and for each participant transform the three smallest observations in
the table.

5.3 Transformation of the weights

Suppose that a data set was improved by transforming the observations to get them on a common
scale. A preference vector was calculated from this set. The question now is whether the preference
vector is on the right scale, and if not, how it can be transformed.

The problem studied in this module (choosing one from a number) is eventually solved by allocating
to each of the competitors a single value (a scalar, not a vector). The competitors are put in rank
order according to this scalar. Whether the scale is stretched or compact makes no difference since
the rank order remains the same – or not?

Recall that the scalar valuing a competitor is found from the value function. Recall further that a
value function is a weighted sum of scoring functions. Should the scale be such that there are large
differences between the weights a particular competitor that is strong on an important criterion may
do better than when the weights do not differ by much. It is easy to construct examples where a
large difference in weights give rank orders that differ from those obtained when the weights lie close
together. This means that the problem of choosing one from many is sensitive to the final scale.

The scale is in the first instance influenced by the observations. If a semantic scale is used the
numerical value of the categories determine the scale with the choice of the exuberance value also
contributing. In the cases of an open and of a visual analogue scale the problem is also present. Here
it is due to an inherent inability of the human mind to discriminate sufficiently between different
items. This is stated without proof – at this stage it is sufficient to take notice that the need is
mostly to stretch the scale.

The way to achieve this was developed above – transform the observations by raising them to a power
β > 1. The larger β is, the wider the scale. Exactly the same result can be achieved by operating on
the weights provided the same value of β is used as when transforming the observations. In the one
case the observations are transformed and the preference vector derived from the resulting data set,
in the other case the weights (the elements of the preference vector) are transformed and normalised.
Both cases use the same transformation (of raising to the power β). The theorem below is a formal
statement of this result.

Theorem
If u* is an LKK estimator for the set of observations {aij}, then (u∗)β is an LLS estimator for the

set {aβ
ij}.

The theorem is given without proof.

Activity 5.2.
Consider the preference vector

w =


 0,38

0,40
0,22




from a previous chapter.
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Stretch the scale so that the lowest value (before normalisation) is 0,10.

5.4 Answers to activities

Activity 5.1.
The three exuberance values are U1 = 3,8, U2 = 5,0, U3 = 2,4 with U = 3,75. The powers for

the transformations are calculated using the formula βk =
logU

logUk
and the answers are β1 = 0,99008,

β2 = 0,82125 and β3 = 1,50977.

The three lowest observations in the table (of each participant) after transformation but before nor-
malisation are as in the table below.

Participant 1 Participant 2 Participant 3
3,0 3,1 2,4
3,0 2,9 2,0
2,4 2,8 1,8

Activity 5.2.
A β must be found such that 0,22β = 0,10. Taking logs on both sides it is found that

β log 0,22 = log 0,10 and β =
log 0,10
log 0,22

= 1,5207

The wβ
i is


 0,2296

0,2482
0,1000


 and after normalisation it is


 0,3973

0,4296
0,1731


 .

85



DSC3704 CHAPTER 5. SCALES

86



Bibliography

[1] Barzilai, Jonathan, “On the decomposition of value functions”. Operations Research Letters 22,
6 159 – 170, 1998.

[2] Belton, Valerie and Stewart, Theodor J. (2002). Multiple Criteria Decision Analysis: An inte-
grated approach. Kluwer Academic Publishers, Boston/Dordrecht/London.

[3] Crawford, G and Williams, C., “A Note on the Analysis of Subjective Judgment Matrices”.
Journal of Mathematical Psychology 29, 387 – 405, 1985.

[4] Dyer, James S., “Remarks on the Analytic Hierarchy Process”. Management Science 36, 249 –
258, 1990.

[5] Lootsma, F.A., “Comments on ‘The Negotiation and Resolution of the Conflict in South Africa:
The AHP’ by Th. L. Saaty”. ORiON 5, 52 – 54, 1989.

[6] Lootsma, Freerk A. (1999). Multi-Criteria Decision Analysis via Ratio and Difference Judge-
ment. Kluwer Academic Publishers, Dordrecht/Boston/London.

[7] Saaty, T. L., “The negotiation and resolution of the conflict in South Africa: The AHP”. ORiON
4, 3 – 25, 1988.

[8] Saaty, T. L., “RESPONSE FROM: Thomas L Saaty”. ORiON 5, 55 – 57, 1989.

[9] Von Winterfeldt, D., and Edwards, W.,“Decision Analysis and Behavioral Research”. Cam-
bridge University Press, Cambridge, UK, 1986.

[10] Wolvaardt, J.S., ‘ ‘lxk metrics for ratio scale estimation.” Research report QM101, Dept of Quan-
titative Management, Unisa, Pretoria, 1991.

87



DSC3704 BIBLIOGRAPHY

88



Appendix A

Reader

89



DSC3704 APPENDIX A. READER

90



APPENDIX A. READER DSC3704

A.1 Crawford, G and Williams, C.,“A Note on the Analysis of

Subjective Judgment Matrices”.

This seminal paper appeared in 1985 and proposed the log least squares method.
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A.2 Dyer, James S., “Remarks on the Analytic Hierarchy Pro-

cess”.

This is the most comprehensive paper on rank reversal.
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A.3 Lootsma, F.A., “Comments on ‘The Negotiation and Reso-

lution of the Conflict in South Africa: The AHP’ by Th. L.

Saaty”.

Lootsma’s note to the editor in which he objects to the method Saaty uses in his paper in OriON.
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A.4 Saaty, T. L., “The negotiation and resolution of the conflict

in South Africa: The AHP”.

A paper in OriON. Saaty proposes a system based on two sets of measures.
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A.5 Saaty, T. L., “RESPONSE FROM: Thomas L Saaty”.

Saaty responds to Lootsma’s objections to his earlier paper in OriON.
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A.6 Von Winterfeldt, D. and Edwards, W. A three page

extract from their 1986 book “Decision Analysis and

Behavioral Research.”

The topic is SMART and in particular what we call marking functions. They use the term “value
curves”.
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