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Chapter 1

Introduction and overview

1.1 Determining decisions

A human being is the sum total of his or her decisions. Choosing a study field, husband or wife,
friends, a career and an employer, a car and a house — these choices provide a framework for every
person’s existence. The less significant, ongoing choices are equally important, for example how to
spend the next hour, how to react to a question or a greeting, how to feel about issues beyond one’s
control — these decisions add up and in the end “maketh the man”.

People have been aware of this for millennia and have responded in various ways. Philosophers and
prophets have expounded different ways of seeing life and afterlife and countless philosophical and
religious systems have been proposed. Many of them accept that man cannot be trusted to do the
right thing and is subject to lapses for which a number of mantras, standardised prayers, meditation
and similar remedies have been proposed and used. Recent research has uncovered that a person
only becomes aware of decisions after they have been made unconsciously, confirming what has been
stated in different ways and solved in more ways centuries ago. To put it into the terms of today’s
popular psychology, one needs an extensive program of self-indoctrination to become and to stay
the person one wants to be. This ensures that the subconscious decision making corresponds to the
values one has assumed.

Western thought has evolved from an integrated world view in the Middle Ages to a system where
different fields are treated by different disciplines and people specialise in such a field to become
experts while knowing almost nothing of a different field. This system of specialisation has brought
enormous advances and benefits but (of course) it has its disadvantages as well. This is the reason
for terms like holism, integration and interdisciplinary.

Operations research is probably the only mathematical discipline that confesses a multidisciplinary
approach. This goes back to its origins in World War IT when teams of scientists from different fields
were assembled to research optimal ways to conduct military operations; hence the term operations
research. A multidisciplinary approach does not imply that operations research concerns itself with
the whole of man as religion and the other grand approaches do; it is much humbler focused on
decision making in the practical world of business and organised endeavour.

This study guide discusses an aspect of decision making as a topic in the decision sciences and in
itself represents a decision to concentrate on specific topics and to follow specific procedures. The
term “decision theory” as used in our discipline, is given a content that is appropriate to our way of
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thinking and our points of departure — it focuses on techniques for rational decision making. Using
decision trees and the mini-max rule you encountered in DSC2602 are examples of such techniques.

We accept in this module that people have mental models that contain valuable information and
judgments, but we also accept that people do not necessarily deal with these models in a logical
manner. This is, broadly speaking, also the point of departure of decision theory. However, this field
of decision theory specialises in the quantification of human preferences and the ensuing applications,
also known as the mathematical modelling of human judgment. This briefly means that decision
makers are questioned in a structured manner about their preferences in respect of particular items
(eg objectives, principles, criteria, services) and that their answers are processed to obtain a weight
for every item. These weights are then used in different ways to determine best decisions.

It is also valid to speak of multi-criteria decision analysis (MCDA) because several objectives or
criteria usually apply and no single item would optimise all the objectives. The task is to select a
best choice from this chaos in which one item could optimise a number of objectives but at the same
time have a negative effect on others.

1.2 Related fields of study

Behavioural economics focuses on consumer behaviour and typical decision-making patterns. One
such pattern is that people deal in different ways with money that comes from different sources. A
person who did really well from a risky investment frequently withdraws the original capital leaving
the rest of the investment intact. This investor would then say, “I don’t care what happens to the
remaining money; [ have my money back”. When someone retires and then gets a contract to work
for a salary for another few years, the person uses the monthly pension in a different way than the
salary income.

Inconsistent and even foolish decision-making patterns have also been studied. People sometimes
drive long distances, then spend considerable time on saving 50% on a household item that costs R80
but pay an estate agent 7% on a big property transaction without blinking an eye. (The percentage
is focused on and not the absolute amount.) These decision-making patterns are known as heuristics
— a quite different meaning for the word than we attach to it in DSC3706.

Psychologists have worked on people’s reactions to (or their perceptions of ) a physical experience, for
example how they experience an increase in the temperature of their bath water or in the volume of
the music to which they are listening. The last is expressed in decibel, which is related to the log of
the energy of the sound. Although different senses may require different mathematical expressions,
today there is reasonable consensus about the mathematical relationships between the strength of
the stimulus and the intensity of the human experience. We return to this aspect.

Another research result in psychology to which we will refer later, is Miller’s 742 law which states
that every person has a limit to the number of concepts he or she can manipulate at a particular
moment and that this limit lies between 5 and 9. In this study guide we postulate another result
which is just as basic, and is based on both mathematical and empirical grounds.

Another related field is that of voting theory where different methods of capturing votes and inter-
preting them are studied. One such method, Borda’s method, has been in use with Unisa’s senate
for many years. The object is to select a number of members of a committee from a larger list of
candidates. Borda’s method requires each voter to arrange the whole list of candidates in order of
preference. Every preference list is analysed by counting the number of times each candidate is pre-
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ferred to others, i.e. the number of candidates that are ranked lower than him on that particular list.
A preference number is calculated for each candidate by adding these figures from all the preference
lists and the required number of committee members are selected by taking the candidates with the
highest scores.

This process discriminates against candidates who are highly preferred by one group but strongly
disliked by another group. The candidates whose names are towards the top of the list for both
parties are often appointed. People from all groups consequently find the designated committee
members acceptable.

In terms of the current Constitution of the RSA (as for the previous one) electoral colleges are
employed, for example to designate the president. Here the national assembly acts as the electoral
college. The USA also uses an electoral college to select their president, but this is the only task for
which this electoral college is used. Because the USA is a federation, the voters in every federated
state elect a number of members, more or less based on the size of the state, and they form the
electoral college. Even in Europe in the Middle Ages, the emperor of the Holy Roman Empire was
elected by an electoral college consisting of “electors”. The electors differed in rank (kings, princes
and dukes, and even bishops) but reflected the balance of power at the time.

The points systems for competitions in which several teams participate (eg soccer and rughy) are
attempts to establish an order of precedence in a complicated situation. Rugby fans would imme-
diately think of the points system used for the Super 14 — a competition between teams from the
RSA, New-Zealand and Australia. Actually, one of the early tasks of MCDA was to address the
ranking of competitors in sport.

The problem here is that A could beat B as well as C, both B and C could beat D whereas D could
conclusively beat A. There is no transitivity. For example, if Chiefs beat Pirates and Pirates beat
Swallows, it does not mean that Chiefs will definitely beat Swallows.

MCDA uses two approaches to determine a ranking order: place them directly in sequence, or
determine a success measure (weight, precedence, preference) for each in terms of which they can
then be arranged. We focus on the last approach.

1.3 Human judgment

During the first few decades of its existence operations research concentrated on problems where
there were no (or few) uncertainties and the information required for the model could be measured
objectively. Consider the typical linear programming problem where the only inaccuracies would be
introduced by cost accounting and no provision is made for uncertainty. As time passed, however,
it became clear that operations researchers did not need to sacrifice their scientific orientation when
entities that could not be measured objectively were considered. This empowered them to bring
method to the many major and significant decisions that are in fact made on the basis of subjective
but expert judgment. Without training and guidance these processes can be extremely imprecise
and inaccurate. There is a real need.

This module concentrates on the decision-making process in one specific area. This problem is so
common and so important that a whole community of scientists work on it: the selection of one
from a number of competitors.

Consider the following examples:
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e Choose a car in a given price category.
e Choose a city to live in.

e Choose a training aircraft for the SA Air Force.

In all three these cases there are measurable features (eg fuel economy, number of residents, and
weaponry), but there are also immeasurables (appearance, ease of making new friends, and the
political reliability of the supplier country).

The third example was deliberately chosen because defence forces in the West make almost all
procurement decisions about weapons systems by using the methods we will discuss here.

The military application on its own is reason enough to study this problem.

1.4 Defensible choices

The question is why these methods — that were developed only recently — were so quickly adopted
for military decision making.

Operations research originated in the British defence force and assumed its mathematical character
in the American defence force — all during or shortly after World War II — and has since become part
of the military environment. Operations researchers in the defence services and external consultants
are continually marketing new (and old) techniques to military decision makers. As soon as the
operations research community has accepted a method as appropriate for major decisions about
purchasing military equipment, it is marketed vigorously and persuasively. Thomas Saaty stands
out for both developing a new method (the AHP) and marketing it to great effect.

In the modern-day democracies there is always pressure on the government and the public service to
treat the taxpayers’ money effectively and circumspectly. This pressure is especially relevant to the
military sector where the budgets are frequently at issue, and modern weapons systems are extremely
expensive. Moreover, the various military contractors are watching each other with an eagle eye and
would readily expose any irregularities in the allocation of projects. Under these circumstances the
decision makers in the military do not have much of a choice; they have to make defensible decisions
and choosing a scientifically acceptable selection procedure is therefore unavoidable.

At the personal level or in private enterprise such public pressure does not exist and decision-
making tend to be informal. This is why these methods are not commonly used in these areas. The
application of decision-making procedures nevertheless has advantages:

e They take the decision maker methodically through the evaluation process and guide his or
her thoughts to take more (or even all) possibilities and considerations into account.

e The decision maker could be satisfied that he or she has dealt with the problem judiciously
and responsibly.

e The decision maker would be able to explain and justify his or her decision to all stakeholders
such as financiers, directors, employees and clients (as decision makers in the public sector
frequently do).
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Most problems where one possibility has to be selected from among several can be represented by
a tree. In fact, as soon as a problem has to be analysed in some detail, a tree structure becomes a
matter of course. Consider the choice of a cellphone by studying the tree.

Phone
| |
Appearance Functions Battery life
| |
Size Colour Face plate
| |
Reception GPRS Fax

A tree develops from the top to the bottom, but also from the bottom to the top. The tree
above is a first attempt to describe the problem. Considering the components of the tree the
question arises whether battery life should not be placed at a lower level. What does it represent?
Perhaps convenience of use? And what about the computer-type facilities on the new phones?
These questions lead to the tree below where convenience of use is placed at the secondary level and
functionality has been extended.

The process of constructing a tree utilises generalisation when an item in the tree has to be replaced
by a subtree of which this item is just one component — as we have seen in the case of battery life.
Studying actual phones on its part discovers features that have not been considered. Constructing
a tree becomes a way to discover new items, but also offers the possibility of classification.

In the end, however, it is not about the structure, but about the characteristics of the loose ends on
the tree, sometimes called the leaves of the tree. The tree below has twelve such leaves.
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Phone
| |
Appearance Functions Ease of use
| | | |
Size Colour Face plate Keyboard Battery life Dialling
| |
Office Telecom
| | | |
Word- Spread- Timetabl .
proc(:)erssor Sheet an(linéz%n(far Reception GPRS Fax

In practice this sort of tree is developed with the aid of a facilitator (perhaps you!), but it is the
brainchild of several coworkers (the decision makers) who cooperate as a group. At some stage they
decide that the tree is now complete. Assuming that they are satisfied with this tree, it now becomes
necessary to explain the short names in the blocks and make a list of the twelve end points or leaves

of the tree.

Size size of phone — smaller is better
Colour colour of the phone — a choice of colours is preferred
Face plate replaceable face plate — is it available and cute

Word processor

Spreadsheet program
Timetable and calendar

does the phone incorporate a word processor — how good is it
is there one and how good is it
is there one and how good is it

Reception is there reception in peripheral areas and how good is it
GPRS is this form of internet access available

Fax can faxes be sent and received

Keyboard is there a keyboard or pen / writing ability

Battery life how long does the battery last — longer is better
Dialling is there infrared and wireless (eg Bluetooth)

The phone will be assessed in terms of these twelve items.

1.5 Value function

The most important methods (for choosing one from several) all use a value function that transforms
the vector measuring the characteristics of one of the competitors to a single figure that reflects the
value of this particular competitor. This process is followed for each competitor and the one with the

highest value is selected. The value function depends on the form > w; f;(x;) where w; represents the
i
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weight (importance) and f;(x;) the scoring function of the i-th item. The weights are nonnegative
and add up to 1. The methods of determining the weights differ and so do the manner in which the
scoring functions are compiled. We pay considerable attention to both in the chapters that follow.
However, to establish the idea, first consider the values in the table below.

Competitor | Competitor | Competitor
Characteristic Importance 1 2 3
Size 0,075 60 45 90
Colour 0,040 70 60 90
Face plate 0,055 90 0 90
Word processor 0,050 35 90 35
Spreadsheet program 0,040 0 90 0
Timetable, calendar 0,125 45 90 50
Reception 0,130 85 75 75
GPRS 0,050 0 90 0
Fax 0,075 50 90 50
Keyboard 0,090 25 90 25
Battery life 0,140 55 90 75
Dialling 0,130 75 90 75
Values 54,125 78,525 59,300

The values presented in this table derive from the scoring function. In this way the value 55
for battery life was calculated from the scoring function of the battery life to quantify competitor
1’s performance in this area. The walues of the competitors in the bottom row of the table were
determined by weighing and adding the values for each competitor in terms of corresponding weights
to find a weighted average for the values in the column. For the first competitor it is for example

0,075 x 60 + 0,040 x 70 + 0,055 x 90 4 ... + 0,130 x 75 = 54,125.

Value function methods succeed in finding a single figure that summarises the performance of a
competitor despite a confusing mix of criteria that all have to be taken into account. Now making
a choice becomes a simple matter: competitor 2 (with a value of 78,525) is better than competitor
3 (59,300) which is in turn better than competitor 1 (54,125).

In this example the scoring is out of 100 as in the SMART method. The other important method
is the analytical hierarchical process (better known as the AHP) where every criterion allocates a
total of 1 point. This applies to all twelve characteristics or criteria and therefore to the values in
the bottom row as well (because this is a weighted average of the twelve).

1.6 Preview

The next (relatively long chapter) treats a topic that is the engine of MCDA — finding the weights.
When human value structures are modelled it frequently involves the relative importance of items
and the method mostly used is to ask for ratios between pairs of items and then distill the weights of
the items out of this. At this stage in the development of the field there are still competing methods
to do this and Chapter 2 presents the most important ones in a way meant to develop the reader’s
intuition. This chapter contains several examples and self-test exercises.

7
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Once this basis is laid you are prepared for the two most important methods to choose one item from
a number. They are the analytical hierarchy process (the AHP) and SMART. SMART employs a
value function consisting of weighted scoring functions and the only new concept (and skill) is that
of constructing such functions. The AHP is a system of repeated calculations of weights and after
Chapter 2 this is not difficult to master.

When you have mastered these two important methods, we act like scientists and consider their
weaknesses and strengths before we suggest improvements so that you will be fully informed about
modern-day best practices by the end of the guide.

1.7 Reading Matter

This study guide consists of five chapters. A number of papers follows after that. They form a part
of the tutorial matter and in the appropriate place you will be referred to the applicable paper.

For the student interested in MCDA there are two new books from Kluwer, both worth-while.
They are authored by Belton and Stewart [2] and Lootsma [6]. Full references can be found in the
bibliography. There are also older books like that of Von Winterfeldt and Edwards [9)].



Chapter 2

Weights from ratios

2.1 Introduction

When various criteria are present, a weight is usually allocated to each. The term weight in mathe-
matics means that there are a number of nonnegative numbers that add up to 1.

Definition 2.1. .
If o, >0, i=1,...,n, with Y a; =1, then {a,} is a set of weights.

=1
n

When {a,} represents a set of weights, then Y c;x; is a weighted arithmetical and [ x5 a weighted
i=1 i=1
geometrical mean of the values x;,1 = 1,....n.

Several primitive methods are available to determine weights. One of these methods is to discover
each participant’s most important item and then counting how many times this item crops up. These
figures are then normalised to add up to 1.

Example 2.1.

Item Number Weight
1 2 0,1
2 0 0
3 8§ 0,4
4 6 0,3
5 4 0,2
Total 20 1,0

The first column contains the item numbers, the second the number of participants who indicated the
particular item as the most important one, and the last column shows the second column after it has
been normalised to 1.

Note that the general term item is used rather than criterion which is a specific type of item. The
reason is because weights can be determined for almost anything and not only for criteria. Also note
the term criterion and its plural criteria. Please use the term like this.
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The example is not meant to advocate this method (it is not recommended!), but to explain the
normalisation concept. Normalisation merely means that the total of the relevant numbers, here the
five values in the second column, is calculated and that each is then divided by the total. When
these normalised values are added, the sum should therefore be 1.

Activity 2.1.

1. Normalise the numbers 12, 14, 9, 5, 3, 12, 4.

2. Normalise 120, 140, 90, 50, 30, 120, 40.

2.2 The data

Most studies in the field of multi-criteria decision analysis (MCDA) are conducted under the guidance
of a so-called facilitator. This word has its origins in Latin where its basic meaning is easy. The
facilitator is therefore someone who has to make things easy for a group.

Facilitators are more common in less quantitative fields than ours, for example in strategic planning,
where they formulate visions, missions and objectives, sometimes with a group, and sometimes
(seldomly) with a single person. In MCDA we mainly find groups, and the relative importance of a
number of items is usually at issue.

The problem is to estimate a set of weights from a number of observations that directly or indirectly
reflect the weights. Think about basic statistics again. Suppose the requirement is to determine
the average length of male students at Unisa. One of the first questions is how many measurements
would be necessary — and the answer depends on the required accuracy. If the number of quantities to
be estimated increases, the sample should be bigger to ensure the same degree of accuracy. Clothing
also requires arm length, chest measurement, neck measurement, waist and hips, and the length of
the inner leg. Even if the clothing factory intends to make tracksuits for the average male student
only, seven values have to be determined and the sample has to be bigger to maintain accuracy.
If the factory plans to supply the entire population from short to tall, it would need many more
measurements and therefore bigger samples.

In our case where the importance of n items has to be determined, n has to be taken into account
when the number of data points required is established. The facilitator may increase the number of
data points by using more participants or by asking more questions. If there are more participants,
a different statistical process will apply than in the case of only one participant (something that has
not yet taken root in practice, but which is discussed in this study guide).

The facilitator therefore collects data for a statistical estimate and decisions about the number of
participants and the number of questions are statistical issues. We will refer to this point again in
a later chapter. When it comes to an estimate of the preference vector, we look at the simplest case
where there is only one participant and an adequate number of data points.

Several methods may be used to determine the weights. The most popular approach by far is to
ask for a ratio. One method that uses ratios is found in the extract from Von Winterfeldt and
Edwards’s [9] book that appears at the end of this study guide. (They discuss the ten steps of the
earliest version of SMART and report on a practical application by Gardiner.) Turn to the extract
and consider their example.

10
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In order to obtain the criteria weights, the participants arrange the criteria in a rising order of
importance and then express each item as a ratio of the weakest one. When these numbers have
been normalised, they represent the weights.

In the example, the ratios appear in the second column. The 1,0 at the top of the second column
provides the ratio of importance of the weakest criterion to the weakest criterion and can be nothing
but 1,0. (The facilitator wrote this down. It contains no information.) The third column is a
normalised version of the second column.

Example 2.2.

Ordered list | times more tmportant | normalised
of criteria as weakest (weight)
Criterion 5 1,0 0,10
Criterion 6 1,1 0,11
Criterion 1 1,5 0,15
Criterion 2 1,8 0,18
Criterion 4 2,1 0,21
Criterion 3 2,5 0,25

Total 10,0 1,00

Several objections apply in this case. The most important one is that there is no redundancy. Five
values have to be estimated, and there are only five data points. Please note: five and not six,
because whatever criterion is used as the point of reference, there will be a 1,0 in the second column.
(If measurement were to be against an ideal criterion — one better than the given criteria — all six
would have to be measured in this way and then there would be six data points. This, however,
does not apply to the example.) If five of the weights were known, the other would follow clearly
because the six weights have to add up to 1.

Reaffirm this notion: Think about a problem where a unit has to be cut into two sections. One
kilogram of dog biscuits has to be divided to feed two dogs — a big one and a small one. One dog
is twice the mass of the other one. You decide to divide the food in proportion to the mass of the
dogs. The answer is to feed the big dog 666,7g and give the rest to the small dog. Note that only the
one quantity has to be given because the other is the rest. Consider another example, but one with
more parts: A bonus of R10 000 000 has to be divided among the twenty members of the football
team who won the World Cup. When the allocation for the nineteenth player has been announced,
the already distributed total comes to R8 250 000. Obviously the remaining player gets the rest.

The table requires six weights of which five have to be estimated. There are six data points (ratios)
in column two but only five contain information. The 1,0 at the top of the second column presents
the ratio between criterion 5 and the importance of criterion 5 and contains no information.

Although the five weights can be calculated from the five points, there is no excess information.
This is the equivalent of measuring the length of just one student and deducing that his length is
the average length of all the male students.

This early method of determining weights has a second weakness, namely that all five the ratios
have been obtained from a comparison with the same item. Everything is considered from the same

11
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viewpoint. If the other five items were to be compared with say the most important item as well,
there would at least be another angle. The best way would of course be to compare all possible
pairs. This would ensure that the participants have considered the items from every possible angle.
Doing so would help them to refine their mental models, and values that were given early in the
process could then be reviewed and improved.

Another point of criticism is that people find it easier to work inwards than outwards. It is easier
to scale the others against the most important criterion than against the least important one. The
method might for example place the most important item on 100 and ask for the other criteria values
out of 100. It is easier to mark or value something out of 100 than using an open scale as in the table
(and the early SMART). Participants become confused about the value of for example “2,5 times as
important”. In practice there would without exception be someone who requires an upper limit on
the scale and who wants to hear that the top value in the comparison must be 5 or whatever.

The early method discussed above has been used to establish the idea of ratios
between items as input. There was reference to statistical aspects, especially in
respect of the sample size. The ability of the participants to provide sound feedback
was used as a guideline to formulating the questions: the perspective has to be as
wide as possible, and it is easier to work inwards than outwards with a scale.

2.3 Ratios between weights
w1y
A vector w = | . | of weights (or preference values) is known as a weights vector (or preference

wy,
vector). Other symbols used to represent a weights or preference vector are u and v.

The most commonly used method to calculate preference values is to ask the participants to de-

termine ¢;; = =+ where w; and w; are the values of the i-th and the j-th items. However, the

J

participants would be unable to submit their true ¢;; and would provide a;; = ¢ fi; = == fi;, a
J

rendering of ¢;; with an error included.

As both a;; and ¢;; have two indices, they can be arranged in two-dimensional arrays (matrices).
The notation A = [a;;] and C' = [¢;;] comes naturally and the terms A-matrix and C-matrix are
used for them. A = [a;;] is also known as a matrix of pairwise comparisons or ratios. As the A- and
C matrices play such an important role, you must clearly understand the relationship between them
(and the preference vectors).

Differing from the views of some postmodernistic philosophers, scientists believe that there is a
reality beyond mankind. Theories about and explanations of aspects of the physical reality replace
previous ones, but do not render the reality a personal choice (the postmodernistic viewpoint).
Scientists are excited about the ability of their disciplines to keep providing better theories that
describe and elucidate more aspects of this reality more accurately. Their view is reinforced by
spectacular technological developments during the past few decades (eg computers, the internet,
cellphones and new materials) which boosted prosperity in the developed countries and offered a
host of scientific breakthroughs.

12
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In the same way, decision experts have no doubt about the existence of a preference vector w as far
as the client is concerned. And if a w exists in someone’s mental model, the construction C' = [¢;;]
also exists, with ¢;; = Z}’—], because C'is determined by w. These are the assumptions. The scientist’s
problem is to determine w and we are optimistic about being able to do this even better in future.

In the development of processes to facilitate the calculation of w, references to C' = [¢;;] occur
frequently because the participant is expected to provide ¢;; = Z)’—] The question is: provide ¢;; = 7{5—]
In words: Give the number of times that item ¢ is as important as item j.

The pattern runs as follows: The participants are asked to present their C' = [¢;;]. They have to
provide different ¢;; = :5_] one by one. It is accepted that no one would be able to produce and
quantify such a ratio precisely. The figure that is provided consequently deviates from the true c¢;;
and is therefore given another name, a;;, to distinguish it from the correct ¢;;. The a;; is entered
into the matrix A = [a;;] and from this a preference vector w’ that is appropriate to A = [a;;] is

calculated. From w' a C' = [c;j = Zj—:] can be calculated. The notation indicates that the calculated

w’ differs from the correct w and therefore C’ differs from the correct C.

The error is unavoidable. Mistakes occur even with accurate measurements, sometimes merely
because of rounding off. The length of male students is for example given to the nearest centimetre,
and a man who is 188,51cm tall may be measured as 189cm whereas his friend who is 189,49cm tall,
and who is in fact almost one centimetre taller, is also measured as 189cm. Imagine how many more
measurement errors are possible when the participants are asked to compare abstract criteria!

It is significant that the error is not added as in the case of for example length measurements, but
multiplied. Lengths will for example be indicated as measurement = actual + measurement error,
and this makes sense. To oversimplify: Lengths are measured with rulers and the accuracy depends
on how finely the ruler has been calibrated. If the ruler indicates measurements in centimetres,
the measurement error is less than one centimetre. If the ruler indicates millimetres, the reading is
accurate to the nearest millimetre and this serves as an upper bound for the error. However, think
about a meter which indicates the ratio between the mass of two items. If the scale stops at 1, the
two have the same mass. It would be meaningful to calibrate such a meter in ever-increasing units.
At 1 the next mark would be 1,1, after 2 would follow 2,2, and after 3 would come 3,3. When the
needle comes to a stop between 2 and 2,2, the error would at most be 0,2. But 0,2 of what? What
are the units? Not kilogram, but part of the mass of the basis item. It would be appropriate in this
case to work with a multiplication error and to say dat the error is bound by 1,1. This means that
the measured ratio a,; is bound by the actual ratio ¢;; multiplied by the error.

Thus
(171)_161']' S Q45 S 1,101‘]'.

The error in a ratio is a factor error. If ¢;; = 2 and a;; = 2,4 it follows from a;; = ¢;;f;; that
2,4 = 2f;; and from this f;; = 1,2 which means that there has been an overestimate of 20%. Not an
overestimate of 0,4 units, but of 20%. The nature of the question gives rise to the form of the error
and if a ratio is given, the error is also a ratio.

When ¢;; = % = (2)~1 = ¢! it makes no sense to ask the participants for both ¢;; and ¢;;, and
bl i
1 1

(instead of aj;) a;; = oy = ai_jl is used. Although a;; = aj_il will not necessarily occur, ¢;; = ¢
prevents the facilitator from asking both a;; and a;;. (Indeed, a facilitator who asks for both can
expect to be corrected. There is always someone who realises that the question has already been
asked in the reverse format. This person is sometimes hostile about the process and sometimes

he or she wishes to impress the facilitator or the other participants. In either case, the effect is
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negative.) For a method that requires a fully completed matrix, however, both have to be captured.

The facilitator asks for one and calculates the other from a;; = aj_il.

Definition 2.2.
A square matriz R = [r;;] for which rj; =r

Ul s known as an inverse symmetrical matriz.

Example 2.3.
Consider the matrixz of pairwise comparisons below.

1,00 0,80 2,00 1,25
x 1,00 * 1,00
* 1,50 1,00 1,50
x % x 1,00

A = [ay] =

As A is an inverse symmetrical matriz and as there are enough entries, the missing entries can
be deduced from the rest. The upper missing entry in the first column is for example az = ajy; =
0,871 = 1,25. The other five entries that are still missing can be calculated in the same manner to
complete the matrix.

1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00

A=las) =1 550 1,50 1,00 1,50
0,80 1,00 0,67 1,00
Activity 2.2.
Complete the A matriz below.
1,00 x 0,67 =
1,20« % %
A = [a;] =

* 1,00 x 1,40
1,25 0,80 = 1,00

The answer is given at the end of this chapter.

We now look at the methods for calculating the weights.

2.4 Linear equations

w;

It would probably be simplest to accept that there are no errors in a;;, thus that a;; = ¢;; = =+, and
J

to compile and solve linear comparisons from this.

Example 2.4.
Take another look at the matriz A below.

1,00 0,80 2,00 1,25
x 1,00 x 1,00
1,560 1,00 1,50
x 1,00

A = [ay] =
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It s assumed for calculation purposes that a;; = c;j = 7{5—] The four entries in the top row render:

a;; = cy = % = 1(which is trivial).
a1p = C19 = ;:’—; = 0,8, thus wy = 0,8w,, or wy = 1,25wy
(13 = C13 = g—; = 2,0, thus wy = 2ws, or wz = 0,5w; and

(14 = Clqy = g—i = 1,25, thus wi = 1,25wy, or wy = 0,8w;.

Because the sum of the weights add up to 1, it follows that
1 =w; +ws + ws +wy =wi(14+ 1,25+ 0,54 0,8) = 3,55w,

from which the value of wy can easily be calculated, and by substituting into the expressions above,
it follows (to two significant figures accurate) that:

wy = 0,28
wy = 0,35
W3 = 0,].4
w, = 0,23.

Activity 2.3.
Recalculate the weights by using the entries in the fourth column. Test your answers by referring to
the example at the end of this chapter.

This time the weights are w; = 0,26; wy = 0,21; w3 = 0,32; wy = 0,21 which is different from the
values calculated above.

The error lies in the assumption that a;; = ¢;; = = If that were the case, the two sets of equations

J
would have provided the same weights. This method is therefore only useful if no measurement
errors have been made or when only the minimum number of a;; is available.

2.5 Average of normalised columns

Let A ; represent the j-th column of a A matrix. Then:

w N — —
w_;flj wy f1j
w
w_jf2j w2f2j
A; = ' and w; A; =
_Z_?fnj_ _wnfnj_

A normalised A ; will therefore look like the preference vector w but with an error term multiplied
into every component. Using the method of first normalising all the columns and then determining
the average would provide a normalised column. It is to be hoped that, to a large extent, the errors
have now been cancelled so that the answer should be close to w.
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Example 2.5.

Have another look at:
1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00

A=la] = | 150 150 1.00 1.50
0,80 1,00 0,67 1,00
Its normalised columns are:
0,28 0,19 0,46 0,26
0,35 0,23 0,15 and 0,21
0,14 0,35 0,23 0,32
0,23 0,23 0,15 0,21

and their average is

0,30
0,24
0,26
0,21

Recall that normalisation means that the elements in a row are added and used to divide the elements
in that row. The average of a column is obtained by adding all the first elements (at the top of the
different columns), dividing them by their number and repeating this for the rest of the elements.

As the calculations have been done to two significant figures, there can be an error of + 0,01.
Here the error is evident in the values of the third normalised column and in the final answer (the
calculated preference vector) which fails to add up to 1. In practice you will use a computer model
and the rounding-off errors then become insignificantly small.

Example 2.6.
The calculation above offers an opportunity to highlight the relationship between w, C, w' and C’.
The A matriz was given in the example above.

The facilitator in fact asked for C' with c;; = ;‘)’—J, thus for the right relationships between pairs of

preference values. The participants were unable to provide the precise values and gave their versions
a;; placed in A = [a;;]. The average of the normalised columns was determined, namely:

0,30

0,24

0,26

0,21
and that is the preference vector w' which is an estimate of w. From w' a C' = [c;j = g—é] can

J

be calculated by dividing the above elements of w' and locating them in the right places in C'. The
matriz C' is then (correct to two significant figures):

1,00 1,25 1,15 1,43

0,80 1,00 0,92 1,14 =
0,87 1,08 1,00 1,24 | -

0,70 0,88 0,81 1,00

16


Betina
Highlight

Betina
Note
How do we calculate this, using preference vector???


CHAPTER 2. WEIGHTS FROM RATIOS DSC3704

Activity 2.4.

Consider the A matriz.
1,00 1,95 1,61 1,14

0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00

Calculate the preference vector by using the average of the normalised columns. Work to four posi-
tions after the decimal comma. (The answer appears at the end of the chapter.)

Criticism of this method is based on the form of the errors. If the error appeared in the form
Q5 = Cij + €ij = Zj—; + Eij,

with ¢;; symmetrically distributed around 0 (the normal assumption for measurement errors of this
kind), an ordinary arithmetical mean would have cancelled the errors over the average. Stated more
formally: The expected value of the error is 0.

However, the error appearing in the form a;; = ¢;; f;; = +* fi; where the f;; has a distribution around
J
1. If the observation is without errors, a;; = ¢;; = =+ and fi; = 1. The method for calculating the
J

preference vector therefore has to take errors inherent to the process along and end up with their
values equal or near to 1.

For this type of error, f;; = 0,5 and f;; = 2 are just as undesirable because in the first instance

— 1. -1 _ )1
aij = 0,5¢i; = 5¢;; = (2¢5)

and because aj; is replaced with a;;", meaning that aj; is now written as

-1
Clji =, = QCij.

A factor error of f in a;; therefore gives rise to a factor error of f~! in aj;.

The ¢-th element of the j-th normalised column is w;f;; and the average of all these elements is
wz% The error term f”ni”" should, in the event of large values of n, approach 1 but fails
to do so because an error of f and one of f~! are equally possible and should cancel each other out

— but fail to do so. The average of the expected error of the normalised columns is not 1.

On the other hand the log least squares (LLS) method uses geometric means and the error is

(fil X ... X fzn)l/n

For large values of n it approaches 1 because f and f~!in this error term come to 1. If an error has

an equal chance of appearing than its inverse, the expected value of the geometric mean is 1. (The
LLS method will be discussed shortly.)

2.6 An iterative method

This method repeatedly uses the relationship C'w = nw — a rather elementary approach to numerical
methods. C'w is the product of an n x n matrix C' and a column vector w with n elements. Its i-th
element is therefore:
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Ci1W1 + CipWsy + ... + CipW, = Zj—iwl + ;‘j—;’wg + ...+ Z)—iwn = nw;

so that Cw = n(w).

From this it follows that w = CTW Because w is a preference vector and therefore a vector of weights,
its elements add up to 1. The elements of the right-hand side of w = Cn—w therefore also add up
to 1 from which it follows that the sum of the elements of C'w equals n. Put differently: C'w is
normalised by dividing with n.

If w is not available, a first estimate can be made for w. Call this vo. Calculate vy from vlz%

and continue in this way until consecutive solutions are the same. Say this applies to the seventh
and eighth solutions. From vy = C;'s and vg= vy it follows that VGZCZG or C'vg = nvg so that vg
is the preference vector of C'. In practice C' is just a dream and we have to be satisfied with A. This
algorithm nevertheless serves as a guide.

Because A contains errors, v :% is only more or less true. Specifically, the sum of the elements

of Av is not necessarily equal to n and has to be determined in the normal manner. If the column
vector Av is multiplied from the left with a row vector of the same length — of which each element
is a 1 — the result is a scalar (ordinary real number) 1Av = 1(Av); + 1(Av)y + ... + 1(Av),, the sum
of the elements of Av. In order to normalise Av, it has to be divided by 1Av.

Algorithm
Choose an initial solution vy and calculate Vi+1:% for i = 0,1,... . Stop when two consecutive
solutions no longer differ significantly.

Example 2.7.
Reconsider the A matriz of the previous example:

1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00

Select
0,25
Vo = 0,25
0,25
0,25
In order to determine Vlzlﬁ‘:f’o, the vector Avg is first calculated, then the sum of its elements, and

lastly Avg is normalised to obtain vy.

1,00 0,80 2,00 1,25 0,25 1,26
Avg = 1,25 1,00 0,67 1,00 0,25 _ 10,98
0,50 1,50 1,00 1,50 0,25 1,13
0,80 1,00 0,67 1,00 0,25 0,87
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1Aveo = (1, 1, 1, 1)
1,26
0,98

Avg _ 1 )
ViTiave T 312|113
0,87

The second iteration:

1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00

AVE= 1050 1.50 1,00 1.50
0,80 1,00 0,67 1,00
1Av, = (1, 1, 1, 1)
1,30
Av 1700
Vi=img = @@ | 108
0,86 |
The third iteration:
1,00 0,80 2,00 1,25
Avn — | 1:251,00 0,67 1,00
27 10,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00
1Avy = (1, 1, 1, 1)
1,25 ]
A 1,00
Va=1avs n 1,03

0,86 |
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1,26
0,98 |
11 | =424
0,87
0,30
B 0,23
B 0,27
0,21
0,30 1,30
023]  |1,00
0,27 1,08
0,21 0,86
(1,30
1,00
Tos | =424
0,36
0,31
B 0,24
- 0,25
0,20
0,31 1,25
024 |1,00
0,25 | 1,03
0,20 0,36
(1,25
1,00
Log | =414
0,36
0,30
B 0,24
- 0,25
0,21
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The fourth iteration:

1,00 0,80 2,00 1,25 0,30 1,25
Av 1,25 1,00 0,67 1,00 0,24  |1,00
37 0,50 1,50 1,00 1,50 025  |1,04
0,80 1,00 0,67 1,00 0,21 0,86
1,25
1,00
1Av3 =(1, 1, 1, 1) 1.04 =4,15
| 0,86
1,25 0,30
Avs 1 1,00 B 0,24
VaTiavs T 16 104 T 025
0,86 | 1 0,21
0,30 |
) . 0,24
Because vs= vy, the solution has been achieved, namely 0.95
0,21

The observation that vg= v4 is correct according to the agreement that only two significant figures
should be used and that comparisons should be based up to this point of accuracy. If accuracy to
the 1000-th significant figure is required, several hundred or even thousand iterations might become
necessary!

In practice the preference values are frequently expressed as percentages and four significant figures
are used. Values of less than 10% (eg 3,92%) are common, but so are a few bigger values (eg 11,86%).
Of course the number of items is important because if 100% has to be divided among 20 items, the
average value would naturally be bigger than when 200 items have to share! The relative values of
the items are important, not their absolute values. If the 20 items were to be encompassed in a
bigger set of 200 items and their relative values were to remain unchanged (or even approximately
the same), the facilitator should be satisfied. The addition of another 180 items would water down
the total weight of 1 to be allocated and in effect a new scale would be created. Of course, expressing
weights in fractions and percentages does not affect their value or the scale. Percentages are just a
convention (an agreement) to express fractions in another way.

Activity 2.5.
Consider the A matriz:

1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00

Calculate the preference vector by using the iterative method.
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Criticism of this method relates to the question of how the designers of this method model and
handle the errors — and they do not! No statistical handling of errors applies and it becomes a
continuity argument.

The iterative method calculates a preference vector v for which it approximately holds true that
Av = (1Av)v — which is an equivalent form of Cw = nw (because 1Av is the sum of the elements
of Av, and n is the sum of the elements of Cw). The argument is based on continuity: As A is not
very far from C' and because Cw = nw, a weights vector v which satisfies a similar equation for A
should necessarily be a good representation of the preference vector which is implicitly present in A.

The question arises how close A has to be to C' if the continuity argument were to be valid. The
same problem applies to the Eigenvector method.

2.7 The Eigenvector method

This method was proposed by Thomas L Saaty as a necessary component of the analytical hierar-
chical process (AHP) he developed in the seventies and aggressively promoted. The AHP elicited
a lively debate and a storm of development in the field of MCDA. Current extensive application of
techniques from this field is largely due to Saaty’s marketing energy — and equally to the ongoing
controversy around the AHP. We return to the AHP in later chapters. Here we are concerned with
the Eigenvector method as one method of determining a preference vector from A.

Similar to the iterative method — which also derives from the Saaty stable — the Eigenvector method
is based on the equation Cw = nw. Because x = [x, for any vector x, Cw = nw can be written
as Cw = nlw. ([ is the identity matrix of order n, a n X n matrix which has ones on the diagonal
and zeros elsewhere.)

Rewritten, it reads Cw —nlw =0, or (C'—nl)w = 0. The preference vector w can be solved from
the n x n matrix C’s characteristic equation (C' — n/)w = 0 from which only w is unknown. As C
is unknown in practice, A is used to get the characteristic equation (A — AI)v = 0. It is no trivial
task to calculate an Eigenvector and the iterative method of the previous section is applied. The A
is known as an eigenvalue of the characteristic equation (A — AI)v = 0.

Characteristic equations and the related concepts of eigenvalues and eigenvectors are defined in linear
algebra (or matrix theory). You are not expected to know these nor to understand the following, but
the results are nevertheless presented for those students who do possess the necessary background.

The preference vector w can be solved from the characteristic equation (C'—nl)w = 0 of the n x n
matrix C' where only w is unknown. It has a nonzero solution only if n is a root of (C'—nl)w = 0.
As every row (or column) may be expressed as a multiple of the first row (or column), C' is of rank

one. C therefore has only one eigenvalue Wthh is not zero — call it A\, — and because its friends
n

are all zero, A\jpor = Z Ai. It is known that Z i = tr(C) and because tr(C) =Y ¢; => 1 =n, it
T T

follows that \,ue = n

In practice, only A is known and instead of determining the preference vector w from (C' —nl)w = 0,

it is possible to obtain an approximation, v, from (A — AI)v = 0.

Again the method is based on continuity, which means that if the matrix A differs too much from
C, the eigenvector approach would also differ too much from the right preference vector. In order
to deal with and prevent this “too much”, Saaty uses A which is larger than n and is calculated
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from A\pax = %Z AV)i where (Av); is the i-th component of the vector Av. First v is calculated,
1

CH)

Amax—"n

then Av, then Ana, and finally the inconsistency index OI = ~2==. The random index ET is

looked up in the table and % is calculated. If it exceeds 0,10, A will be considered too inconsistent
for the calculation of a v.

nl|2] 3] 456 ] 7] 87 910
EI|0|058 (090 1,12 1,24 1,32 1,41 | 1,45 1,51

The eigenvector v of A is then used as the preference vector.

The ET values were determined in a simulation and represent the mean inconsistency index of
symmetrical reciprocal matrices of size n x n of which the upper diagonal section has been filled
with random numbers.

Although it is mentioned here of consistency and inconsistency and these are even measured, the
errors are not explicitly modelled or handled. The ETI values would for example have been more
meaningful if there had been an error model and if the A matrices had been created by introducing
errors into a consistent matrix C' according to the error model.

Example 2.8.
Take another look at the A matriz which had been used to explain the calculations for the previously
discussed methods:

1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00

As it 1s difficult to calculate the eigenvector, an approximation that has been determined by means
of the iterative method is used. The v and Av below come from the above example which used the
same A matriz.

0,3019 1,2600
0,2371 10,9900
V= {02563 | AV =1 0700
0,2046 0,8540

n
_ 1N~ (Av)i _ 1,1,2600 |, 0,9900 , 1,0700 , 0,8542y __
Amax = 7, ; v 4(0,3019 + 02372 T 02563 T 0,2046) = 4,1742

J— )\maz—n — 4,1742—4 _ o OI o 0,0581 o
OI = Amearth = 2252 = 0,0581 and from the table EI = 0,9 so that Z; = =77~ = 0,0646.

As this value is less than 0,10 there are no serious inconsistencies and A can be used.

Activity 2.6.
Consider the A matriz:

1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00
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Accept the preference vector that was determined by using the iterative method and establish whether
A is sufficiently consistent to be used.

Activity 2.7.
Study Winston’s discussion of the AHP, and continue up to the end of the section on consistency.
In Winston’s fourth edition this is from p785 to p793.

2.8 The log least squares (LLS) method

This method has several names. LLS refers to the approach that was followed to develop the method.
Statistics is sometimes called the mathematics of errors and the name the statistical method, also
used for this approach, follows from the way the errors were expressly modelled and handled (as in
statistics). There is in fact a strong resemblance between linear regression and the methodology of
the LLS method. For this reason we first look at the simplest linear regression (least squares in the
case of a straight line) before the LLS method is developed.

As the calculation method (for fully completed A matrices) makes use of the geometric means of
the rows, the method is also called the geometric means method.

The LLS is known for two strong points:

e As in statistics, measurement errors are explicitly modelled and the method is derived from
the model.

e The A matrix need not be fully completed before this method can be applied.

Scientists have a preference for explanatory models and axiomatic systems and consequently prefer
methods based on a firm axiomatic foundation. In pairwise equations the errors in the a;; values are
large compared to typical observations of physical quantities. The first requirement for a method
that uses a;; as the only input data is consequently that errors are to be dealt with clearly and
explicitly. In this respect the eigenvector method falls behind the LLS method. Although it is
accepted that “inconsistencies” occur in the data system as a whole, errors as such are not modelled
or dealt with in developing the method. In contrast, the LLS method follows exactly this path.

A combination of theoretical and practical considerations necessitates the use of sparse A matrices.
Practical decision-making situations can easily have more than a hundred criteria. The correct
procedure is to display them in one matrix. However, the number of entries in a n X n matrix is
in the order of n? — too many to collect in practice. The conventional solution is to combine items
in groups of not more than seven and to allow the groups to compete in a A matrix. The group
weight is subsequently allocated to the members in the same way. This process can be illustrated
as a tree. The more criteria, the more levels in the tree. Unfortunately the structure dictates the
outcome and different trees with the same criteria present different weights. (We return to this topic
in a later chapter.) The only solution is to use one sparse matrix. Another reason for not filling the
matrix completely is because too many observations are needed for the number of parameters to be
estimated (more about this later).

We first take a look at the concept of a least squares fit (to deal with errors).
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2.9 Least squares for a straight line

A scientist or an engineer sometimes faces situations where a particular relationship (eg a straight
line) is required but where the parameters (eg the intercept and the slope of the straight line) depend
on the circumstances, for example the density of the soil, or the conduction coefficient of a material.
It may be known that the quantity required, y, is a linear function of another quantity, x, ie that
y = a + bx, but the values of a and b are not known. This relationship could be important because
it may be easier or cheaper to measure x than to measure y, and if the values of a and b are known,
the required y value can be calculated from the cheaper = value.

A number of (x;y) pairs, say (x;;v;), @ = 1,....,n are used to calculate the values of a and b. One
now expects an a and b for which y; = a + bx; for each value of i. However, this is extremely
rare in practice. Whichever a and b are selected, there would always be a difference when the
observed y; is compared with the expected a + bx;. This situation can be mathematically presented
as y; = a+ bx; +¢; where a + bx; represents the “correct” value to which a measurement error ¢; # 0
has to be added in order to obtain the measured ;.

Y

x
A straight line with abscissa a and slope b fitted to the observations (x;;y;).

Y
Yi

a+ bx;

T T
The component a + bx; of y; = a + bx; + €; is given by the straight line and €; is the deviation of y;
from the line.

The least squares approach fits the particular straight line that minimises the sum of the squares of
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these measurement errors. A compound error or an aggregate error for this problem is defined to

be the sum of the squares of the errors. As some of the g; are positive and some negative, they can

cancel out in ) ¢; and make a very poor fit look acceptable. All the calculated y values may for
i=1

example be too low for the first part (the smallest values of x) and too high for the second part — a

poor fit — and the sum of the errors would nevertheless add up to zero!

The aggregate error should therefore take all positive and negative errors to be positive. The
first option is to use the absolute values because they reflect the lengths. Unfortunately absolute
values are not differentiable (in null) and that makes it very difficult to determine a minimum.
Another possibility is to use the squares of the errors. The squares of the deviations are positive
and differentiable as Well The same applies to all even powers of errors and the aggregate error may
as well be defined as Z e2F with k = 1, .... The sum of the tenth powers of the errors is therefore

=1
another possibility. Thrlft is a fundamental principle of science. For example: If two parameters are

sufficient to model a situation, two are used and not three. In this case it means that if squares are

good enough, a higher power will not be considered. _ &7 is therefore used as the aggregate error.
i=1

It follows from y; = a + bx; + &; that 5 = y; — a — br; and consequently that S(a,b) =

Z g = Z (y; — a — bxz;)?. Note that everything is known, except a and b. When all the measured
=1

palrs (x;;y;) have been substituted in the equation, S(a,b) is a function of the two parameters a and

b only. In order to minimise S(a,b) it is (partially) differentiated to a and b, the two expressions are

set equal to zero, and a and b are solved for.The two equations are:

n

%S(a b) = aaaZ(yi—a—bxi)Z:2Z(yi—a—bxi)(—l) =0 i (2.1)

i=1

n

ng(a b) = gb Z( — ba;)? = 22 —a—bx)(—12) =0 oo, (2.2)

From (2.1) it follows that

Zn:yl—na—bi:xl =0
=1 i=1
na—i—bzn:xi = 2":%
i=1 i=1

and
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From (2.2) it follows that

Z (zsy; — ax; — br?) =0
Xn:xiyi - Cli:% - bi:a:f =0
i=1 i=1 i=1

n n n
2
aE Ii—Fbg xizg Y
i=1 i=1 i=1

Substituting a and solving for b, it follows that:

R . (2.4)
ny ai— (3 i)
=1

i=1

b:

Calculate b with (2.4) and substitute the result in (2.3) to find a.

Example 2.9.
The values in the first two columns are the observed (x;;y;) pairs, and columns three and four contain
calculations with a view to determining a and b. The figures in the bottom row are the column totals.

Z; Yi %2 T;Y;
0 1,1 0 0

—1 0,1 1 —1,0
1 1,9 1 1,9

/48 16 19,2
5 62 25 31,0
781 49 567
16 22,2 92 108,7

Using (2.4) and (2.3) b and a can be found.

~ 6x108,7—16 x 22,2

=1,0034 ~ 1,00
6 x 92 — (16)2 ’ ’
1 1
= 222 —1,00-16 = 1,03.
a 6 9 9 6 ?

The straight line is y = 1,03 + = and the values in the third column of the table are based on this.
The fourth column contains the error terms which are the difference between the second and third
columns.
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ZT; Yi 1,03 +x; g

6,20 6,05 0,17
8,10 805 0,07

0 1,10 1,03 0,07
~1 0,10 0,03 0,07
11,90 205  —0,13
4/ 4,80 503  —0,23
5
7

Example 2.10.
Construct two equations from which a and b in the previous example can be calculated. Then solve
these equations and check whether the same values have been determined for a and b.

na + bzn:xi = zn:yi
i=1 i=1

and

n n n
2
ag :Bi—i-bg :ri:E Y
i—1 i=1 i=1

which are simplifications of the two original equations, are used. The equations that are obtained are

6a + 16b = 22,2

and
16a + 92b = 108,7.

Multiply the first by 16 and the second by 6 to obtain

96a + 256b = 355,2

and
96a + 552b = 652,2.

When the first is subtracted from the second, it follows that

296b = 297
297

b=_— =1,0034.
596 ,003

Up to two decimals, the answer is b = 1,00. Enter this value in the first equation and solve.

6a + 16 = 22,2

a=1,0333

Up to two decimals, the answer is a = 1,03.
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2.10 Least squares for a preference vector

The previous section is useful in itself, but serves here as an introduction and (simple) example to
explain the approach on which a least squares fit is based, to illustrate dealing with the error and
summarising it into an aggregate error, and to demonstrate how the algebraic optimum is deduced.
It also explains an alternative approach where equations are written and solved numerically. Both
approaches are necessary because the information that fills a A matrix contains an aggregate error
for which the general optimum can be determined algebraically. From this a simple calculation
method can be deduced, namely the geometric means method (or GM method). The aggregate
error in a set of observations that does not fill all the positions in a A matrix does not lend itself to
a general solution. In this case equations are constructed and solved numerically.

The aggregate error is now discussed.

An observation a;; is expressed in terms of the correct answer, Z“l‘j—], but is amended with a factor error
fi; and not a typical additive error. The expression is therefore a;; = :5_] fi; and not a;; = ,Zj—] + &45.
Where ¢ can be positive or negative, f varies around 1. Where ¢ = —0,01 and € = 0,01 are errors
of the same size, the same is true for f = 2 and f = 0,5. Where these two epsilons add up to zero,
the two fs multiply to one. Then how does a suitable aggregate error for the f;; errors look?

It can be demonstrated (Wolvaardt 1991) that the metrics for the additive
case,
l/j = (2 (|€L|)k)1/k, have their equivalents in

[ =exp {(Z (In fij)k)l/k} :
i
The equivalent of the aggregate error used above S = (IJ)? = Y &2 for the ad-
ditive case is therefore equivalent (in the sense that the same solution minimises
it) to Iy =exp< (> (In £;)%)¥/2 ¢ which is equivalent to

i
Inly = (3> (In fi;)>)Y? which is equivalent to Y ( In fi;)2.

i i

It follows from a;; = ¢;;fij = Z_;fij that fi; = aijZ—j. The In of the right side is Ina;; — Inw; + Inw;
and the aggregate error is consequently

S= Y (Infy)?

(i,4)EL

= Z (Ina;; — Inu; + Inwy)?

(i,4)EL

where the index set is L, with L = {(7, j) for which there is ana;; observation}. The LLS approach
considers the weights vector u > 0 that minimises the aggregate error as the best. Finding the u
requires a solution to the mathematical programming problem (MP problem) which minimises S
with feasible space as the positive part of the n dimensional space.
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Setting v;; = Ina;; and b; = Inwu,; (because u > 0, all b; are finite), then

Sh)= > (yy—bi+b)".

(i,5)€EL

The y;; are known and S(b) is therefore a function of only the vector b as indicated by the notation.
The LLS method finds the b which minimises S.

The weights vector u is calculated from b and is closest to the true preference vector w in the clearly
defined sense that u minimises the aggregate error S. The lowest value of S is 0 and can only be
achieved if all f;; = 1 and no error is present. A high value of S occurs when a number of or all
the f;; lie away from 1; the further away, the higher is S. If S is to be brought closer to 0, the

optimisation process of necessity has to bring f;; closer to 1. If the f;; lie close to 1, a;; =~ ¢;; = w

and u is close to the correct w.

The entries in the k-th row, those in the k-th column and the rest have to be dealt with separately
in the deductions below. Define the following for this purpose:

(k.j) € L}
(i,k) € L}
(i.j) € Lyt # k, j # k}

L. k
L.k’ Z.a
L i,

{
{
{

(Note that no index set can contain an element (k,k) because no observations are made on the
diagonal. (It is known that ay; = 1, but also that it contains no information.))

This means that L is divided into three sets that do not intersect and that together cover the entire
L — a so-called categoric system. The aggregate error is divided according to these sets and partially
differentiated to by. There are n variables b, and there are therefore n partial derivatives. In order
to obtain the vector b which minimises S, the derivatives are set equal to zero and solved for b.
(It can be shown that S(b) is strictly convex in b and the solution derived from these equations is
consequently a minimum.)

S = Z (yij — bi + b;)" + Z (yrj — b +0)* + (ir — bi + br)?
(4, 7)€ L (k,j)€ L. (i, k)€ L.k
0
8—kaZ 0+ Z 2(ykj — b+ b;)(=1) + Z 2(Yir — bi + bi)(1).
(k,j)e Ly. (i, k)e L

When the derivatives are set equal to zero, the factor 2 can be divided out. In the resultant (the
k-th) equation,

OO E D DD DEUEED DRI DI TR D7
(k,j)€ Ly (i, k)€ L.y (k,j)ELy- (i, k)EL .k (k,j)ELy. (i, k)EL .k

the coefficient of by is the number of entries that appear in row k and column k. If there is an a;
(an entry in the k-th column), it would mean that an —b; also appears in the k-th equation, and
that an ay; (an entry in the k-th row) places —b; in the k-th equation.
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Activity 2.8.
Consider this matriz:

1 3 3
1 2
1 1
1

The index set
L={(12),(13),(24), 3:4)}
contains the four positions in which there are entries.
For each value of k, give the index sets Ly and Ly, .
Then write down the four equations:

bi.( Z L+ Z 1) - Z bj — bi = Yrkj — Yik

(k,j)€ Ly (i,k)E L.j (kj)ELy- (ik)EL.p (kj)€ L. (ik)EL.p

2.10.1 A matrix complete — the GM method

If the full A matrix is available, only the upper diagonal elements need be considered because they
contain all the information contained in the A matrix. The index sets L., and L. consequently
contain the indices in the k-th column and the k-th row, above and to the right of the diagonal
element ay . Thus L., = {(i,k),i = 1,...,k — 1} and L. = {(k,j),j =k + 1,...,n}.

The equations become

bk[(n—k,’) Z b —Zb = Z yk] Zylk

j=k+1 j=k+1

As y;r =Inay; =1In a,;il = —Inag; = —yYri, and ygr = Inag, = In1 = 0, the right side may be written
as

Z yk]+zykz Zyk]+ykk+ Z Ykj = Zykj-
j=1

j=k+1 j=k+1

The k-th equation can now be simplified to

k(n—1) Zbl—Zbl—Zyk]
i=k+1

which is further simplified (when by is added and subtracted) to

nbk — Zbl = Zykj .
=1 j=1
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It is later shown that we may justly accept that

i=1

which further simplifies the k-th equation to

From this it follows that

The left-hand side gives

and the right-hand side

so that

from which it follows that

nby = Zykj :
j=1

exp(nby) = exp(z Ykyj)-

=1

_ (eln(uk))n
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This expression sums up the LLS method for a complete A matrix. The k-th component of the vector
is the n-th root of the product of the entries in the k-th row in A, and thus the geometric mean of
the row. The components of this vector u do not necessarily add up to one and it is therefore not a
weight vector. The vector of geometric means has to be normalised to give the preference vector.

It is obvious why this special case in the LLS method is called the geometric means method (GM
method).

An example and an activity are presented before the outstanding theoretical issues are cleared up.

Example 2.11.
Consider the well-known matriz of the previous calculations for the preference vector.

1,00 0,80 2,00 1,25
1,25 1,00 0,67 1,00
0,50 1,50 1,00 1,50
0,80 1,00 0,67 1,00

A:

The LLS method calculates the geometric mean for each row by determining the product of the n
elements in the row and then calculating its n-th root. The products are

2,00
0,83
1,125
0,536

and the geometric mean s
1,189
0,954
1,030
0,856

After normalisation, accurate up to two positions, the estimated preference vector is

0,30
0,24
0,26
0,21

Activity 2.9.
Apply the geometric means method to estimate the preference vector from the A matriz below.

1,00 1,95 1,61 1,14
0,51 1,00 082 0,57
0,62 121 1,00 0,71
0,87 1,75 1,41 1,00

An LLS preference vector can now be formally defined.

Definition 2.3.
A weights vector u* that minimises the aggregate error S(u) is an LLS preference vector.
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Theorem
If u* is an LLS preference vector and ¢ > 0, cu® minimises S. If u* minimises S, a ¢ > 0 can be
found such that cu* is an LLS preference vector.

Proof

S(cu) = Z (Ina;; — In cu; + In cu;)?
(1,5)€L
= Z ma; — (Inc+Inw;) + (Inc+ Inwy,)?
(1,5)€L
- Z (Ina;; — Inwy; + Inuy)?
(1,5)€L

= S(u).

From this it follows that:

S(cu*) = S(u").

If u* minimises S, cu® would also do so. And if ¢ is selected as the inverse of the sum of the elements
of u*, cu* is also a weights vector and consequently an LLS preference vector.

This result facilitates the calculation of an LLS preference vector because it is unnecessary to look
for a weights vector that minimises S(u). Any u that minimises S can be taken and normalised
afterwards. The normalisation produces a weights vector with the minimisation of S retained. The
result is an LLS preference vector. And this is how the GM method works.

The expression cu* is a radius. This is a geometric concept and can be visualised as a line that
begins at the origin and stretches through positive space into infinity.

In the deduction of the GM method

n

Zbi:O

i=1

has been used without proof. If its exp is taken, it becomes

n

exp Zbi =exp0

elnui -1
i=1

n

i=1

which means that the product of the GM method’s values before normalisation (the geometric
means) should be one.
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The creators of the GM method (Crawford and Williams [3], whose paper is included in the guide)
introduced the above constraint to facilitate calculation. If this constraint does not apply, a solution
remains possible, but solving a system of simultaneous linear equations becomes necessary. If the
matrix has not been fully completed (see below), exactly this situation crops up. Then the equations
cannot be molded into a form that can be solved analytically and a numerical solution has to be
found.

The critical question is of course whether it is permitted to introduce this constraint. It follows
from the theorem that there is a radius of vectors which minimise S(u). The question is whether
introducing the constraint changes the problem so that its solution no longer lies on the radius.

Consider the constrained optimisation problem below.

Minimise S(u), with u > 0, and with the constraint that
i=1

The feasible region of this mathematical programming problem (MP problem) is the intersection of
the positive space and the constraint which is a hyperboloid in positive space. It follows from the
shape of the hyperboloid that no radius cu with ¢ > 0 and u > 0 can miss it. Every such radius
intersects the hyperboloid at some point. This applies to the optimal radius as well, and because the
points on the optimal radius represent the lowest value of S(u) in positive space, the intersection
of the optimal radius and the hyperboloid offers the best value on the hyperboloid. The solution of
the MP problem with the additional constraint therefore lies at this point. The normalised version
is consequently a weights vector which minimises S(u) in positive space and is therefore the LLS
preference vector.

Considering the development of the GM method again, it is clearly the MP problem with the
additional constraint that is solved and not the general problem. The vector of geometric means
u* (before normalisation) represents the solution to the more restricted problem. The u* that was
found is the one on the hyperboloid

i=1

All that remains to do to find the LLS preference vector is normalisation.

Test

It has now been said a number of times that the deduction of the GM method shows that the
vector of the product of the geometric means has to be one, and the time has come for numerical
confirmation. The geometric means of the example are

1,189
0,954
1,030
0,856

and in fact has a product of one.

Does this prove anything? No. All the numerical examples in the world cannot prove a theory or a
theorem. However, it does boost one’s faith in the validity of the result.

In contrast a single counter-example irrevocably proves that a theorem is invalid.
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2.10.2 A matrix incomplete — using equations

Although the methods discussed up to this point are all based on the assumption that a fully
completed A matrix exists, this is not necessarily the case. In fact, requiring a fully completed
matrix introduces an oppressive upper limit on the number of items because the number entries in
the upper diagonal matrix are %(n — 1) which is quadratic in n. Methods needing a fully completed
matrix consequently prefer smaller matrices and at most allow the comparison of n = 9 items in one
matrix — and that in exceptional cases only. A matrix of this size demands 36 entries.

Activity 2.10.

1. Prove that the n X n matrix B has %n(n — 1) entries above its diagonal.

2. How many pair-wise comparisons are needed (in each of the cases below) to compile complete
A matrices if n items are compared?

(a) n=6
(b) n=7
(¢c) n=9
(d) n=10
(e) n=16.

There is no reason why all the elements of an A matrix have to be determined. A is merely a
construction in which observations a;; can find a home and it therefore offers convenient notation.
However, it would be incorrect to assume that %n(n — 1) observations is the correct number to
provide a sound estimate of a preference vector. The number of entries in the matrix per parameter
to be estimated (the number of item weights) increases as n increases. This is Sn(n — 1) divided by
n, in other words %(n — 1) positions in the matrix for each weight to be estimated — unnecessarily
many for high n and too few for low values.

Nevertheless, the facilitator frequently faces a number of options. If n is low and there are too few
observations, compensation is possible if more participants are used — which is often the case. Fewer
participants can be used if n is high. However, it is preferable to maintain the big group and to
reduce the number of observations. The situation frequently dictates the number of participants
and it is beyond the facilitator’s ability to decide on a smaller group. In a study sixteen participants
were involved in weighing 37 items. It would in this case be possible to fill in only part of the
upper diagonal matrix and still have more than enough observations. Moreover, the participants
will appreciate this and are usually happy that they do not have to spend too much time on the
process.

The methods which require full A matrices can only handle a large number of items by means of
grouping and using a tree structure. However, the tree structure affects the values to be determined
— to such an extent that it can render the result invalid. (This is discussed in detail later in this
guide.) The LLS method offers a way out of this dilemma because it is a statistical estimation
procedure and therefore does not require a fully completed matrix. One large, not fully completed
matrix may therefore be used. In this case the GM method cannot be used and the LLS preference
vector has to be calculated from the equations.
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Consider the k-th equation again:

b ( Z 1+ Z 1) — Z b; — Z b = Z Ykj — Z Yik-

(k, 7)€ Ly (i, k)€ L.y (k,3)ELy- (i,k)EL ¢ (k,j)ELy. (i, k)L

This is only one in a system of n equations in the n unknowns b; with general form Db = d. The
first task is to determine D and d. Then b has to be found by solving Db = d numerically. The
obvious method for constructing the equations is to construct the sets L. and Lj. for every value of
k and to use them to obtain the k-th equation. The equation is the focus point and all observations
pertaining to the equation are to be determined and used. This is a tiresome, computer-unfriendly
process.

In contrast, it is algorithmically convenient to start with the observations. Each observation con-
tributes to two equations and when these entries have been made in D and d, the information from
the particular observation has been exhausted. The next one is then taken, and when all have been
processed, the equation set is finished.

If we study the indices in the above equations, we can deduce that only observations ax; and a,j
contribute to the k-th equation. Put differently: only entries with either the first or the second
index k, plays a role in the k-th equation. If we focus on the entry, it is evident that an a;; plays
a role in both the i-th and the j-th equation, but nowhere else. The coefficient of b, (in the k-th
equation) is dgx and a;, as well as ay; contribute. If we focus on the element, a;; contributes 1 to
both d;; and d;;. Stated algorithmically: a;; causes d;; < d;; + 1 and d;; « d;; + 1. If we consider
the other coefficients, it follows that a,; also means that d;; «— —1 and d;; <= —1. The right-hand
sides of the equations are also influenced with d; < d; +Ina;; and d; <+ d; — Ina;;.

Constructing the equations

Construct the equations Db = d by initially making all the elements of the matrix D and the d
equal to zero. The observations are then processed one at a time. If a a;; occurs, the following
overwrites take place:

di,‘ — d“ + 1; djj — djj +1
d,<—dz+lnaw, dj%dj—lnaij.

Example 2.12.
Consider the error-free matriz

that has been prepared from

[ et e N

If ayy = 1,5 is processed, D (the first three columns in the table) and d (the last column) look as
follows:

1T =110] Inlj
1| 1 [0 =Ini,5
0 00 0
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Now add the contributions of a13 = 3 to get

2 | —=1|—=11| Inl,5 + In3
7] 0 “Ind,5
—11] 0 1 —In3

and then those of ass = 2 to get

2 | —=1|-1| Inl5 + Ind
-1 2 | —=1|| —=In1,5 + In2
—1]-1 2 —In8 — In2

The equations Db = d in the last table are

2[)1 —bQ —bg = ln1,5—|—ln3

—by +2by —b3=—Inl15+1n2

—bl —b2+2b3 =—In3—1n2.

Test

The full upper diagonal matrix has been used for the example so that Db = d found above by using
the algorithm applicable to the case where A is incomplete can be compared with the equations
found deriving the procedure for a fully completed matrix (the GM method).

In deriving the GM method the equations

k—1 n n
bp(n —1) — Zbi = Z b, = Zykj
i=1 i=k+1 j=1

were used.

For k = 1 the general equations above specialise to (remember that n = 3 and y; = 0)
200 — by — by =y + Y12+ Y13 = Y12 +y13 =In1,5+1n3.

The equation for k = 2 is (use y;; = Inaj; = In(a;;) ™t = —Inay; = —yij)

—b1 +2by —bs =yo1 + Y22 + Y23 = —Y12 + Y23 = —In1,54+1n2
and for & = 3 it follows that
—by — by + 203 = Y31 + Y32 + Y33 = —Y13 — Yoz = —In3 — In2.
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This correspondence provides some assurance (but is not proof!) that the algorithm used when the
upper diagonal matrix cannot be fully completed constructs the equations correctly.

In preparing the equations Db = d (as in the tables in the above example) each table presents the
set of equations produced by the observations that contributed to the particular table. For example,
consider a case where there are only two observations, namely a5 and ay3. In this case the second
table presents a full set of equations. In this way each table represents a valid set of equations based
on fewer or more observations.

The equations add up to 0 in each of the three tables in the example. Consider the second table as
an example. The equations are

2()1 —bg—bg = 1H1,5+1H3
—bl +bQ+Obg == —1111,5
—bl +0b2+b3 = —1In3.

When they are added, the result is
0by 4 0by + 0b3 = 0.

This means that the three equations are linearly dependent, meaning that one of them does not
contribute anything to the information presented in the other two. This equation (any one) is
superfluous and may be left out. This leaves a system of equations with one variable more than the
number of equations — an underdetermined system. The same result applies to the equations in the
other two tables. Indeed, this applies to every system of equations Db = d. The system reduces to
any n — 1 of the equations in the n variables.

(Underdetermined systems of linear equations are not foreign to decision making. In fact, linear
programming is designed to look for the best solution to a set of underdetermined equations. In
linear programming there are always more variables than equations, and this is what makes the
feasible region with its many potential solutions to the equations possible.)

An arbitrary value may be assigned to any one of the variables. This leads to a square system, n —1
linear equations in n — 1 variables, but this time linearly independent and consequently solvable.

Whenever a set of equations Db = d has to be solved, any one of the equations may be left out and
a value may be assigned to any variable. It is easiest to leave out the last equation and to make
the last variable zero. The solution is a vector on the optimal radius and still has to be normalised.
Other value choices for the last variable present other points on the radius.

Example 2.13.
Calculate u by solving b from the equations in the second table.

The equations are
2[)1 — b2 — bg = 1111,5"‘1113
—bl + bg + Obg —1In 1,5
—bl + Obg + b3 = —In3.

If the third equation is deleted and if b3 = 0 = In1 is used, the system of linear equations reduces to

2[)1 — b2 =1In ].,5 + In3
—b1 +b2 —1In 1,5
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The sum of the two equations is
bl =1In3

and it follows from the second equation that

b =by—In1lb=In3—-In1,5=1In 135 =In2.

Y

From by = In3,b, = In2,b5 = In1, it follows that uy = 3,us = 2,us = 1. The weights vector follows
from normalisation

[N et

Activity 2.11.
Solve the above problem again. This time assume that b3 = In6.

Activity 2.12.
Construct the equations for the observations in the matriz below and then determine the implied
preference vector.
1 0,4 04
1 06

A= 1 1,0
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2.11 Answers to activities

Activity 2.1.

1. The normalised values are 0,2034 0,2373 0,1525 0,0847 0,0508 0,203/ and 0,0678. Due to
rounding errors they add up to 0,9999.
2. The normalised values are exactly as above. There are two ways to look at them.

The original figures are all ten times larger than the upper set’s and their sum would therefore
be ten times bigger. The results are the same when the figures are divided by the sum.

Normalisation does not affect the relative sizes of the figures.

Activity 2.2.

1,00 0,83 0,67 0,80
1,20 1,00 0,67 1,25

A = lay] = 1,50 1,50 1,00 1,40
1,25 0,80 0,71 1,00
Activity 2.3.
14 = Cly = g—i = 1,25, thus wy = 1,25wy,
Qo4 = Coq = g—i = 1,0, thus wy = wy,
(34 = C34 = ;:’—j = 1,5, thus ws = 1,5wy.

As the sum of the weights add up to 1, it follows that

1= w1(1,25 + 1,0 + ].,5 + ].) = 4,7511)1

from which it follows that wy = 0,21. By replacing this in the above equations, it follows that
(accurate to two significant figures)

wy = 0,26
Wo = 0,21
wy = 0,32
Wy = 0,21

Activity 2.4.
In order to find the preference vector of the A matriz

1,00 1,95 1,61 1,14
0,51 1,00 0,82 0,57
0,62 1,21 1,00 0,71
0,87 1,75 1,41 1,00
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its normalised columns are first calculated

0,3333 0,3299 0,3326 0,3333
0,1700 0,1692 0,1694 0,1667
0,2067 0,2047 0,2066 0,2076
0,2900 0,2961 0,2913 0,2924

and their means provide the preference vector

0,3323
0,1688
0,2064
0,2925

Activity 2.5.
The above answer is also used for vq, accurate to two significant figures after the decimal commoa.
Thus

0,3300
S 0,1700
°7 10,2100
0,2900
In order to obtain Vlzﬂ%oo, the vector Avg s first calculated:
1,00 1,95 1,61 1,14 0,3300 1,3302
Ave — 0,51 1,00 0,82 0,57 0,1700 | ] 0,6758
7 10,62 1,21 1,00 0,71 0,2100 | | 0,8262
0,87 1,75 1,41 1,00 0,2900 1,1707
Because 1Avqg is the sum of the elements of Avg, it follows from Vlzlﬁ‘:?o that vy is merely the
0,3323
. 0,1688
normalised Avg and consequently v, = 0.2064
0,2925

The second iteration

1,3272 0,3323
0,6742 10,1688 . .

Avy = 0.8243 and vo = 0.2064 As two consecutive solutions are the same, they also
1,1680 0,2925

represent the preference vector.

Activity 2.6.
The preference vector of the previous activity is the required preference vector and

0,3323 1,3272
0,1688 10,6742 . .

v = 0.2064 and Av = 0.8243 are consequently used in determining Amax-
0,2925 1,1680
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n
1N~ (Av)i 11,3272 | 06742 | 0,8243 | 1,1680\ _
Amax = 7, 21: vi 4(0,3323 + Oi6ss T 02061 T 0,2925) = 3,9937

[T = Aman — 39974 — —0,0021 and from the table EI = 0,9 so that 4- = =232 = —0,0023.

As this value is lower than 0,10, no serious inconsistencies are present and A may be used. The
negative value can be explained by rounding-off errors and an A matriz that is quite close to being
an error-free C' matriz.

Activity 2.7.
Compare Winston’s exposition with what you see in the guide. A second author’s way of expressing
the same thing in a different way always offers an opportunity for new insight.

Activity 2.8.
Fork=1

Ly ={(1,2),(1,3)}

Li=A{}
from which the first equation can be constructed

b1(2+0) —by —bs =Inajs +1na;z3 =2In3
and simplified to
%y, — by — by = 21n 3. (2.5)

For k=2

Ly = {(274)}
Ly ={(12)}
b2(1 + 1) — b4 - bl == lna24 — lna12

and simplified
—by +2by — by =1n2 —1In3. (2.6)

For k=3
Ls. = {(34)}
bg(l + 1) — b4 - bl == lna34 — lna13

and simplified
—b; +2b3 —by =Inl —In3 = —1n3. (2.7)

For k=4
Ly ={}
Ly= {(274)7<374)}
b4(0 + 2) - b2 — bg == —IHCL24 — 111@34

and simplified
—bg - b3 + 2b4 =—1In2. (28)
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Activity 2.9.

3,5790 1,3754
.| 0,2384 : .| 0,6987
The vector of row products is 0.5326 | The vector of geometric averages is 0.8543 and (the

2,1467 1,2104
0,3323
. : o 0,1688
geometric means estimate of ) the preference vector is given by 0.2064
1,2925

Activity 2.10.

1. An n x n matriz has n elements on the diagonal leaving n* —n in the rest of the matriz. Half
lies above the diagonal, i.e.
1 1
§(n2 —n)= in(n —1).

- _ -1
2. Since a;; = ay;

Only %n(n — 1) comparisons are therefore needed and this number has to be calculated for the
values of n in the sub-questions.

(a) 15 (b) 21 (c)36 (d)45 (e) 120

the bottom part can be completed if the elements above the diagonal is present.

Activity 2.11.
The equations are

2[)1 —bg—bg = 1111,5"‘1113
—bl +bQ+Obg == —1111,5
—bl +Ob2+b3 = —In3.

If the third equation is deleted and by = 1n 6 used, the set of equations reduces to

2b; —by =In1,5+In3+1né
—bl +b2 = —1In 1,5

The sum of the two equations is
by =In3+1Inf =1n30

and it follows from the second equation that

bo =by —In1,5=In30 —Inl1,5=1n fi)

Y

= In 26.

It follows from by = 1In30,by = In260,b3 = In6, that uy = 360, us = 20, uz = 0. Normalisation provides
the weight vector

=W N =
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Activity 2.12.
If a13 = 0,4 is processed, D (the first four columns in the table) and d (the last column) look as
follows:

710 =1]0] o4
0] 0 [0 0

—1| 0| 1 [0]-In04

00| 010 0

Now add the contributions from a4 = 0,4

2 10| —-1|—-1] 2In04
010 0| 0 0
—110] 1| 0 |-mo04
—110] 0| 1 ||-mo04
followed by those of asz = 0,6
210 |-1]-1 2In0,4
0 1 | —-1] 0 In 0,6
—1|-1] 2 0 || —In0,4—1n0,6
110 0] 1 —In0,4
and finally those from azy =1
210 |-1]-1 2In0,4
0 1 |1-1] 0 In 0,6
—1]-1] 8 | —-1| —-In04—-—In0,6+1In1
110 |-1] 2 —In0,4—1Inl

If the last row is deleted and In1 = 0 s used, the result is

210 [-1]-1 21n0,4
0 1 -1]0 0,6
“1[-1] 3 [-1| -m04—-1n06

(by =0 =1n1 is used to find the set of solvable equations.)

The equations are then

261 - b3 = 21n0,4
bQ — bg = 1110,6
—by — by +3bs = —In0,4 —1n0,6
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and they are easily solved (from the first two equations) by expressing by and by in terms of bs:

bl = 0,553 + In 0,4
by = by +1n0,6

and then entering these in the third equation.

—by — by +3by = —In0,4 — In 0,6
—(0,5b3 +1n0,4) — (b3 + In0,6) + 3b3 = —In0,4 — In 0,6
1,5b5 = 0.

It follows that by =In0,4; by =In0,6 ; b3 =1In1; by =In1l and the resultant u values are:

u; = 0,4; us = 0,6; ug = 1,0; uy = 1,0.
The weights vector, w, is obtained by normalisation:

0,1333
0,2000
0,3333
0,3333
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Chapter 3

The AHP and SMART

3.1 Introduction

In the previous chapter we discussed the parts from which the two best-known methods are con-
structed in order to select one particular item from among many. Two of these methods, with
variations, are the subject of this chapter.

The best-known method is probably Thomas L Saaty’s [7] analytical hierarchical process (AHP).
This method is based on Saaty’s eigenvector method for calculating weights from an A matrix (ie the
eigenvector method), but any other method for calculating weights may also be used. However, the
AHP is susceptible to several serious errors, inter alia two types of rank inversion. (These problems
are discussed in chapter 4.) FA Lootsma [6] proposed an alternative, namely the geometric AHP,
which is increasingly accepted as an alternative to the AHP because it is not subject to rank inversion
(of the first type).

The most attractive method for large practical problems is SMART, the abbreviation of a somewhat
forced name, the Simple Multi-Attribute Review Technique. SMART also uses a method to calculate
weights, and although the earliest versions proposed quite primitive methods, methods based on a
A matrix have become the norm. SMART may also be seen as a methodology that is independent
of the method used to determine weights.

When one has to be selected from many, we usually find one item that is the strongest in a particular
area whereas another item is better in another area. This immediately tells us that there is more
than one criterion or objective. All these methods allocate weights to all the different criteria, and
values are assigned to the different items under each criterion. The criteria weights are then utilised
to weigh the values assigned to the items under the different criteria before they are added together.
Put differently: The criteria weights are used to calculate a weighted average of the values allocated
to an item under the different criteria.

An example in the previous chapter allocates weights to six criteria in the table. Assume that these
weights are encountered in an actual problem and that the figures presented in the last columns
present the performance of four items under the six criteria. Higher values are better. In this
instance the values may be seen as percentages (or scores out of one hundred). However, study the
table below from which the weights have been removed. The question is: Which item should be
selected?
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Scores for | Scores for | Scores for | Scores for
Criterion Item 1 Item 2 Item 3 Item 4
1 85 70 65 70
2 55 90 70 85
3 35 60 85 60
4 68 65 80 55
5 65 60 30 60
6 70 65 45 65

The only correct answer is probably: It all depends!

However, something that can be deduced from a direct comparison of the items is that item 4 is
outperformed by item 2 in every instance. The scores given to item 2 for each criterion are either
the same or higher than those allocated to item 4. Item 2 dominates item 4 and the latter can be
removed from the list of candidates because it offers nothing that item 2 cannot deliver to the same
extent or better.

Definition 3.1.
Item A is dominated by item B if B’s performance equals or exceeds A’s in every area (or for every
criterion).

Both the AHP and SMART make use of weighted averages. In the table above item performance
was presented as columns (or vectors) and the decision maker had no clear way of ranking the items.
The bottom row of the table below presents a single value that summarises the column above it
and this facilitates item comparison. Inability to compare the items in the above table has been
eliminated by the weighted average.

Criterion | Weight | Scores for | Scores for | Scores for
7 w; Item 1 Item 2 Item 3
1 0,15 85 70 65
2 0,18 55 90 70
3 0,25 35 60 85
4 0,21 68 65 80
5 0,10 65 60 30
6 0,11 70 65 45
Weighted
Average 59,88 68,50 68,35

The table can be produced by any one of the methods if the allocated scores were discounted. The
principle of using a weighted average on the basis of criteria weights remains the same.

SMART is discussed first because it is the simplest method and because its value function is so
visible — which is not the case with AHP. It is therefore easier to understand AHP once you have
understood SMART.
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3.2 SMART

SMART (Von Winterfeldt and Edwards [9]) makes use of a scoring function f; to allocate values
between 0 and 100 to items on behalf of criterion . The value function z is then z = Y w;f;, a
typical weighted average of the values provided by the scoring functions.

The task is therefore to prepare a scoring function for each criterion, and it should preferably convert
an objectively measurable quantity (eg distance in kilometres, or income in rands per year) into a
score out of one hundred. Not all criteria can be measured objectively (eg appearance or status)
and generally depend on human judgment. SMART requires scoring functions for these criteria as
well, converting the initial assessment to a score between 0 and 100. The example illustrates both
possibilities.

Example 3.1.

A man of 34 who has two children of 7 and 9 years old is looking for a house in a price category that
would reflect the fact that both he and his wife are rapidly advancing in their chosen careers. They
have already inspected a dozen houses and then decide to compile a SMART model. The first task is
to determine the criteria, and they decide to concentrate on five characteristics: distance from the
house to the local primary school and to the wife’s place of work, age, appearance, and the area of
the house.

They determine the weights of the criteria as 0,15 (school), 0,12 (work), 0,21 (age), 0,22 (appear-
ance), and 0,30 (area). Scoring functions are prepared, and the two distances (to school and to the
workplace) are represented by the functions below where x is the distance.

(80 + 20z with 0<z <1
100 with 1< x <3

0 with T > 23

\

The distances are scored in the same way. However, this is not necessary and the graphs may differ.
The graph is also piece-wise linear, which makes expression in algebraic form much easier. Once
again this is not necessary, and the values may just as well be read from the graph itself.

The score for the age of the house is presented in the table below

Age
Age in years | Score

0" to 1 70
1% to 2 100
2T to 5 80
57 to 8 60
8T to 50 0

50" 100

and for the appearance of the house in the following table
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Appearance
Description Score
Will impress yuppies | 100
Will impress boss 80
Will impress parents 40
An ordinary house 0

The scoring function for the surface area, x, is presented by the following:

0 with 0 <z <200
0,22 with 200 < x < 500
100 with x > 500

farea(T) =

The five functions above are not all in an accustomed form and the one that has to provide a score
under appearance is a function of a subjective input. If the couple in the example were to select
the description that is consistent with their value system, the table would nevertheless allocate the
desired score under this criterion.

Allow fschoots fWorks fages [fAppearances fArea to represent the five scoring functions. The value
function would then be:

Z = 0>15f5'chool + Oa12fW0rk + O,Qlnge + Oa22prpeamnce + 0>30fArea'

The details of the next three houses they view are presented in the table, and their values have to be
calculated in accordance with the value function z.

Characteristic House A | House B | House C
School (km) 4 1 12
Work (km) 9 10 1
Age (years) 0 6 69

Appearance (category) yuppies yuppies boss
Area (m?) 230 420 390

The next table presents the values of the scoring functions in the columns below the houses, with the
weighted averages at the bottom — the values assigned to the houses by the value function above.

Characteristic Weight | House A | House B | House C
School (score) 0,15 95 100 55
Work (score) 0,12 70 65 100

Age (score) 0,21 70 60 100

Appearance (score) 0,22 100 100 80

Area (score) 0,30 46 84 78
Value 73,15 82,60 82,25
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The value for B is just a little higher than the value for C. Before B is chosen, we have to carefully
consider the reasons for B’s high value. An error in the scoring function or an overenthusiastic
weight can sometimes be the underlying reason. A sensitivity analysis of each case would be a good
idea.

A walid question in this case is what the smallest change, 6, would be in a weight to increase the
value of C above that of B.

C would benefit most from an increase in the weight for age because the score for C exceeds that of
B most in the case of this characteristic. Indeed, if this weight were to increase by 6, the value for
C would increase by 40 0 more than the value for B would increase. The gap is therefore reduced by
406. In the same manner a reduction in the score for school would decrease the value of B quite
quickly relative to C’s value, namely 4560. The extent to which the gap would decrease when the
weight for age were to increase by 0 and that for school were to decrease by the same amount, is
therefore 8560 and the gap to be closed is 0,35.

8560 = 0,35 gives # = 0,004118, a very small figure. The choice between B and C'is therefore quite
sensitive to changes in the weights. Moreover, the weights are obtained in a process that is subject
to quite extensive errors. For practical purposes, the two are equal.

Activity 3.1.
Briefly describe the scoring functions for:

1. Distance from the school.

2. Area of the house.

Activity 3.2.
Calculate the values of the houses described in the table

Characteristic House X | House Y | House Z
School (km) 6 5 12
Work (km) 3 10 15
Age (years) 1 10 65

Appearance (category) || Ordinary Yuppies Parents
Area (m?) 530 520 300

under the value function

= OvzofSChOOl + 0,17 fwork + 0716nge + 0722prpeamnce +0,25f Areq -

Activity 3.3.
The outcome of the previous activity places Y before X, which is in turn before Z. What would be
the smallest weights change to give Z and Y the same values?

Use the solution of activity 3.2.
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3.3 AHP

The AHP differs from SMART only in the scoring functions. The scoring functions of AHP are
not prepared beforehand. The scoring takes place under each criterion by comparing the various
competitors pair-wise and by using the methods discussed in chapter 2 to solve the resultant A
matrix. (The AHP, as it was originally described, uses the eigenvector method to determine the
preference vectors.) A preference vector is determined under each criterion, and when the value of
the first item is calculated, the first component of each preference vector is used as the score for that
criterion.

The AHP cannot evaluate a competitor on its own; all of them are compared, a preference vector is
derived from the comparison, and the components of the preference vector represent the scores of the
competitors. Because the components of a preference vector add up to one (normalisation), it means
that the more competitors there are, the lower would be the score of each. The values allocated
to each competitor by the value function consequently also depend on the number of competitors.
In principle this is not a problem because the competitors are only compared with each other, but
problems can occur as can be seen from the example.

Example 3.2.
Look again at the above example where different houses have to be compared with each other. Assume
the same weights were determined for the criteria, then the value function would again be

= 0>15fSchool + Oal?fWork + Oa21nge + Oa22prpearance + 0,30/ Areq -

Also assume that there is an external value process that assigns values to the three houses (as in the
table). This same table has been used in the example and is selected to compare the outcome of the

AHP with that of SMART.

Characteristic | House A | House B | House C
School (score) 95 100 55
Work (score) 70 65 100

Age (score) 70 60 100
Appearance (score) 100 100 80
Area (score) 46 84 78

The A matrices are compiled by using the values in the table in place of the u;. For the first
characteristic, A is

9 9

1,00 <5 15330

ASchool = 1,00 55

1,00

and its preference vector is

0,3800
W School = 0,4000
0,2200

The other A matrices are
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L0082 1p

65 100
Awork = 1,00 100
1,00
70 70
1,00 & 0
Apge = 1,00 {5
1,00
100 100
1,00 5% 0
AAppeamnce = 1,00 80
1,00
46 46
1,00 & 0
AArea = 1,00 78
1,00
and their preference vectors are
0,2979 0,3043 0,3571 0,2212
W work = | 0,2766 | ;W 440 = | 0,2609 | \W Appearance = | 0:3071 | andw gyeq = | 0,4038
0,4255 0,4348 0,2857 0,3750

The i-th component of a preference vector is the score the scoring function assigns to the i-th item.
In this example it means that fgepeor provides the score 0,3800 to house A and that f4. = 0,2609
for house B.

The value of A is therefore

A = 0715fSchool + 0,12 f work, + 0721nge + 0722prpeamnce + 0,30 Areq
= 0,15(0,3800) 4+ 0,12(0,2979) + 0,21(0,3043) + 0,22(0,3571) +0,30(0,2212)
= 0,3016.

The value of house B is

25 = 0,15(0,4000) + 0,12(0,2766) + 0,21(0,2609) + 0,22(0,3571) + 0,30(0,4038)
= 0,3477

and that of house C is

2 = 0,15(0,2200) + 0,12(0,4255) + 0,21(0,4348) + 0,22(0,2857) + 0,30(0,3750)
= 0,3507.

The ranking for SMART is B (value 82,60), C (82,25), A (73,15). This is contrary to the AHP
ranking of C' (value 0,3507), B (0,3477), A (0,3016) and an explanation has to be found.
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The difference cannot be explained by the criteria weights because exactly the same value function
is used, and the only difference is in the scoring functions. The difference therefore has to lie in the
scoring functions.

The scoring functions of the AHP do not provide values out of one hundred as SMART’s scoring
functions do. In itself this should not make any difference, because the relative quantities of the
values that give rise to their ranking are at issue here and not their absolute quantities. The scores
of the scoring functions of the AHP are weights — which means that they add up to one — and this
is where the problem lies. An example would clarify this point, but first note that it is sometimes
unnecessary to compile A matrices.

In this study guide and in the literature it is sometimes necessary to construct examples to explain
a concept. Values are then postulated for the competitors and from these the weights are directly
calculated by way of normalisation. For example, the above example uses the scores from the
SMART exercise. The A matrices were then compiled and solved to determine the preference
vectors. However, this is unnecessary. Consider for example the first characteristic (the distance to
school) of the three houses. The scores are 95, 100, 55 with a total of 250. Normalisation provides

a0 300; 2o and we again have
0,3800
WSchool = | 0,4000
0,2200

Returning to the argument, assume there are five items and that their actual performance cannot
be improved. SMART recognises that they are all good by allocating 100 to all of them. The AHP
(which provides scores to all and where the scores add up to one), allocates 0,20 to each. Suppose
the same five items are all equally poor with respect to a subsequent criterion. The AHP will again
allocate 0,20 to all of them, merely because they recorded the same performance, whereas SMART
might allocate 35. This difference between SMART and the AHP can easily give rise to different
rankings.

Once again consider five items and two criteria. Suppose they all perform quite well on the first
criterion, with an excellent score for the fifth item. SMART’s scoring function for the first criterion
allocates values of say 76; 76; 76; 76; 96. Normalisation provides the following weights: 0,190;
0,190; 0,190; 0,190; 0,240, and these are the AHP’s scores for the five items under the first criterion.
Further assume that SMART allocates values of 48; 38; 38; 38; 38 under the second criterion. The
weights to be used as scores for the AHP are then 0,240; 0,190; 0,190; 0,190; 0,190. Also suppose
that the two criteria carry the same weight. The value function of the AHP then allocates the values
0,215; 0,190; 0,190; 0,190; 0,215 and the SMART values are 62; 57; 57; 57; 67.

The example could refer to five students who each writes two papers. The students who are com-
peting for the best scores are One and Five. In the first paper, Five beats the other four by 20
points, but in the second paper One is the winner with 10 points more than the rest. The SMART
approach uses the average of the two papers and the 67 average of Five is the highest. This is not
unexpected, because he beat the other four by 20 points in the first paper whereas One earned 10
points more in the second paper. The AHP — where the points allocated by the scoring function
have to add up to one — shows 0,24 for both top students in the paper against 0,19 for the rest. The
fact that one student achieved 20 points more in one paper compared to the other’s 10 points more
in another paper is lost in the process.

The problem lies in normalisation. SMART provides 400 points (for the five competitors together)
for the first, and 200 for the second criterion. The AHP always allocates a total of one. In the

o4



CHAPTER 3. THE AHP AND SMART DSC3704

comprehensive criticism of AHP (which is discussed later in the guide), “normalisation at every
level” is repeatedly mentioned as the reason for and the cause of specific problems.

Activity 3.4.
The values of competitors My, My, Ms, My have to be calculated with the AHP.

There are three criteria: A, B and C, and a 3 X 3 matriz of pair-wise ratios is obtained from a
group of decision-makers. After applying one of the solution methods from the previous chapter, the
preference vector is determined as

0,2080
0,4305
0,3615

Weriteria =

Three 4 x 4 matrices are also prepared by the group and their preference vectors are found to be

0,1719 0,3004 0,2710
W |01990| 02009 0 |02571
A~ 103166 | B~ 02109 |’ ¢~ 02571

0,3125 0,1978 0,2148

3.4 Multiplicative AHP

Another way of approaching the value function is by asking: Why the weighted sum of the scores?
Why not the weighted product? Why z from z = > w;f; and not from z = [](f;)*i? Lootsma
(1999) is strongly in favour of this approach as an alternative to the (normal additive) AHP because
it naturally arises from the nature and structure of some problems. The w; are the criteria weights
and the f; values are calculated as for the normal AHP scores.

We again use the example of the person looking for a house.
Example 3.3.

You have already been introduced to the table below. It contains the weights of the five criteria in
the second column and the performance of the three houses in the columns below the houses.

Characteristic Weight | House A | House B | House C
School (score) 0,15 95 100 55
Work (score) 0,12 70 65 100

Age (score) 0,21 70 60 100
Appearance (score) 0,22 100 100 80
Area (score) 0,30 46 84 78

In order to determine the value of A in terms of the multiplicative AHP, the AHP scores under each
of the criteria have to be calculated first. Under School is gets 95 out of the total allocation of

95 + 100 + 55 = 250, therefore fg.p 001 = 305 = 0.38.

The scores under the other criteria are: fyom = o = 0,2979;

235
prpeamnce = % = 0,3571; and fAyeq = % = 0,2212.

fage = % = 0,3043;
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The value function of the multiplicative AHP allocates to A the value za with

24 = 0,3800%% x 0,2979%12 x 0,3043%% x 0,3571%%2 x 0,2212%3°
= 0,2954.

Strictly speaking, this is not yet the final z4 because the AHP always demand normalisation. The
values zg and zc also have to be calculated and the three of them have to be normalised.

Activity 3.5.
Complete the process by calculating zg and zc and normalising the three weights.

Activity 3.6.
Which values does the value function of the multiplicative AHP assign to the four items of activity

47
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3.5 Answers to activities

Activity 3.1.

1. The graph of the scoring function appears below.

School (as well as work)

Score
1007

807

607

407

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Distance in km

2. The graph of the scoring function appears below.

Area
Score

1007

607

407

207

0 200 500

Area in m?
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Activity 3.2.

Characteristic House X | House Y | House Z
School (km) 6 5 12
Work (km) 3 10 15
Age (years) 1 10 65
Appearance (category) || Ordinary Yuppies Parents
Area (m?) 550 520 300
Characteristic Weight | House X | House Y | House Z
School (score) 0,20 85 90 55
Work (score) 0,17 100 65 40
Age (score) 0,16 70 0 100
Appearance (score) 0,22 0 100 40
Area (score) 0,25 100 100 60
value 70,20 76,05 57,60

Activity 3.3.
The gap between the values for Y and Z is 18,45 and it can be closed by increasing the weight of a
characteristic so that Z exceeds Y and simultaneously decreasing to the same extent the weight of a
characteristic for which the opposite is true in order to keep the sum of the weights equal to one.
The two characteristics that show the highest score differences are selected to ensure the smallest
weight change.

The difference under age between Z and Y’s scores is the biggest, and for an increase of 6 the gap
narrows to 1000. Under appearance, the difference between the scores for Z and Y is the smallest
(most negative), and the gap narrows by a further 600. The overall narrowing of the gap is therefore
1600 and the 6 that makes

16060 = 18,45

has to be found. The answer is @ = 0,1153 and this is the smallest change in weights (one weight up
and one down) that is necessary to equalise the values for Z and Y.

Activity 3.4.
The value function is

2z =0,2080f, + 0,4305f, + 0,3615f.

The value of M is therefore

2z = 0,2080f, + 0,4305 f, + 0,3615f.
= 0,2080(0,1719) + 0,4305(0,3004) + 0,3615(0,2710)
= 0,2630.

The calculations can be summarised in a table:
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Criterion | Gewig | M1 M2 M3 My
A 0,2080 || 0,1719 | 0,1990 | 0,3166 | 0,3125
B 0,4305 || 0,53004 | 0,2909 | 0,2109 | 0,1978
C 0,3615 || 0,2710 | 0,2571 | 0,2571 | 0,2148
Value 0,2630 | 0,2596 | 0,2496 | 0,2278

Activity 3.5.
The table below has been given. The first task is to calculate the weights for house B and house C
and the last column has been added for this reason.

Characteristic | House A | House B | House C || Total
School (score) 95 100 55 250
Work (score) 70 65 100 235

Age (score) 70 60 100 230
Appearance (score) 100 100 80 280
Area (score) 46 84 78 208

Normalisation requires each of the values allocated under a particular criterion to be divided by the
total of those values (the value on the right). For the sake of completeness, the figures for house A
are also shown.

Characteristic | Criterion | House A | House B | House C
Weight | (Weight) | (Weight) | (Weight)
School 0,15 0,3800 0,4000 0,2200
Work 0,12 0,2979 0,2766 0,4255
Age 0,21 0,3043 0,2609 0,4348
Appearance 0,22 0,3571 0,3571 0,2857
Area 0,30 0,2212 0,4038 0,3750

The value function of the multiplicative AHP allocated the value z, to A with
24 = 0,3800%1 % 0,2979%12 x 0,3043%% x 0,3571%%2 x (,2212%3°
= 0,2954.
The value of B s

zp = 0,4000%"° x 0,2766%'% x 0,2609%*' x 0,3571%% x 0,4038%3°
= (,3422

and that of C is
2o = 0,2200%1 x 0,4255%12 x 0,4348%%1 % 0,2857%%2 x 0,3750%3°
= 0,3415.

These three values add up to 0,9791 and they are normalised by dividing each by this figure. According
to the multiplicative AHP, the values of houses A, B and C are then 0,3017; 0,3495; 0,3/88.
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Activity 3.6.
The weights of the criteria (A, B and C):

0,2080
W Criteria = 0,4305
0,3615

have already been calculated, and the weights (acting as scores) of the four competitors (My, My, Ms
and My ) under the various criteria are presented by the preference vectors

0,1719 0,3004 0,2710
— 0,1990 S 0,2909 andw.. — 0,2571
4 0,3166 | > ° 0,2109 |’ ¢ 0,2571
0,3125 0,1978 0,2148

which have also already been determined. The value function of the multiplicative AHP allocates the
following values to My, My, M3 and M.

z1 = 0,1719%2%9 % 0,3004>%% x 0,2710%%
= 0,2577,

23 = 0,1990%2%% x 0,29009%43% x 0,2571%%1
= 0,2571,

z3 = 0,3166%2%% x 0,2109%%% x 0,2571%%1
= 0,2465,

24 = 0,3125%2%%0 % 0,1978%43% x 0,2148%%1
= 0,2241.

After normalisation, the values of My, My, Mz and My are 0,2615; 0,2609; 0,2502 and 0,2274.
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Chapter 4

Tree structures and rank reversal

4.1 Introduction

The AHP, SMART, and the multiplicative AHP were discussed in the previous chapter as methods
to select one from many. The examples contained a limited number of criteria and no effort was
made to explain what to do when many criteria applied. However, in practice problems frequently
have a great many criteria. (The relevant problem of zero-base budgets, which is not discussed in
this module but of which the author has extensive experience, could have as many as 180 competitors
under a single umbrella criterion.) If we are to solve problems of a practical size, we should therefore
be able to deal with large matrices of pair-wise ratios. The best method is that of log least squares
(LLS) for sparse matrices as discussed in chapter 2. The alternative method (that is still frequently
encountered in practice) is explained in this chapter, and theoretical and empirical reasons are
presented to illustrate why it should be avoided.

SMART and the AHP have not been fully dealt with unless rank reversal has also been mentioned
and that is also dealt with in this chapter.

4.2 Calculating weights with trees

Most current methods deal with a large number of competitors by arranging them in a tree and
then allocating weights in steps from the top down. There could for example be a first level with
five group names. These five are compared in a 5 x 5 matrix and obtain weights from the equation.
The first group name could for example refer to computer software and would be assigned a weight
of u,. This grouping would be subdivided into six subsections, be compared in a 6 x 6 matrix and
obtain the weights u,. The u, weight of computer software would then be divided among the six
subgroupings according to the weights u;. This means that the first obtains the weight u,u,, the
second obtains ugu,, etc, up to the sixth whose weight would be ugu,. As the u; are weights, the
full weight of computer software is divided among the six below and nothing is retained. This also
happens in the other branches of the tree and in this manner the weight is distributed down the
(upside-down) tree until it reaches the end points. These end points (also known as the leaves of
the tree) are the original competitors for which weights had to be determined.

Example 4.1.
Study the tree in figure 4.1. The weights of the nine leaves had to be determined.
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Figure 4.1: Tree with nine leaves.

At the top level the two groupings Ga1 and Gas were compared and subsequently obtained the weights
0,55 and 0,45. The weight allocated to Gy is divided by comparing the four nodes below 21. This
gives rise to a 4 X 4 matrix from which the preference vector vy is determined. Preference vectors
for Goy and G31 are similarly determined by compiling two 3 X 3 matrices. The results are

8’?1 0,30 0,25
Vo1 — 0’22 ,Voo = 0,20 s and V31 = 0,35
010 0,50 0,40

and the instruction is to calculate the weights for the nine criteria.

The allocated weights have been inscribed in the tree in figure 4.2 in order to make the problem more
visual.

The group of four criteria in the left-hand branch of the tree, Ga1, obtained the weight 0,55 and this
has to be divided among K1, Ky, K3, and K according to the stated ratios. Multiply 0,55 by turns
with the components of vay. The result is 0,132; 0,077; 0,121; 0,220. (Conduct a test by adding
them. The answer should be the figure used at the start — in this case 0,55.)

The values of the three items under Gay (Gs1; Kg; Ko), are similarly calculated and come to 0,135;
0,090; 0,225. Howewver, this is not all, because the 0,135 of G31 has to be distributed to the criteria
Ks5, K¢ and K7 below it. Multiplying 0,135 with vgy produces the desired weights. Their values are:
0,0338; 0,0473 and 0,0540.

Therefore the desired weights of Ky to Ky are 0,132; 0,077; 0,121; 0,220; 0,0338; 0,0473; 0,0540;
0,090; 0,225.
Note how the weights are combined in a single answer line. This is how you have to write them in

the examination as well as in your current or future careers. People are unwilling to read an entire
report to look for conclusions in different places. The answers or conclusions or recommendations

62



CHAPTER 4. TREE STRUCTURES DSC3704

0,24 0,14 0,22 0,40 0,30 0,20 0,50

025 035 0,40

K5 K6 K7
0,0338 0,0473 0,0540

Figure 4.2: The tree with weights.

have to be highlighted and suitably summarised.

Activity 4.1.

1. Test the results of the example.

2. Study the tree in figure 4.3 and write down the numbers of the criteria that are to appear in
the value function.

3. Use the tree 4.3 and the preference vectors below to calculate the weights of the value function

criteria
0,2
ug = 0,4 Uy = 0,65 uy = 8’2 duy = 0,2
0 — 0’1 s U2 — 0735 sUgq — ) , an 7T — 0,8 .
0.3 0,2

4.3 Barzilai’s argument

Jonathan Barzilai [1] is a fierce critic of the AHP and has written several articles in which weaknesses
of the AHP are described. However, his criticism of using a tree to calculate weights does not only
apply to the AHP but to SMART as well. It would be easier to understand his argument if we
illustrated it in an example. The example he used has been replaced by an analogous South African
situation.

The tree below is used to determine the importance of the profit from various regions. A retailer who
had commercial interests in the KwaZulu-Natal, Transvaal and Free State provinces and who had

63



DSC3704 CHAPTER 4. TREE STRUCTURES

(%)

(ar]) (a2) ((as) E\T_]

(as )(as ) (a7 ]( a8 )[ ao ]

lAlOIlAlll

Figure 4.3:

Kwazulu Natal Transvaal Free State

[Mpumalanga} [ Limpopo } [ Gauteng j [North-Westj

Figure 4.4: Tree for retailer’s profit.

a head office in each province, decided to adapt his structure to accommodate the new provincial
divisions.

His value function measures profit, and before the change it is

1 1 1
Zold = gf KwaNat + §f Transvaal T gf Free State-

The retailers rule was “a rand of profit is a rand of profit — no matter where it is made”. When
he allocated weights to the three provinces, they received equal values. The retailer maintained
his Transvaal head office in Johannesburg, but established reporting offices in each of the four new
provinces in the tree under Transvaal. Weights had to be allocated. According to the retailers rule,
the Transvaal weight of % had to be distributed equally and the new value function was

_ 1 1 1 1 1 1
Ztree = 3/KwaNat + EfMpuma + EfLimpopo + EfGauteng + 3/NW T 5/Free State:

There is nothing wrong with the rule that governs the allocation of weights. However, when this
rule is repeatedly applied, it gives rise to the above value function which contradicts the rule itself
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so that a rand of profit from KwaZulu-Natal or the Free State is worth four times the rand of profit
from the other provinces. The problem may be ascribed to normalisation at every level. After the
weights of one third each had been allocated at the first level, they were fixed. When the four new
provinces came into existence, only % was available for distribution among them whereas the two
old provinces did not need to relinquish part of their weights.

If the system were to be applied to all six the provinces, they would receive equal weights and the
value function would be

1 1 1 1 1 1
“flat — ngwaNat + EfMpuma + gfLimpopo + ngauteng + ngW + ngree State-

Our first thought is that participants in such a study (or the retailer) would understand the problem
and would compensate for it. In the tree above, one would for example not have allocated equal
weights to KwaZulu-Natal, Transvaal and the Free State — Transvaal would have received a greater
weight.

The following would have to happen to compensate fully: The facilitator would have to point out
that Transvaal comprised four parts, and the participants would have to allocate a weight that was
worth four times those allocated to the other two provinces.

However, this does not happen. The tree uses the participants in the same manner as the rule does
in the above example - the distribution of a specific weight. The facilitator tries to compensate for
this situation by pointing out the importance of the groupings that consist of many components,
the participants react with insight, but the trees modus operandi remains dominant.

4.4 Empirical evidence

In a study conducted for Armscor in 1996, a branch of a real tree was taken and two alternatives
were constructed. They contained the same criteria but were organised into different groupings.
Two of them are shown at the end of this chapter as tree 1 and tree 2.

Everything was done to ensure that the process remained as authentic as possible. The usual team
who constructed the first tree as part of the bigger study allocated the values in the room they nor-
mally used. The project facilitator played his usual role. In addition, he constructed the alternative
trees and they made sense to the participants. When two trees had the same substructures, the
questions were not repeated. (In this manner the five components of Ag; were for example compared
only once.) All the observations were collected during the same session.

The results are presented in the table below. The criteria were grouped so that their mutual ratios
remained the same. The first group in the table is A;; and appears unchanged in all the trees. The
second group contains items 25, 42, 47, 49 and 50 that appear in the second tree under A5 and in
the first under A;. Their ratios were asked only once (in the 6 x 6 matrix in which the components
of A; were compared).
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‘ Group H Tree 1 ‘ Tree 2 ‘ Tree 3 ‘

1 6,15 | 17,86 15,11
2 20,34 | 12,94 | 8,86
3 422 15,15 | 14,44
1 124 403] 6,01
5 6,01 315 | 4,04
6 846 | 784 823
7 741 6,62 7.65
8 5,51 227 2,90
9 510 332 426
10 6,80 | 4,41 5,10
11 8,62 544 | 5,72
12 507 2,65| 3,24
13 500 7,71 8,29
14 6,00 572| 6,15

| Total [ 100,01 [ 100,00 | 100,00 |

Any comment would be superfluous. It is clear that using trees to calculate criteria weights interferes
with the values. The differences are so extensive that a credibility gap develops. If we cannot remedy
the situation, decision experts would have to withdraw from this field and acknowledge that the
answers were unreliable.

This result is not unique. Although this is the only experiment of the kind with which the author
is familiar, experienced facilitators state that trees with many levels always present the problem of
lower-level leaves receiving too much weight compared to the leaves on the furthest levels. In practice
this type of tree needs panelbeating to provide answers that are closer to expectations. This does
not bode well for the underlying technique and reaffirms the credibility problem.

It is suggested that a small number of items (nine at most) from different branches be compared after
the weights have been allocated to establish whether the values confirm the trees values. (Remember
that weights are normally calculated from fully completed A matrices. This is the reason why trees
are used and why an absolute maximum of nine criteria apply in this test.) However, this does not
appear to be a sound solution. What do we do when there are big differences?

Two new questions arise: What causes the floundering, and Does a general rule exist to avoid the
floundering?

4.5 Dwindling values

We can deduce from the theoretical example on profits in the different provinces that the lower the
criterion is located in the tree, the lower its weight will be.

The same pattern applies to trees obtained in practice (in the experiment) where one also sees that
a criterion that competes with many other criteria tends to have a lower value. The worst scenario
would probably be when a tree has several short branches and one big branch both with many nodes
at a particular level and with many levels. A leaf that lies on a far level on this branch will have a
much lower value than if it were located at the first level in another tree.
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None of the above has been proven; these are deductions and generalisations based on the example
and practical experience. However, the experiment does prove that two different trees can assign
dramatically different weights to the same criterion. The best explanation for this phenomenon is
probably found in the hypothesis of dwindling values.

Hypothesis of dwindling values

When a number of items are grouped under a summarising heading, their individual values diminish
to a value that is lower than the sum of these values. The more items joined, the greater the value
loss.

The dwindling values hypothesis is related to Millers 7 4+ 2 rule. Miller postulated in an article
published in 1956 that every person has an upper limit in terms of the number of concepts he or she
can deal with intellectually at a time. This limit differs from person to person, time to time, and
between different fields. At best the limit is nine, and it can drop to as low as five.

When a person has to compare a grouping of four levels and 130 criteria with another grouping of
one level and five criteria, his or her brain is quite incapable of dealing with the detail of 130 criteria.
The only way in which the human brain can process such a large number of items is to give them a
single name. In a tree like this one, with four levels, this name would be an abstraction of the names
just below it and they would already be an abstraction of the names on the level just below them,
etc. Allocating weights to the bigger grouping (ie the 130 criteria) compared to the smaller grouping
(five criteria) emerges quite skew with too little weight for the bigger grouping. Whether the bigger
grouping comprises 80 or 200 items would not make much difference to the value it receives, so that
the bigger the grouping becomes, the more it would be neglected.

Example 4.2.

In a country where the government wants to and can control crime (such as England or the Nether-
lands), a single murder appears on the national news and is even debated in parliament. In South
Africa where murder, robbery and rape occur every day, the atrocities perpetrated on rural whites
are summarised under the heading “farm murders” and the cruelty and hate that are manifested are
only mentioned in the media when the tempo sharply increases or when European or other visitors
become the victims. The scope of these atrocities disappears because of the grouping.

Note that any pair-wise comparison compares precisely two items (as the word “pair” indicates), and
Millers 7+ 2 rule is not applicable. The rule only applies when one of the two items represents a
large group of items. The group suffers from dwindling values.

4.6 Simultaneous value scores

Chapter 2 emphasised the LLS method. It was pointed out that a benefit of the LLS method was
that it could deal with sparsely completed A matrices. A matrix can therefore handle many items
without expecting too many observations from the participants. It represents the ideal tool when
we have to avoid value allocation by using trees.

A number of practical questions arise. The first is the number of observations needed and the
second is concerned with the type of observation required. The South African National Defence
Force (SANDF) executes several missions (37) that have to be listed in priority sequence every year.
The LLS method was used in 2004 and each participant was expected to fill in the three upper
diagonals as well as the accompanying triangle at the top right-hand side of the matrix. The limited
(12 x 12) example below illustrates the sites that had to be completed in a case like this.
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14+ % — — % +
1+« — — %
1+ % — —
1+ % —
1+ % —
A— 1+ x —
1+ % —
1+ % —
1+ % —
1+ %
1+
L 1_.

The addition symbols, asterisks and dashes indicate the positions for which values have to be de-
termined. The white section gives an indication of the number of matrix positions that were not
required. The saving is enormous in a large matrix (eg 40 x 40).

The number of observations is 3n and the number of parameters to be estimated is n. The number
of degrees of freedom is therefore 2n and for n = 37 the number of degrees of freedom is more
than adequate. In this case degrees of freedom is a statistical term that is for example used in
statistical tables. More degrees of freedom are always desirable, and an extra observation usually
offers an extra degree of freedom. However, additional observations cost money and effort and as the
value of an extra degree of freedom decreases, there comes a point where experimental statisticians
are satisfied with the number of degrees of freedom. Some thirty degrees of freedom are usually
considered sufficient, but it also depends on variance: the more extensive the variance, the more
value is presented by an extra degree of freedom. The errors and variance in this type of observation
are extensive, and 74 degrees of freedom are ample but not excessive. The facilitator normally judges
the amount of available time, and if there is enough time, three upper diagonals are obtained as
indicated in the above scheme.

The above explains the number of observations.

The positions in the matrix indicated by a plus symbol are the first for which a facilitator would
obtain observations. The reason why these positions have been selected becomes clear when the
indices of the upper diagonal are considered. The entries directly to the right of the diagonal
represent the upper diagonal and its elements are the a; ;4 for i = 1,...n — 1. (Note that the n-th
row does not contain such an element.) They compare criterion 1 with criterion2; criterion 2 with
criterion 3; . . . ; criterion n — 1 with criterion n. The element a; ,, on the upper right-hand side of
the matrix compares criterion n with criterion 1 and the circle is closed in this manner.

These n observations therefore link each criterion with the subsequent one, and the last criterion
with the first one. The set of observations marked with asterisks does almost the same, but misses
one every time. Criterion 1 is compared with criterion 3, criterion 2 with 4, 3 with 5, and eventually
n — 1 with 1, and n with 2. The observations marked with dashes link 1 with 4, 2 with 5, and
eventually the end is again linked to the beginning by comparisons between n — 2 and 1, n — 1 and
2, n and 3.

This structure aims to make provision for occasional inadequate observations. Suppose asg in the
above matrix is inadequate (has a very large or a very small fs4), then there would be a4s and as;
from the data set marked with an asterisk to avoid a break between the first five and the last seven
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criteria. There would still be a few observations from the data set positions marked with a dash
to close the inadequate link, namely asg, asr and asg. In addition, the criteria with high numbers
would be linked to those with low numbers, which also prevents the first five and the last seven from
getting out of perspective because of one inadequate observation.

Despite the above argument about the choice of observations, there is definitely room for further
research.

The LLS method, which has been developed here for one contributor, may be used again if there is
more than one contributor. Every participant provides his or her ratios for each of the previously
selected matrix positions, and in this manner (what are known in the statistical field as) repeated
observations develop. These observations make no difference to the calculations. The algorithm in
terms of which the equations are compiled and from which the LLS weights derive, is applied to each
individual observation. The equations would now have higher coefficients because there are more
entries, but this does not affect the method of solution.

Example 4.3.
Two participants have to determine weights for two items. They provide the A matrices below.

1050714
11222

A = :
1
1 07516

11,25
Ay = 1 25

1

Compile the equations from which the LLS weights can be determined.

The contributions of the first participant provide the equations that can be written down from the
first table below

3 |-1|—1|—1|| n0,54+1In0,74+1n14
-1/ 3 |-1|—1|-In0,54+1In1,2+1n2,2
—1]—-1] 2 —In0,7—1In1,2
—1]—1 2 —In1,4—1In22

and the table of the second participant is:

21 [—1]-1 0,75+ 1In1,6

1]—1 In1,25
—1[=1[ 3 [-1|-m0,75 — In1,25 + In 2,5
—1] |-1] 2 —Inl6-In25

The above tables are merely applications of the algorithm that provides the equations Db = d by
initially making all the elements of the matriz D and the d equal to zero and then processing the
observations one by one. If an a;; is obtained, the following six entries and transfers take place

d,‘,‘ — d“ + 1,' djj — djj +1
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di]’ — —1,' dji — —1

dﬂ—di—i-lnaij; dj<—dj—hl(lij.

Because the algorithm processes the a;js one by one and adds the contributions of each into the table,
the two tables may be considered subtotals of the table obtained when the two data sets are combined.
This table will therefore look like this

5 1—1|—2|-2|| n05+1In0,7+In1,4+1n0,75+1In1,6
—1| 4 |—2|-1 —In05+In124+1mn22+1n1,25
—2(=2/ 5 |-1|-In0,7—In1,2 —In0,75 — In 1,25 + In 2,5
—2|—1|—1| 4 —In14—-—In22—-In1,6 —In2,5

The desired equations may be read from the table.

Activity 4.2.
Three participants have to provide weights to four items, and their contributions are included in the
following A matrices

[10,40,20,2] 1 0,30,2]
1 0,4 | 106
A= 1 Az = 10,7
L. 1 - — 1 -
(104  02] (1 03 ]
105 | 10604
A5 = 1 06 Au = 10,7
- 1 - - 1 -

1. Prepare the table for each participant from which the equations for determining its LLS weights
can be compiled.

2. Present the table for their combined weights.

4.7 Other issues and questions

This first section of the chapter provided theoretical and empirical reasons why trees should not be
used to calculate weights. Once again the LLS method was emphasised because it can deal with
extensive sparse matrices. The way to calculate the LLS estimator when more than one participant
is involved has been explained and numerically highlighted. However, a number of issues still have
to be discussed before we turn to rank reversal.

First there is the other role of trees, namely to discover and develop the value system. Trees are
ideal for this purpose and a facilitator would probably never consider going ahead without them.
(Chapter 1 contains more information on this topic.) Clearly distinguish between using trees to
identify different criteria in the value system - which is good and right - and using trees to calculate
weights. It is the latter that gives rise to glaring errors and that should be avoided at all costs. Rather
use the LLS method for one large, sparse matrix that comprises two or three upper diagonals and
the corner elements as discussed in this chapter.
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Secondly, suppose a facilitator has to choose between either using the tree to calculate weights or
the LLS as recommended in this chapter. He or she decides to use both and subsequently obtains
two sets of weights that correspond sometimes and otherwise differ dramatically. The facilitor shows
the results to the client who comments, “If the two sets of weights differ so much, how do we know
that anything that derives from this process makes sense? You say the tree gives erroneous weights
- how are we to know that the weights from the sparse matrix are reliable?”

The answer is that we know where, how and why the weights calculated from the tree differ. The
problem is the brains inability to deal with a great number of items at the same time. The phe-
nomenon of dwindling values causes the values of item groupings to be underestimated because the
brain cannot remember the value of each separate item in the grouping.

The only test for accuracy in using a method like this is probably whether the participants consider
the values determined from their equations to be correct. If this test is applied to weights from a
tree and if the tree is deep enough, the answer is, without exception, negative. On the other hand,
values obtained from items that are all at the same level would be acceptable to participants. It is
sometimes said that the values lie too close together, but errors are rare if the process is conducted
correctly.

Using sparse matrices does not obviate all problems. The way in which questions are asked and
the way in which the answers are digitised to determine the A matrix is a subject on its own that
is discussed in more detail in chapter 5. A specific problem exists around the scales that are used.
The results of two participants whose weights arrange the items in exactly the same order can
nevertheless differ considerably in that one persons weights would lie close together whereas the
other persons weights would lie far apart. This difference is often ascribed to one persons inability
to allocate high values to the pair-wise ratios. The two participants use different scales. However,
when a groups weights are determined, everyone has to use the same scale to stop the contributions
of the enthusiasts from dominating the results of the more careful. The LLS method has to make
provision for this eventuality. The method presented in this chapter is therefore not the be-all and
end-all.

Apart from the problem of getting all the participants to use the same scale, there is the issue of
differences of opinion. It is unlikely that all the participants would hold the same opinion when it
comes to the relative importance of different criteria, and this aspect should also be kept in mind.
Perhaps the expanded LLS method indicated for several participants can best be summarised by
stating the correct purpose of the method discussed in this chapter — or by specifying the assumptions
in terms of which this method would be appropriate. These assumptions are that all the participants
apply the same value system to the criteria to be weighed, and that all the answers reflect the same
amount of enthusiasm.

The two expansions to the LLS method for several participants have been discussed separately but
not together. Chapter 5 contains more information on persuading the participants to use the same
scale.

4.8 Rank reversal

Rank reversal is a phenomenon associated with AHP where the addition of an extra item changes the
rank order. There may for example initially be four items under three criteria that obtain weights of
0,41; 0,23; 0,22 and 0,14. When a fifth item crops up, all the items have to be re-evaluated, and the
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weights are then 0,36; 0,20; 0,21; 0,12 and 0,11. The sequence has been maintained and the weight
of the new item has been added at the end.

It is easy to understand why the weights of the first four items decreased when the fifth item was
added as these weights always have to add up to 1. However, it is not clear why the third item
now has a bigger weight than the second item. Their rank order has changed. The original ranking
was I1; Ig; I3; Iy and has now been changed to Iy; I3; Iy; I with I5 last. However, the issue is the
first four. It would have been easier to understand this change if new facts had come to light to
influence the relative positions of the first four items. However, this did not happen in any of the
rank reversal examples.

The first example of rank reversal was compiled by Belton and Gear in 1983. (Belton and Stewart
[2] are co-authors of one of the two recommended books in the reading list.) They had to evaluate

three competitors in terms of three criteria (see the table below). These criteria were K, Ky and
Kj3. The items were A, B and C.

Ky | Ky | Kg

Al 11918
Bl 9|11]9
Cl 1 111

The values out of ten of the three items in the column under K; are given as they contribute to Kj.
We have considered this same situation earlier in the guide and concluded that a 3 x 3 A matrix
may be prepared and solved from these values (1; 9; 1). We have also shown that it is much easier
to obtain exactly the same Weights by normalising the values. The weights assigned to A, Band C

under K1 are therefore 1 In the same way they obtain the weights 2; 1; 1 under K, and

) 110 110 11
TR 18 under Ks.

117 117 11

For the sake of simplicity, Belton and Gear assigned equal weights to the criteria and the value for

A is therefore 1 19 18
+ —— =0,4512.

1
M=37T311 T 318

In the same way
19 11 19
= —— _— —_—0 = 4
=371 T3 T31g - 0407
and

Y C
T 311 7311 "318°

The order is therefore B, A, C.

Belton and Gear then introduced a fourth item, D, with exactly the same characteristics as B (see
the table below). Note that the characteristics of A, B and C remain unchanged.

K1 KQ Kg
Al 1198
B| 9 119
Cl 1 1 1
D919
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Activity 4.3.

1. Calculate z,, zg, 2¢, and zp.
2. Place the items in rank order.

3. Compare the rank order of A, B and C with that obtained above, and provide comments.

It would be best to solve the activity first and to compare your answer with the solution at the end
of this chapter. However, if you prefer not to lose the thread of this discourse or if you are reviewing
the material, you may turn to the solution for this activity and then refer to the sections mentioned
under the next activity.

4.9 Dyer’s article

After this introduction, Dyer’s paper [4] is easily understandable. It contains a major part of the
study material on rank reversal. The author is interested in dealing with major practical problems
and believes SMART to be the best (currently) applicable method thanks to its scoring functions
which enable evaluation of competitors at different stages. This practical orientation determines
to a large extent the emphases on different parts of the Dyer article and in particular why it is
unnecessary to read the second section on the axioms of AHP.

Dyer and a few co-workers made it their mission to reform the AHP by bringing it closer to the
utility theory. Utility theory with its strong axiomatic substructure is widely supported in the USA.
(In South Africa, as in the USA, decision making is deemed a branch of mathematics — which is not
true of most British universities). This forced the Saaty camp to provide an axiomatic substructure
for the AHP, and the Dyer article concentrates on this aspect in the second section. Section 3 deals
with the topic of this chapter, namely rank reversal, and we direct most of our attention to this
aspect. Except for the second section, you are required to read and understand the entire article.

Look for the Dyer article in the reader at the back op this guide. It is entitled “Remarks on the
analytic hierarchy process”. Page to the third section under the title, “Rank reversal and arbitrary
rankings”, and read the entire section. Then go to the activity below to help you understand Dyer’s
arguments, and afterwards check the solution at the end of this chapter.

Activity 4.4.

1. The argument concentrates on cars. Interpret Belton and Gear’s counter example with refer-
ence to the example in Dyer’s article.

2. Compile a table with particulars of the cars for Dyer’s expansion on Belton and Gear’s example
(where the extra car is a BMW and not a Mercedes).

3. What is Dyer trying to say with this example?

4. An example by Dyer and Wendell is also given. What does Dyer wish to indicate with this
particular example?
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Dyer introduces an interesting point regarding the example by Dyer and Wendell. He contends that
the best ranking is obtained by simply adding the scores under the four criteria for each item. This
provides a SMART value function where a scoring function (unknown) under each criterion provided
the scores (out of 10) in the table.

The Saaty camp reacts to Belton and Gear’s example by calling it unrealistic. Why would one need
copies in such an equation? If copies do in fact occur, they should not be allowed to compete in
the AHP but should receive weights by accepting the weight of their representative competing in
the AHP. The preliminary weights are then normalised to obtain actual weights. Copies of different
items can be dealt with in this way.

Dyer does not believe that their argument is based on intuitive or technical grounds because it is
reasonable to expect a procedure of this kind to be able to deal with copies. The copy should receive
the same weight as the original, which should in turn have the same ranking as the original. The
AHP does assign the same values, but the rank order of the original decreases.

When an example of close copies were introduced, Saaty devised a test to designate an item close to
another one as too close to prove that it should also be banned. This view would nullify examples
such as the one that mentions the BMW.

Dyer did not agree, and the last example was formulated in which rank reversal occurred without
the extra item being completely different from the other items. Dyer was then convinced that he
had proved that the AHP ranks were arbitrary and failed to reflect the opinions of the participants.

Now read the first section in Dyer’s article in which he compares the activity question in the AHP
with the one in the utility theory. He comes to the conclusion that the AHP questions contain
several built-in biases. The AHP question expects a relationship between the importance of two
items and that is the type of information required by all the methods dealt with in this guide. We
will not discuss this point further, but you should study the nine-point scale in the next chapter.

The rest of this section mentions other aspects of the AHP with which Dyer or other researchers do
not agree, but he concentrates on those aspects which he considers important. This is not uncommon
as most researchers focus on specific aspects and mention others only in passing.

You may ignore the second section in the article, and you have already read and studied section 3.
Now study sections 4 and 5 to enable you to answer questions on the relevant material. You are not
required by this module to know or report on the utility theory or its multivariate MAUT extension.

The questions on sections 4 and 5 will therefore be limited to topics that do not touch on the utility
theory or MAUT.
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4.10 Answers to activities

Activity 4.1.

1. Testing is possible because the overall weight cascading from the top is 1 and remains 1 (ie with
the exception of the rounding off of the calculations for K5 and Kg). If they had been given to
the fifth decimal, their values would have been 0,03375 and 0,04725. If the values 0,132; 0,077;
0,121; 0,220; 0,03375; 0,04725; 0,054; 0,090 and 0,225 were added, the answer would be 1.

Although this test does mot guarantee a correct answer, is does provide reassurance that no
serious calculation errors have been made.

2. The end nodes (leaves) appear in the value system, thus Ay; As; As; Ag; As; Ao; Avo; Air.

3. Ay to Ay obtain their weights directly from ug — thus 0,2; 0,4; 0,1; 0,3. The weights of Ay
and Az are therefore 0,2 and 0,1. The 0,4 of As is divided in accordance with uy and provides
the weights 0,26 and 0,14 for As and Ag. The 0,3 of Ay is divided in accordance with uy and
provides the weights 0,15; 0,09 and 0,06 for A;, As and Ag. The 0,15 of A7 is divided in
accordance with wy and provides 0,03 and 0,12 for Aig and Aq;.

To summarise: The weights of Ay; Az; As; Ag; As; Ag; Aio; A1 are respectively 0,2; 0,1;
0,26; 0,14; 0,09; 0,06; 0,03; 0,12. Their sum is 1.

Activity 4.2.

1. The following are the tables for the four participants, starting with the first participant

3 |-1/—1|-1|| In0,442In0,2

—1( 2 —1||-In0,4+1n0,4=0

—1 1 —1n0,2

—1]—1 2 —In0,2—1n0,4

2 —1|—1 In0,3+41n0,2
1]-1 +1n0,6

—1|—-1| 3 |[-1|-In0,3 —In0,6 + In 0,7

—1 —1] 2 —In0,2—1n0,7

2 |—1 —1|| In0,4+1n0,2

-1 2 |—1 —In0,4+1mn0,5
—1| 2 |[-1|—=In0,54+1n0,6

—1 -1/ 2 ||[-In0,2—-1n0,6

1 -1 In0,3
2 |—1]—1 In0,6 +1n0,4

—1|—1| 3 |[-1|-In0,3 —In0,6 + In 0,7
—1/—1] 2 —In0,4 —1n0,7
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2. The joint table is presented below.

8 |—2|—-3|-3 41n0,2 4+ 2(n0,3 + 2In0,4

=2 7 |-3|-2 In0,5 + 2In0,6

—31=3| 9 |-3||—In0,2 — 2[n0,3 — In0,5 — In0,6 + 2(n0,7
—3|—2|-3| 8 —3(n0,2 — 2in0,4 — [n0,6 — 2(n0,7

Activity 4.3.

. %2_10+%19_2+%%:O,3654
Y é2_90 n %11_2 + é29_7 — 0,2889
_ %2_10 L %1_12 + %2—17 — 0,0568
_ %2% N %1_12 n éz% _ 0,2889
2. The order is A, (B, D) C. B and D are identical, they have the same weights and share a

position. (They are jointly second.)

el

ZD

3. Before D was introduced, the rank order was B, A, C. One would expect the two identical
items to occupy the same position, but also that B would retain the first position. However, B
was originally in first position and now occupies the second position. This cannot be logically
explained.

Activity 4.4.

1. Belton and Gear’s example presents a choice between three cars. Item B is a Mercedes and the
extra item, D, is also a Mercedes. D may for example be another colour than B, but otherwise
the two cars are identical. Moreover, colour is not specified as a criterion.

2. The table for the example in which the extra car is a BMW follows below.

oo ~| o] ~| =
NNNQ@
S| | | | X

O Q| =~

3. Dyer wishes to indicate that rank reversal also occurs when the extra car is similar but not
identical to the other one. (Americans do not consider a BMW equal to a Mercedes, but the
two cars are similar compared to the cars American drivers are used to.) By explaining the
example in these terms, Dyer presents his readers with a practical possibility they can compare
with the example about two identical cars.
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4. Dyer and Wendell’s example shows that rank conversion is possible, even if the extra item is
completely different. Rank reversal can no longer be explained away by trying to fault with

the example. This is an illogical outcome of the AHP which renders every application of this
method suspect.
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Chapter 5

Scales

5.1 Introduction

Up to now A-matrices were used without any attention being paid to the scale used in the pair-wise

judgments a;;. When participants are asked to give a;; = +* the question is put as:* How many
J

times is item ¢ more important than item j?”

(Actually it should be how many times item 4 is as important as item j. If item 4 is once more
important than item j, it means, strictly speaking, that a;; = 7{5—] = 2. However, people who are
not quantitatively oriented would have described this ratio by saying that item ¢ is two times more
important than item j. Since people generally understand it this way, the facilitator has to accept

this and ask: “How many times more important is item 7 than item ;7”7 He expects to get = in
J
reply.)

Intensity of
importance on Definition Explanation
an absolute scale
1 Equal importance Two activities contribute
equally to the objective
3 Moderate importance | Experience and judgment strongly
of one over another favor one activity over another
5 Essential or Experience and judgment strongly
strong importance favor one activity over another
7 Very strong An activity is strongly favore
importance and its dominance demonstrated
in practice
9 Extreme importance | The evidence favoring one activity
over another is of the highest
possible order of affirmation

The table is given verbatim.

Usually participants are not expected to supply a number. Instead a set of categories are offered
and participants have to choose one. The facilitator translates the category to a number by using a
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table. In the early days of pair-wise comparisons Saaty’s (1989) “fundamental scale” was in common
use. (It is given as in the paper and demonstrates a lack of finish which is commonly found in his
work. Mathematicians have an instinctive aversion to inaccuracies and this trait of Saaty’s has
undoubtedly contributed to the number of objections to his work. The table is from his paper “The
negotiation ...” which is included in this guide.)

This is only one of a number of semantic scales, all using the concept of descriptive categories with
paired numerical values.

Participants are asked to compare item ¢ to item j. If they are equally important the entry is 1. If
item ¢ is more important than item j one of the descriptions in the middle column is chosen and the
value of a;; is read from the first column. If item j is the more important one a;; is allocated the
inverse of the value in the first column.

There are better scales than this one (more about this later) but they all operate the same way
although they differ in descriptions and numerical values. As a group they are known as semantic
scales.

A second way is to ask participants for a numerical value. To the question: “How many times is
item ¢ more important than item 77”7 a numerical value representing the participant’s sentiments is
expected. Experience shows that participants often have a problem with the scaling of their answer
and someone from the group would invariably counter with the question: “Out of what? What
is the maximum?” Answering that the scale is open and that the number may even be 1 000 but
must represent the participant’s real valuation, is not appreciated except by the really quantitatively
oriented.

A third way and the one that the author is currently using, is the use of a visual analogue scale.
A question is represented by twee bars with the name of the item next to its bar. The participant
must compare the top item with the one below it. The most important is chosen and the bar of the
one of lesser importance is shortened by pencil to a length that represents its relative importance.
The ratio of the lengths of the two bars must express the participant’s sentiments on the relative
importance of the two items.

The shortest bar is measured (the other one is of standard length) and the appropriate ratio (the
length of the top bar over the length of the bottom bar) is calculated. This value is entered in the
data set.

The following section considers the way in which semantic scales should be constructed. A valuable
approach with application to the transformation of observations and scales is proposed there. The
ability to transform scales is necessary and useful when the contributions of a group of participants
must be placed on the same scale.

When using open or virtual scales and to a lesser extent semantic scales, it is soon observed that
different people use different scales and that it is virtually impossible to teach them to use the same
scale. One person may be comfortable with a scale setting one item four times (or even 10 times)
as important as another while another participant is not prepared to go higher than a 2. Of course
most people fall somewhere in between. People who measure conservatively are often very accurate
but the more exuberant are not necessarily inaccurate. The main difference lies in the scale applied.
It doesn’t make sense to do calculations with data some of which are in kilometres and the rest in
miles — all observations must first be brought to the same scale. Put differently: The task is to
prevent that conservative contributions are overwhelmed by the contributions of the exuberant. A
section is devoted to this.
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5.2 Semantic scales

Five, seven and nine point scales are frequently used in surveys and since people are so used to them
they find it difficult to adapt to an open scale (that has no upper bound). Scales may, however, be
open.

Consider the ratio of importance between the value of a life and that of a five cent coin. Is it a
thousand? Or a million? Or is it much more? For one of the world’s super rich his own life will
certainly be many milliards of times more important than a South African five cent coin which will
be meaninglessly unimportant to him. The point is that a numerical scale expressing the ratio of
importance of two items in principle cannot have an upper bound.

A set of items encountered in practice, of course, will not show such drastic contrasts and differences.
It usually is not unacceptable to set an upper bound on ratios — say a limit of 10. The question is
how the semantic scale must increase as the categories progress.

One could start by considering Saaty’s fundamental scale. He proposes other scales as well but
they are similar and may for example run from 1 to 1,9 in increments of 0,2 The increment in this
case is 0,2 while for the fundamental scale it is 2. Fixed increments, however, contain inherent
contradictions as is illustrated by the following example.

Consider the semantic scale of the following table.

A’s importance against that of B | Numerical value
Equal 1
Moderately more important
Strongly more important
Very strongly more important
Extremely more important

O 3| O W

Suppose item 1 is moderately more important than item 2 and that is again moderately more impor-
tant than item 3. Item 1 should be (at most) strongly more important than item 3, definitely not
very strongly more important. Following this interpretation the ratio between items 1 and 3 should
be a 5 (or even less) on this particular scale. The A-matrix should therefore be

1 3 5
A= 1 3
1

This matrix is not consistent (errorless) at all. Ratios are of the multiplication-division type. From

Wi

aip = 3, agz = 3 and the definition of a;; (a;; = w—j) it follows that

w1y w1 Wa
a13:—:——:a12a23:3><3:9.
w3 W2 W3

The two threes in the A matrix above therefore imply a 9 in the position (1, 3).

As far as the participants are concerned the A is correct. They chose categories that made sense.
They mean strongly more important and the 5 numerically represents their opinion. The error is
caused by the scale — it is the numerical values that do not make sense, that introduce the error.

Lootsma’s scale follows a different pattern. His argument is that one notices factor increases. For
the categories in the table below the numerical values are given by the powers of a constant a.
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A’s importance relative to B’s | Numerical value
Equal a’ =1
Moderately more important !
Strongly more important
Very strongly more important
Extremely more important

2
3
4

LI R|S

The value of o can differ from case to case.

Lootsma bases his geometric sequence for the consecutive categories on Weber’s psycho-physical
power law of 1834. He admits that not all sensory observations follow the power law with the
loudness of sound (in dB) a well-known example. The power law is nevertheless applicable to the
measurements that are of interest here.

(Weber did his research on how people react to physical stimuli, eg how they experience water
temperature, in Leipzig. His result is known as Weber’s power law because he found that the ith
category experienced coincides with a real measurement of apa’ of the physical property experienced.
Here g is the measurement, eg temperature in degrees Celsius, on level zero, the level where the
measurement was started. )

The challenge is to convert the human observation to its “real” value. The use of Weber’s power law
to allocate a numerical value to a category can be generalised to be applicable to every intermediate
position. If a® is the numerical value of the kth category then o® (with z a continuous variable) is
the function that allocates a numerical value to the human observation of x.

The problem to get different participants on the same scale can now be tackled. The transformation
to be used on the observations is to raise them to a power since this obeys the power law.

. : : . .
Let a;; be an observation then it can be written as a;; = o®. Now transform a;; = (0%, ent) DY

raising it to the power 8 and call the value found b;;. This means that b; = (a;;)” = (0% ren)’ =

current - current) €Xpressing the transformed observation b;; in terms of the
same power. What did change was the base o but it is the same for all the transformed observations.
Each of them can now be written in terms of the new base but raised to the same power that it

originally had.

(0 o) = o where oy = (o

Suppose there are K participants. Each of them supply a reasonable large number of observations,
typically about a hundred and the numerical values supplied vary from 1 (equal importance) up to
as high a value as a 10 or even a few 20s. If a semantic scale is used the highest numerical value of
the scale is of course the upper bound on the observations.

For each of the participants one has to find an exuberance figure representing the width of his
personal scale. (One way is to take the 95th percentile. Another is to use the average of his five
largest values.) Let Uy be the exuberance value of the kth participant. Study the K exuberance
values and decide on a standard value, perhaps a whole number near the mean. Call this value U.

Each set of observations will now be transformed so that the new exuberance values are all equal
to U. For the kth participant this means that a power [, has to be found and used on all his
observations. (3 must have the property that it transforms the exuberance value to U. Therefore it
has to hold that

Uk =U
logU = BilogU,
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By = logU /logUy.

The ) of the kth participant is calculated and each of his observations is raised to the power of
Ok to get a new set of observations that is on the common scale. This is done for each of the K
participants. The resulting sets of data are all on the same scale in the sense that the lowest value
in each set is 1 and the measure of their highest values are all at U.

Example 5.1.
Three participants contribute observations. All questions are not answered and the participants

contribute 121, 118 and 119 observations. The eight largest values from each is listed in the table
below.

Participant 1 | Participant 2 | Participant 3
4,5 100 2,5
4,0 90 2,4
3,8 5,0 2,4
3,6 4,5 2,3
3,1 4,3 2,2
3,0 4,0 1,8
3,0 3,6 1,6
2,4 3,5 1,5

The top two observations of the second participant are much higher than those of the other two and
the facilitator judges that they are wrongly so. To handle this it is decided to use the mean of the
third, fourth and fifth highest observations in each set as the exuberance values. They are

3843631
U, = ’+:;+’ —35
5,0 44,5+ 4,3
U, — ’+:;+’ — 46
24423422
U, — ’+:;+’ ~23.

Suppose 3,8 is taken as the value of U. The three 3 values are calculated by using By = logU /logUy,
and the values below are found.

logU  log3,8

b= logU; — log3,5

= 1,0656, B, = 0,8748 and B3 = 1,1182.

To check for accuracy U,f’“ can be calculated for each k. All three of them give 3,800 and the 3 values
look good enough to achieve transformed values accurate to the third decimal position. More decimal
positions can of course be used for the (s but it is good enough for the example. Considering the
accuracy from a measurement viewpoint it is also good enough because the observations a;; were in
any case given as two decimals only.

Once the Bs have been found it is easy enough to transform the three sets of observations. The
observations in each set is simply raised to the power of the 3 of that set — the observations in the
kth set are raised to the power (3.
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Activity 5.1.
Consider the data sets of the example. For the exuberance values the third largest values are to be

used. Find the Bs if U = 3,75 and for each participant transform the three smallest observations in
the table.

5.3 Transformation of the weights

Suppose that a data set was improved by transforming the observations to get them on a common
scale. A preference vector was calculated from this set. The question now is whether the preference
vector is on the right scale, and if not, how it can be transformed.

The problem studied in this module (choosing one from a number) is eventually solved by allocating
to each of the competitors a single value (a scalar, not a vector). The competitors are put in rank
order according to this scalar. Whether the scale is stretched or compact makes no difference since
the rank order remains the same — or not?

Recall that the scalar valuing a competitor is found from the value function. Recall further that a
value function is a weighted sum of scoring functions. Should the scale be such that there are large
differences between the weights a particular competitor that is strong on an important criterion may
do better than when the weights do not differ by much. It is easy to construct examples where a
large difference in weights give rank orders that differ from those obtained when the weights lie close
together. This means that the problem of choosing one from many is sensitive to the final scale.

The scale is in the first instance influenced by the observations. If a semantic scale is used the
numerical value of the categories determine the scale with the choice of the exuberance value also
contributing. In the cases of an open and of a visual analogue scale the problem is also present. Here
it is due to an inherent inability of the human mind to discriminate sufficiently between different
items. This is stated without proof — at this stage it is sufficient to take notice that the need is
mostly to stretch the scale.

The way to achieve this was developed above — transform the observations by raising them to a power
> 1. The larger [ is, the wider the scale. Exactly the same result can be achieved by operating on
the weights provided the same value of 3 is used as when transforming the observations. In the one
case the observations are transformed and the preference vector derived from the resulting data set,
in the other case the weights (the elements of the preference vector) are transformed and normalised.
Both cases use the same transformation (of raising to the power ). The theorem below is a formal
statement of this result.

Theorem
If u* is an LKK estimator for the set of observations {a;;}, then (u*)? is an LLS estimator for the
set {a’}

i)

The theorem is given without proof.

Activity 5.2.
Consider the preference vector
0,38
w = | 0,40
0,22

from a previous chapter.
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Stretch the scale so that the lowest value (before normalisation) is 0,10.

5.4 Answers to activities

Activity 5.1.
The three exuberance values are Uy = 3,8, Uy = 5,0, U3 = 2,4 with U = 3,75. The powers for

= ll(;)ggclf] and the answers are £, = 0,99008,
k

the transformations are calculated using the formula [
By = 0,82125 and B3 = 1,50977.

The three lowest observations in the table (of each participant) after transformation but before nor-
malisation are as in the table below.

Participant 1 | Participant 2 | Participant 3
3,0 3,1 2.4
3,0 2,9 2,0
2,4 2,8 1,8

Activity 5.2.
A B must be found such that 0,22° = 0,10. Taking logs on both sides it is found that

o _log 0,10
B 10g0,22 =109 0,10 and 3 = Tog 025 = 1,5207
0,2296 0,3973
The wiﬁ s | 0,2482 | and after normalisation it is | 0,4296
0,1000 0,1731
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A.1 Crawford, G and Williams, C., “A Note on the Analysis of
Subjective Judgment Matrices”.

This seminal paper appeared in 1985 and proposed the log least squares method.

JOURNAL OF MATHEMATICAL PSYCHOLOGY 29, 387-405 (1985)

A Note on the Analysis of
Subjective Judgment Matrices

GORDON CRAWFORD
The Rand Corporation
AND
CINDY WILLIAMS

Office of the Secretary of Defense

Saaty (1977-1983) presents an eigenvector (EV) procedure for analyzing matrices of subjec-
tive estimates of the utility of one entity relative to another. The procedure is an especially
effective tool for analyzing hierarchical problems where the dependence of the entities at one
level on the entities in adjacent levels is estimated subjectively. Despite the absence of a formal
proof that the procedure has desirable qualities as an estimator of the underlying relative
utilities, the process has gained an active following. This paper derives a comparable estimate,
the geometric mean (GM) vector (also known as the logarithmic least squares method or
LLSM), that can be applied to hierarchical problems in exactly the same way but is developed
from statistical considerations. It is shown to be optimal when the judge’s errors are ‘mul-
tiplicative with a lognormal distribution. The GM shares the desirable qualities of the EV and
is preferable to it in several important respects.  © 1985 Academic Press, Inc.

INTRODUCTION

Let {E,, E,,., E,} be a collector of objects or entities that are in some sense
comparable. The E; may be alternative plans to achieve some goal, alternative
objects that have some comparable utility, or generally a collection of entities that
have varying degrees of some common value. A vector (u,, u,,..., u,) is called a ratio
scale for the collection if for each i and j, u,/u, is the ratio of the value of E; to the
value of E;.

An important application of the ratio scales is in the study of hierarchies. Sup-
pose that for each level of a hierarchy there is a ratio scale for the value of objects
at that level relative to any object at the next level up. The ratio scales for various
levels can be combined multiplicatively to give a .view of the entire hierarchy.
Because hierarchies are used to model complex systems in many important military

Much of the research reported here was sponsored by the Directorate of Operational Requirements,
Deputy Chief of Staff/Research, Development and Acquisition, HQ USAF, under Contract F49620-77-
C-0023. It originally appeared as R-2572-AF, Analysis of Subjective Judgment Matrices, The Rand Cor-
poration, May 1980, by G. Crawford and C. Williams.
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and industrial applications, the estimation of the ratio scales deserves considerable
attention.

Suppose that a ratio scale (u,, u,,..., 4,), ;> 0, for objects E,, E,,..., E, exists but
is not known. Let ay, i, j= 1, 2,..,, n be subjective estimates of u,/u; made by a judge.
In particular, we assume a, =1 for each i, and a;=1/a;. The matrix 4= [a;] of
subjective pairwise comparisons is called a judgment matrix.!

If the judge is perfectly consistent in making estimates, the matrix 4 will satisfy
the consistency criterion

agay=ay  foreachi j, k.

If this condition is met, any column of the matrix 4 gives a ratio scale for
{E,, E,.., E,}. However, judgments are frequently inconsistent, and judgment
matrices rarely satisfy the consistency criterion.. A mathematical procedure is
required for estimating an underlying ratio scale based on an inconsistent judgment
matrix 4.

Saaty (1977) argues that the “dominant” right eigenvector corresponding to the
maximal eigenvalue should be used to estimate the underlying scale. The argument
is: The dominant eigenvector is a continuous function of the elements of the matrix,
and, if the matrix is consistent, the eigenvector gives the unique (to within scalar
multiplication) scale. Thus, if the elements of the matrix get perturbed slightly in
the process of being subjectively quantified by a judge, the dominant eigenvector
will return a scale only slightly different from the scale of an underlying consistent
judgment matrix. '

Although the classical analyst may worry about uniform continuity or other
erudite intricacies of this argument, we are worried about a more basic oversight:
The eigenvector is not the only continuous vector-valued function of judgment
matrices that yields the correct scale when the matrix happens to be consistent..
There are many others, including the vector of row sums, the vector of the inverse
column sums, any column of the matrix, and the whole ring generated by positive
linear cominations of these and other solutions.

We are aware of the desirable properties of the eigenvector in characterizing a
linear operator and its spectral decomposition, but the immediate relevance of these
properties to this estimation problem seems open to question. In most estimation
problems, the wealth of statistical literature on estimation procedures and their
properties has enhanced understanding of the problem. Below we relate this par-
ticular problem to well-known statistical models. The geometric mean vector? v=
vy, Ua,..., U, given by

n
—_ Y/
vI_ H ail/‘n,
Jj=1

! In practice, a judge is usually asked to supply the n(n— 1)/2 upper off-diagonal terms. The remainder
of the matrix is defined by the above relationship. '

2 Elsewhere in the literature this procedure and this vector have been referred to as the logarithmic
least squares method (LLSM).
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which satisfies the continuity and consistency criteria Saaty uses to defend the
dominant eigenvector, has several other desirable traits: In certain circumstances, it
is statistically optimal and gives rise to an estimate of scales and a measure of con-
sistency that have known statistical distributions. In empirical studies reported here
it seems to do as well as, or better then, the eigenvector in preserving rank order. In
addition, it is supported by a literature describing methods of handling a wealth of
variations of the problem, including missing data and multiple judges.?

THE GEOMETRIC MEAN SCALE

Saaty’s examples clearly show that the study of interactions among various levels
of a hierarchy depends heavily upon an assessment of the ranked importance of
objects at each level relative to objects in the level above. The basic building blocks
in a hierarchical study are the ratio scales measuring the relative importance of
objects at a given level. One would like assurance that the estimates of the ratio
scales are well grounded in statistical theory and that they work well empirically.
Below we propose a method for constructing a ratio scale based on pairwise com-
parisons. That method seems superior to the eigenvector procedure when judged by
the criteria mentioned above.

For nx n judgment matrices 4= [a;] and C=[c;], define

. n 172
m(A4, C)=<z Y, [na;—In c,.j]2> .
i=1j>1
It is not difficult to verify that m satisfies the triangle inequality and is a metric on
the space of nxn judgment matrices. Theorem 3 will show that for any nxn
judgment matrix A4, there is a consistent matrix C that is m-closest to 4 (“m-
closeness” may not insure “closeness” with respect to other metrics, see Jensen,
1984). Such a consistent matrix is given by

Cy=0;lv;,
where
n
v;=[] aif";
Jj=1

that is, v, is the geometric mean of the elements of the ith row of 4. We will use the
vector v, suitably normalized, as the estimate of the ratio scale corresponding to 4.

The following two invariance properties show that m is a suitable choice of

metric for the space of judgment matrices. Their proofs follow from the definition
of m.

3In an interesting twist Narasimhan (1982) advocates a procedure to adjust a judgment matrix and
make it consistent prior to using Saaty’s EV procedure to estimate the weights. Budescu (1984) shows
the Narasimhan procedure yields precisely the same results as using the GM on the unadjusted weights.
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THEOREM 1. (Invariance under transpose.) (i) Let A=[a;] and C=[c;] be
nxn judgment matrices. Then AT and CT are also judgment matrices, and

m(AT, CT)=m(4, C).

(ii) Let A=[a;] be an nxn judgement matrix, and suppose that C= [c;] is
the consistent matrix that is m-closest to A. Then CT is the consistent matrix that is
m-closest to AT,

THEOREM 2. (Invariance under change of scale.) (i) Let A=[a;] and C=
[c;] be nxn judgment matrices and (w,, w,,..., w,,) a ratio scale. Define

A =[a;wiw;]
C' = [cywi/w;].
Then A', C' are judgment matrices and
m(4’, C'y=m(4, C).

(ii) Let A, C, A', C', be as in (i), and suppose that C is the m-closest consistent
matrix to A. Then C' is the m-closest consistent matrix to A'.

Recall that we seek a procedure for associating ratio scales to judgment matrices
in such a way that the ratio scales capture the subjective information inherent in the
corresponding matrices. Let 4 be an n x n judgment matrix. Let C= [c;] be a con-
sistent matrix that is m-closest to 4, and suppose that v= (v, v,,.., v,) is a ratio
scale for C; ie.,

CU= v,/vj.

We choose (vy, v,,..., v,) as the estimator of the ratio scale corresponding to A.

Under this association, Theorem 1 guarantees that the scale (1/v,, 1/v,,..., 1/v,) is
the estimator of the scale corresponding to A™. The appeal of this invariance arises
in a natural way: Suppose a respondent put his estimate of u,/u; in the position r;
instead of r;. (There appears to be nothing intrinsically right or wrong about
recording the estimates this way.) In that case, the estimation procedure should
return estimates 1/u, instead of u;. With this convention the estimated value of u;
should not depend on an artifact of the way the data are recorded. It follows from
Theorem 1 that the GM procedure has this invariance property. The EV procedure
does not.*

Additionally, Theorem 2 guarantees that our choice of ratio scale is invariant
under a scale change in the judgment matrix. The eigenvector scale also fails this
invariance test.

4 Cf. Johnson (1977) for an excellent discussion of this lack of symmetry.
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Theorem 3 guarantees that the geometric mean scale g.i,v’cfs the m-closest con-
sistent matrix to any judgment matrix. :

THEOREM 3. Let A= [ay] be an nxn judgment matrix. Let C = [c;] be the con-
sistent matrix given by

cy=v,/v;,
where v; is the geometric mean of the elements of the ith row of 4; ie.,
n
vi=[la}f, i=1,2.,n
J=1 ;
Then m(A, C) is the minimal m-distance from A to any nx n consistent matrix.
Proof. For any consistent matrix C= [¢,], we can write

Cy= Wi/W_/,

where w = (w,, w,,.., w,) is a ratio scale. Thus we seek a scale that minimizes the
expression

}E Y. [nay;—(nw,—Inw)]%

i=1j>i (

Because the estimating scale need be known only up to a scale factor, we may nor-
malize by imposing the side condition

Let

Y;=Ina Lj=1,2,.,n

ijr

b,;=lnw, i=1,2,.,n
Then the problem is to minimize

S 3 [yy—(b—b)T*

i=1j>1

under the side condition
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Siﬁce

Y= =Yy Lj=1,2,.,n
and

Yu=0,
this is equivalent to minimizing

5=3 % Dyy-bi-b)P

im] jue]

under the side condition

— n

Now S is strictly convex in the differences b,—b;, and therefore strictly convex in
the vector b, so it has a unique minimum at the point where

T 65'
al O IOI ! 1’ 2""9 n.
i

Setting these partial derivativés equal to zero, for k=1, 2,.., n,

as
a—b—k-= =2 [ yi— by + k;]

=1 j=1 ¥

and therefore, since 27=16;=0,
Z ykj= nbk'

Jj=1
Thus S is minimized by

b= Z »J’k;/",

Jj=1

ie.,

Inw,=Y In ak,/n, k=1,2,.,n
=1
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Consequently the m-distance from 4 to C is minimized by the vector v given by

v = ]-[ ayr.

This completes the proof of Theorem 3.

Recall that if the matrix 4 is consistent, then the normalized geometric mean
scale is equal to the normalized eigenvector scale. The two scales are always the
same, regardless of consistency, if the dimension is less than or equal to three. To
see this in the case n=3, let :

1 a b
A=(1t/a 1 ¢
1/b 1/c 1

Then the geometric mean vector for 4,

(ab)l/B
v={ (c/a)*?
(1/be)'?

is an eigenvector for A corresponding to the eigenvalue .
L=1+ (ac/b)"®+ (b/ac)".
Since L is of the form

1+ x+1/x,

its value is no less than 3, the dimension of 4 (with equality in the consistent case).
Therefore w is an eigenvector corresponding to the maximal eigenvalue for A.
Hence in the case n =3, the normalized geometric mean vector and the normalized
eigenvector are the same. This result does not hold for inconsistent matrices with
dimension greater than 3.

THE GEOMETRIC MEAN VECTOR AND
THE MAXIMUM LIKELIHOOD ESTIMATOR

We have shown that given an arbitrary judgment matrix 4, the geometric mean
vector gives rise to the m-closest consistent matrix to 4. The problem of
representing a judgment matrix by a ratio scale can also be cast in the framework of
the general linear statistical regression model. We will show that under suitable
assumptions on the distribution of errors in the expert’s judgment, the geometric
mean vector is the maximum likelihood estimator for the ratio scale corresponding
to the judgment matrix.
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Let A =[a;] be an nx n judgment matrix. We assume that there is an underlying
scale (w;, w,,.., w,) whose ratios are perturbed (by inconsistent human judgment)
to give the elements of 4, namely

'ai'=_—‘:ei"
y wj y
and thus
Ing;=Inw;—Inw;+Iney, i=1,2,.,nmj>i (1)

Regarding the distribution of the error term, the context of the Saaty—Vargas
approach assumes a multiplicative model—if u = (u,..., #,) is a scale for the entities
{E;}, then the value of E, relative to E; is given by u,/u;. Accordingly, we have
assumed that errors are multiplicative. Further, this context assumes that if g,
estimates u/u;, then a;; is an equally good estimate of u;/u;; hence it is appropriate
that the distribution of e; be reciprocal symmetric in the sense that

P(a<e,-j<b)=P(a<-1—<b>.

€y

Just as the normal distribution is a common model for additive errors, the log
normal distribution, for similar reasons, is a common mathematical model for'mul-
tiplicative errors (see Ramsay, 1977). Additionally, it is reciprocal symmetric. We
assume that model here. In the next section we evaluate the performance of the GM
estimate under a very different error distribution.

We assume that the errors e; are independent and lognormally distributed with
means 0 and variances ¢ The substitution

Ina,, Ine,,
Ina In wy Ine
Y= ; 1,2 , B= ' , E= ; 1,2 ,
) Inw, )
In a,_1n " In €n—1,n
gives the general linear equation
Y=XB+E,

where the matrix X has components —1, 0, +1 determined by Eq. (1). In this
framework it is well known (Scheffe, 1959) that the maximum llkehhood estimate
for B=[In w,] is the least-squares estimate given by

1 n
b;==3 Inay,
n /=
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and that the estimate has all of the usual desirable propertxes of least-squares
estimates under the general linear hypothesis (unbiased, minimum variance, etc)
Taking exponentials, we find that the maximum likelihood estimate of w; is given
by

w,=exp(b,) = H aj".

(The same estimate is derived above from the metric m on the space of judgment
matrices.)

The procedure outlined above can be modified to solve more general estimation
problems. For example, suppose that instead of a single comparison for each pair of
objects E; and E;, there are n; comparisons, aye. k= 1,.., n; where n; may be zero
(reflecting missing data) or greater than one (reflecting multlple comparlsons say
by different judges). The problem is then to find a vector w that minimizes the sum
of squares:

S= i Y % [lnay — (Inw,—Inw))].

I=1j>ik=1

This generalization does not yield a simple closed-form solution such as the
geometrxc mean vector, but in the practlce S can be minimized and w determmed
using standard least-squares regression packages.

Regardless of the values of ny, the geometric mean estimation procedure lcads to
a natural measure of consistency for judgment matrices that is well grounded in
statistical theory and can be used in hypothesis testing. Let s? be the residual mean
square

S
2-—_
T

where d.f. is the number of independent observations minus the number of linearly
independent parameters. (Note that if n;=1, then

_n(n—1) _ _(n—=1)(n-2)
d.f.——z-——(n 1)—_——2 )

Then s? is an unbiased estimator of ¢ (the variance of the perturbations) and
hence is a natural measure of consistency of 4.

Recall that if n;= 1, then s* can be viewed as the squared distance from 4 to the
m-closest consistent matrix. Therefore s* is zero when A is consistent, is close to
zero when A is close to consistent, and is far from zero when A is far from con-
sistent. Moreover, because s depends entirely on ratios, it is invariant under scale
changes and transposes in the sense of Theorems 1 and 2.
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EMPIRICAL COMPARISON OF THE TWO METHODS:
A MoNTE CARLO STUDY

The geometric mean vector gives an estimate for ratio scales based on pairwise
comparisons that is easy to calculate, satisfies the theoretical requirements of
invariance under scale change and transpose, and is well grounded in statistical
theory. It follows from the previous section that under certain assumptions on the
distribution of the perturbations, the logarithms of the geometric mean vector com-
ponents are the minimum variance unbiased estimators of the logarithms of the
underlying ratio scale factors. Thus, if errors have a lognormal distribution, the
GM provides the best estimate of the underlying scale and in particular is
preferable to the EV with respect to the metric given above.

A good procedure should be robust in the sense that it yields good performance
when measured by other relevant metrics and different choices for the distribution
of errors. Although the robustness of the general linear model has been widely
treated in the literature, we look here at several very specific comparisons of the
performance of the GM and EV procedures.

In this section we give the results of Monte Carlo trials that compare the EV and
the GM -procedure under different choices -of error distributions and different
choices of metrics. These studies imply that the EV is a better estimator (in the
sense of metrics considered here) under both choices of distributions of errors. The
metrics used include measures of rank preservation, where the EV has been purpor-
ted to be better than the GM. '

We start with an n X n consistent matrix 4 with elements

ay= u,'/uj.

Throughout this section the u; will be equal to i R, where the constant R is taken
so that the »; sum to one.

Let {e;, i=1,.,n,j>i } be a collection of positive independent random variables
drawn from a suitable population; we construct a perturbed matrix D with elements

dij_-ﬁiiey for i=1,2,.,n, j>i
U

=2; for i= l, 2g"'s n, j< I

1

for i=1,2,.,n j=i

D is a judgment matrix, but because of the perturbations it is typically not con-
sistent. Any estimate of an underlying ratio scale for D should give rise to a con-
sistent matrix that is in some sense close to A. Two quite different metrics for
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closeness’ are used in the Monte Carlo study described here: the sum of squares of
errors

SSE= Y [#,—u]?%

i=1

and the sum of squares of the errors of logarithms:

SSEL= Y [In#;,—Inu,]3
i=1
where
(u,i=1,2,.,n)

is the actual normalized ratio scale, and
(4;,i=1,2,..,n)

is the estimated ratio scale. In addition we have looked at several measures of order
preservation, where the EV procedure is said to be preferable to the GM.

The choice of population from which the multiplicatively perturbing random
variables e;; are drawn should reflect that, in a judgment matrix, the distribution of
errors should be reciprocal symmetric as mentioned above:

P(a<ey<b)=P(a<—l—<b).

€y

)

We have used two convenient and very dissimilar distributions satisfying this
property: a lognormal distribution whose underlying normal distribution has mean
zero, and a distribution obtained from the ratio of two independent, uniformly (on
(c, d), where 0 < ¢ < d) distributed random variables. We consider perturbations e
drawn from populations with distributions of both of these types.

We computed the sums of squares of errors and sums of squares of errors of
logarithms for individual trials and then totaled them over the trials for both the
_geometric mean vector and the eigenvector estimates.

In a comparison of two estimation techniques 4 and B, it is common to look at
the average or sum performance measures over some large number of trials or,

It has been mentioned in the literature (Saaty, 1984, and others), that Fichtner has developed a
metric m with the property that the m-closest consistent matrix to a subjective judgment matrix is the
consistent matrix corresponding to the maximal eigenvector. Typically a metric is of interest because it
provides an intuitive understanding of the topology of a space—i.e, it tells you what points are close to
(are neighborhoods of) other points, and hence what sequences converge, and to what points. Unfor-
tunately, on the space of inconsistent judgment matrices Fichtner’s complicated metric yields the discrete
topology, a very pathological topology wherein every point is an open set, the only sequences that con-
verge are those whose terms are all the same from some point on, and even Saaty and Vargas’ (Saaty,
1984) normalized limit of A" does not exists. It is the same topology given by the metric that calls the
distance from two points 1 if the points are not equal, and 0 if they are.
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when possible, the expected performance with respect to some distribution of errors,
Because most researchers are not faced with the problem of routinely analyzing
thousands of subjective judgment matrices, these results may be misleading;
Although A4 may be preferable to B in the sense of expected errors, B may be
preferable to 4 90 percent of the time, the seeming contradiction being explained by
B occasionally giving large outliers. When an outlier is suspected, the researcher
may reject that method on that trial and look at other methods. Because of these
concerns we have scored each of the Monte Carlo trials and computed the fre.
quency with which the geometric mean outperforms the eigenvector. The perverse
situation mentioned above does not seem to occur here. Within experimental error,
the geometric mean performs as well as, or better than, the eigenvector in the sum
of errors and outperforms it in 50 percent or more of the trials.

Comparison with Sum of Squared Log Error and Lognormal Errors

Table 1 gives the results of the trial that will theoretically favor the geometric
mean vector: lognormal errors, and the metric given by the sum of the squared
errors of logarithm. The entries in the first four columns describe the parameters of
the Monte Carlo run. The first number is the dimension of the scale, the second
number is the variance of the logarithm of the error term e;. The next term is the
average “consistency ratio” for the trial, that is, the difference between the maximal
eigenvalue and the dimension, normalized by the dimension minus 1. We are uncer-
tain about what the consistency ratio really means, but the eigenvector is said to do -
well when the consistency ratio is less than 0.10. Accordingly we have concentrated
on runs in this realm. The next number gives the number of trials. In the cases with
very small log perturbation error we used 5000 trials; in the other cases where the
trend seemed clear we used 1000 trials.®

The eigenvector outperforms the geometric mean in every case, in terms of both
sum of errors and the percentage of trials where it was closer to the underlying con-
sistent matrix. The preference for the eigenvector is weakest when the dimension or
the error is small, as would be expected because the methods give the same answer
when the dimension is 3 or less, or when the matrix is consistent.

Comparison with Sum of Squared Log Error and Ratio of Uniform Errors

Table 2 presents the same information for the case of perturbations by ratios of
uniform random variables. The variance given is (as above) the variance of the
logarithm of the perturbation term. The consistency ratio is determined empirically
and may differ in the third decimal place. Even with these very different error terms,
the geometric mean vector is preferable in every case and in both measures. Again,
the degree of preference is small when the methods can be expected to give answers
that are very close and becomes much stronger as the dimension or the variance of
eITors grows.

© These runs were made in Fortran on a Compagq personal computer. The principal author will gladly
supply the programs to the reader wishing to evaluate his own scenarios.
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TABLE 1

Monte Carlo Comparison of Geometric Mean Vector and
Eigenvector for Ratio Scales Perturbed by Lognormal Errors*

Percentage of
Dimension, trials in which
variance, Sum of squared Sum of squared geometric mean is
(L—n)/(n—-1), error of logs, error of logs, better in squared
No. of trials geometric mean eigenvector error of logs
5/.01/.003/5000 424 425 51
5/.04/.012/5000 170.8 171.7 52
5/.09/.028/5000 3776 382.1 53
5/.16/.051/1000 1352 138.4 57
5/.25/.080/1000 2104 2188 60
5/.49/.165/1000 4270 448.6 56
5/1.0/.349/1000 863.3 9471.7 61
7/.01/.005/5000 452 453 53
7/.04/.015/5000 178.9 180.6 55
7/.09/.033/5000 403.5 410.9 55
7/.16/.059/1000 150.9 154.5 56
7/.25/.095/1000 222.7 235.1 : 59
7/.49/.203/1000 440.6 485.2 61
7/1.0/.445/1000 928.2 1102 ' 67
10/.01/.040/5000 46.4 46.5 53
10/.04/.016/5000 1854 187.6 56
10/.09/.036/5000 421.9 4334 60
10/.16/.067/1000 147.7 156.2 66
10/.25/.108/1000 2342 251.6 65
10/.49/.223/1000 ' 456.2 5242 69
10/1.0/.516/1000 . 9461 1268 78

* Sum of squared errors of logarithms.

Comparison with Squared Errors

Tables 3 and 4 consider the sum of squared error metric instead of the sum
squared error of logarithms. Lognormal errors have been used in Table 3 and the
ratio of uniform errors in Table 4. In this metric, which differs substantially from
the metric used to justify the geometric mean, the geometric mean still outperforms
the eigenvector in both measures in both tables in every case (except one). In the
“errant” case the eigenvector does better by “1” in the least significant digit. Given
the trend of the results, we conclude that this aberration is the result of experimen-
tal error. The pattern mentioned above repeats itself: The big differences occur
when the dimension or the variance of the errors becomes large.

Comparison of the Rank Preservation Abilities

~ The original draft of this paper avoided this issue because we believe it is a red
herring: The EV has been recommended as a procedure for analyzing hierarchical
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TABLE 2

Monte Carlo Comparison of Geometric Mean Vector and Eigenvector
Ratio Scales Perturbed by Ratios of Uniform Random Variables*

Percentage of

Dimension, trials in which
variance, Sum of squared Sum of squared geometric mean is
(L—n)/(n—-1), error of logs, error of logs, better in squared
No. of trials geometric mean eigenvector error of logs
5/.01/.003/5000 423 423 50
5/.04/.012/5000 167.8 1681 51
5/.09/.027/5000 385.5 385.4 50
5/.16/.050/1000 1344 B 136.0 51
5/.25/.081/1000 2143 ' 219.8 56
5/.49/.161/1000 425.1 4422 ) 55
5/1.0/.360/1000 8574 969.7 66
7/.01/.004/5000 443 443 _ 51
7/.04/.014/5000 177.5 1719 52
7/.09/.033/5000 406.2 410.5 53
7/.16/.059/1000 145.0 146.0 51
7/.25/.094/1000 225.8 229.9 55
7/49/.195/1000 453.3 492.6 65
7/1.0/.451/1000 906.1 1119 72
10/.01/.004/5000 46.2 46.2 52
10/.04/.016/5000 185.6 186.4 53
10/.09/.037/5000 415.8 420.7 55
10/.16/.066/1000 148.8 151.3 55
10/.25/.106/1000 2303 239.1 61
10/.49/.219/1000 460.2 505.9 66
10/1.0/.519/1000 953.3 1274 82

* Sum of squared errors of logarithms.

structures and quantifying judgments. It seems unreasonable to judge a procedure
designed to do well in a cardinal estimation problem on the basis of its capabilities
in ordinal, or rank, estimation problems. If the researcher has an ordinal estimation
problem there are much better, and much easier, procedures than either the GM or
the EV: Just ask the respondent to rank order the entities in order of preference.

Further, the often mentioned ability of the EV to do well in this context seems to
be based (Saaty, 1983) on the following argument:

There is a natural way to derive the rank order of a set of alternatives from a pairwise com-
parison matrix A. The rank order of each alternative is the relative proportion of its
dominance over the other alternatives. This is obtained by adding the elements in each row in A
and dividing by the total over all rows. (Emphasis added.)

Everything that has been written in the present context about the analysis of sub-
jective judgment matrices has dealt with multiplicative problems. The estimates are
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TABLE 3

Monte Carlo Comparison of Geometric Mean Vector and Eigenvector
Ratio Scales Perturbed by Lognormal Errors*

Percentage of

Dimension, trials in
variance, Sum of Sum of which geometric
(L—n)/(n-1), squared error, squared error, mean is least
No. of trials geometric mean eigenvector squares better
5/.01/.003/5000 L70 1.70 51
5/.04/.012/5000 6.81 6.84 52
5/.09/.028/5000 150 15.1 53
5/.16/.051/1000 3.13 3.15 52
5/.25/.080/1000 8.15 8.50 56
5/.49/.165/1000 16.1 169 54
5/1.0/.349/1000 313 349 58
7/.01/.005/5000 1.00 1.01 52
7/.04/.015/5000 392 396 53
7/.09/.033/5000 8.94 9.11 54
7/.16/.059/1000 333 343 55
7/.25/.095/1000 481 5.08 57
7/.49/.203/1000 9.77 10.7 . 58
7/1.0/.445/1000 19.4 233 61
10/.01/.040/5000 .538 .539 52
10/.04/.016/5000 215 218 53
10/.09/.036/5000 4.90 5.04 56
10/.16/.067/1000 1.73 1.83 59
10/.25/.108/1000 2.71 290 61
10/.49/.223/1000 5.15 5.88 64
10/1.0/.516/1000 10.5 14.1 71

* Sum of squared error.

used as estimates of ratios, not sums or differences. In this context the idea of deter-
mining rank order by adding elements seems patently unndtural. The natural rank-
ing inherent in a subjective judgment matrix for a multiplicative problem is the
ranking obtained by the product of the row entries, not the sum. This ranking is
precisely that given by the GM. It should come as little surprise that the GM out-
performs the EV in this measure also. '

Although the authors felt the issue was not worth treating, all three referees and
the editor objected to the omission of rank preservation properties in the com-
parisons of the two methods, hence its inclusion here. In tables 5 and 6 we have
measured the ability of the geometric mean and eigenvector to preserve rank. The
scenarios are as above: Lognormal errors are used in Table 5 and ratios of uniform
random variables are used in Table 6. Recall that the underlying scales u, are
proportional to i and scaled so that they sum to one.
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TABLE 4

Monte Carlo Comparison of Geometric Mean Vector and Eigenvector
Ratio Scales Perturbed by Ratios of Uniform Random Variables*

- Percentage of

Dimension, trials in
variance, Sum of Sum of which geometric
(L=n)/(n—1), squared error, squared error, mean is least
No. of trials geometric mean eigenvector ~ squares better
5/.01/.003/5000 1.71 1.7 50
5/.04/.012/5000 6.73 6.75 51
5/.09/.027/5000 157 15.6 50
5/.16/.050/1000 538 539 51
5/.25/.081/1000 8.40 8.55 53
5/.49/.161/1000 16.1 ) 16.6 55
5/1.0/.360/1000 31.2 35.1 62
7/.01/.004/5000 996 996 50
7/.04/.014/5000 3.96 3.96 50
7/.09/.033/5000 9.07 9.13 53
7/.16/.059/1000 - o313 3.14 51
7/.25/.094/1000 492 498 52
7/.49/.195/1000 9.80 10.6 61
7/1.0/.451/1000 19.1 - 24.0 70
10/.01/.004/5000 531 .531 50
10/.04/.016/5000 2.14 2.15 51
10/.09/.037/5000 476 4.79 53
10/.16/.066/1000 1.73 1.75 52
10/.25/.106/1000 _ 2.67 275 56
10/.49/.219/1000 5.29 571 -- 61
10/1.0/.519/1000 10.7 144 74

* Sum of squared error,

Rank is typically expressed as a vector; we know of no single overwhelmingly
natural scalar measure of rank error. We have used two very different measures,
both simple, but lacking simple descriptions. To fix ideas, let us assume that the
dimension of the scale is 5. We represent the ranking in the underlying scale by 1, 2,
3, 4, 5. If we estimate this scale by a vector v that satisfies

V)<V, < Vs <3<V,

then we represent the ranking of v by 1, 2, 5, 3, 4. If v preserves the ranking
inherent in v, its ranking will be the same as that of .

We have called the measures of rank presevation used below the sum of rank
reversals and the sum of weighted rank reversals. The sum of rank reversals is just
the number of times we count a reversal in ordering as we go from left to right (“1”
in the above example since 5> 3). The weighted rank reversal measures the degree
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TABLE 5 .

Monte Carlo Comparison of Geometric Mean Vector and Eigenvector
Ratio Scales Perturbed by Lognormal Errors*

Dimension, Sum of Sum of Sum of weighted
variance, Sum of rank rank reversal weighted rank rank reversal
(L-n)/(n—1). reversal errors, errors, reversal errors, errors,
No. of trials geometric mean eigenvector geometric mean eigenvector
5/.01/.003/5000 2 =2 4 4
5/.04/.012/5000 258 260 516 520
5/.09/.028/5000 963 971 1964 1980
5/.16/.051/1000 210 209 426 ' 422
5/.25/.080/1000 529 538 1160 ‘ 1190
5/.49/.165/1000 825 847 2002 2060
5/1.0/.349/1000 1081 1141 2874 3036
7/.01/.005/5000 14 14 28 28
7/.04/.015/5000 683 694 1372 1394
7/.09/.033/5000 2084 2143 4384 4510
7/.16/.059/1000 712 739 1588 1650
7/.25/.095/1000 911 962 2178 2298
7/.49/.203/1000 1332 1375 3545 3694
7/1.0/.445/1000 1775 1826 5322 5642
10/.01/.040/5000 74 77 148 154
10/.04/.016/5000 1809 1824 3684 3730
10/.09/.036/5000 4350 4446 9590 9832
10/.16/.067/1000 1317 1367 3174 3330
10/.25/.108/1000 1659 1710 4334 4534
10/.49/.223/1000 2189 2282 6460 6948
10/1.0/.516/1000 2667 2852 9228° 10266

* Rank preservation error.

of displacement from the rank of the underlying scale. In the above example it is
given by

(1-1+(2-2)*+(3-5)+(4-3)2+(5-4)2=6.

In Tables 5 and 6 we have given the sum of rank reversal errors and the sum of
weighted rank reversal errors. (In the tables in this paper we started each new
Monte Carlo process with a new random number seed to avoid repeatedly using a
sequence of random numbers that may possibly favor one procedure or the other.)

In Table 5, with lognormal perturbations, we notice that in only 2 out of 42 com-
parisons the eigenvector outperforms the geometric mean. In 4 other comparisons
the methods tied. In the remaining 36 pairs, the geometric mean outperforms the
eigenvector, and the differences in performance become more pronounced as the
dimension and underlying variance increase.

Table 6, where the perturbations are ratios of uniform random variables, the
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TABLE 6

Monte Carlo Comparison of Geometric Mean Vector and Eigenvector
Ratio Scales Perturbed by Ratios of Uniform Random Variables

Dimension, Sum of Sum of Sum of weighted
variance, Sum of rank rank reversal weighted rank rank reversal
(L—n)/(n-1), reversal errors, errors, reversal errors, errors,
No. of trials geometric mean eigenvector geometric mean eigenvector
5/.01/.003/5000 0 0 0 0
5/04/012/5000 ' 252 248 504 496
5/.09/.027/5000 1069 1074 2164 2172
5/.16/.050/1000 343 340 724 716
5/.25/.081/1000 533 539 1144 1178
5/.49/.161/1000 779 824 1890 2002
5/1.0/.360/1000 1077 1125 2888 3094
7/.01/.004/5000 4 4 8 8
7/.04/.014/5000 685 702 1374 1410
7/.09/.033/5000 2154 2176 4530 4576
7/.16/.059/1000 715 699 1558 1548
7/.25/.094/1000 953 938 2286 2288
7/.49/.195/1000 1322 1362 . 3532 3706
7/1.0/.451/1000 1692 1794 5116 5758
10/.01/.004/5000 72 70 144 140
10/.04/.016/5000 1760 1756 3594 3598
10/.09/.037/5000 4168 4228 9220 9354
10/.16/.066/1000 1295 1284 3078 3112
10/.25/.106/1000 1632 1661 4264 4400
10/.49/.219/1000 2161 2212 6434 6844
10/1.0/.519/1000 2714 2917 9406 10802

* Rank preservation error.

eigenvector also does poorly, although a little better than above. Again, the relative
performance of the geometric mean increases as the dimension and the variance of
the errors increase. Even in these trials, which are dominated by the low variance
and consistency ratios that are said to favor the eigenvector, the few occasions
where the eigenvector outperforms the geometric mean seem to be the result of ran-
dom aberrations, not of any inherent qualities that are pertinent to estimating ratio
scales.

CONCLUDING REMARKS
At least in these models (and in view of their diversity, similar models) and in the

presence of marked inconsistency, the geometric mean vector provides an estimate
of underlying ratio scales that is preferable to the maximal eigenvector. This is true
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for several choices of measures of merit, including several reputed to be favorable to
the eigenvector.

In cases where the dimension is small, or the perturbation errors are very small,
the differences are small. We conclude that if the dimension is small, and the
researcher knows a priori that the errors are small, and there is exactly one
judgment for each pair of entities, there is little (only time, effort, and a little
accuracy) to argue against using the eigenvector. However, we know of no rational
mathematical arguments in favor of using the eigenvector to estimate the underly-
ing scale in the analysis of a subjective judgment matrix in the context of a mul-
tiplicative problem.
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The analytic hierarchy process (AHP) is flawed as a procedure for ranking alternatives in that
the rankings produced by this procedure are arbitrary. This paper provides a brief review of several
areas of operational difficulty with the AHP, and then focuses on the arbitrary rankings that occur
when the principle of hierarchic composition is assumed. This principle requires that the weights
on the higher levels of a hierarchy can be determined independently of the weights on the lower

-levels. Virtually all of the published examples of the use of the AHP to evaluate alternatives
relative to a set of criteria have assumed this principle. The key to correcting this flaw is the
synthesis of the AHP with the concepts of multiattribute utility theory. '

(DECISION ANALYSIS, MULTIATTRIBUTE UTILITY THEORY; ANALYTIC HIERAR-
CHY PROCESS)

1. Introduction

Over a decade has elapsed since Saaty (1977) introduced the analytic hierarchy process
(AHP). During this time a number of applications have been proposed, but a number
of criticisms of this approach have also appeared. In a recent paper Harker and Vargas
(1987), referred to henceforth as HV, respond to criticisms of the AHP, and conclude
that . . . the acceptance of this method has been slowed by what we believe to be (a)
misunderstandings of its theoretical foundations, and (b) a reluctance to move away from
traditional methods of analysis . . .”. We disagree. The AHP is flawed as a procedure
for ranking alternatives in that the rankings produced by this procedure are arbitrary.
This flaw can be corrected, but not by moving away from traditional methods of analysis.
The key to the proper use of the AHP relies on its synthesis with the concepts of mul-
tiattribute utility theory. . '

The defense of the AHP by HV ranges over a number of topics, and we take exception
to many of their arguments and conclusions. A point-by-point response to these arguments
would become tedious, and detract from the major point of our observations. However,
a few issues associated with the implementation of the AHP will be briefly mentioned
and identified as topics for further discussion. To avoid unnecessary duplication, we shall
assume that the reader is familiar with HV,

HYV defend the AHP against criticisms of the ambiguity of the questions that the
decision maker must answer by claiming that ambiguity is inherent in all preference
elicitation methods, including those of classical utility theory. This argument is misleading,
since the elicitation questions posed in classical utility theory are well defined, and depend
on a choice among alternatives by the subject rather than on a subjective response on a
ratio scale. This distinction is important, since the biases noted in responses to the elic-
itation methods of classical utility theory are subtle in nature, and have generated new
insights regarding how individuals respond to risky decisions (e.g., see the review by
Weber and Camerer 1987). .

The elicitation questions associated with AHP have much more in common with the
questions used to determine a strength of preference function, which require a subjective
estimate of strength of preference on a cardinal scale. The inherent difficulty with direct

* Accepted by Robert L. Winkler, former Departmental Editor; received May 31, 1988. This paper has been
with the author 3} months for 1 revision.
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subjective estimates has long been recognized, and has been a major reason that a pref-
erence theory based on the concept of strength of preference has not been in favor in the
literature (Fishburn 1970, 1988, Dyer and Sarin 1981, Farquhar and Keller 1988).

The AHP elicitation questions suffer from even more ambiguity than those of strength
of preference questions, however, since they require the decision maker to implicitly or
explicitly determine a 0.0 reference point on a ratio scale, Suppose a thoughtful person
hears the question, “How much better is 4; than 4; on a criterion?” His appropriate
response would be, “Relative to what?” This latter question expresses intuitively the need
for the definition of the reference point. We are willing to agree with HV that a thoughtful
decision maker aided by a skillful analyst could provide meaningful responses to the
AHP elicitation questions in some cases. However, this is a potential source of error in
the AHP procedure, and it cannot be swept aside as easily as HV imply.

Two other aspects of the AHP procedure defended by HV are the use of a scale of one
to nine to aid the required ratio judgments, and the use of the eigenvector approach to
average inconsistent responses. The one to nine scale has some obvious shortcomings
(e.g., see Dyer and Wendell 1985), but it has also been used to advantage in a number
of empirical studies. This evidence suggests that there are some special cases where this
scale may be a useful elicitation aid for a careful analyst, but its use must be tempered
with judgment. .

The use of the eigenvector approach is not a major issue with respect to the more
controversial aspects of the AHP. The objective of this part of the procedure is to average
the inconsistencies in the responses, and there are a number of approaches that might
be considered. As HV indicate, the eigenvector approach does have some advantages in
this role, although Barzilai, Cook, and Golany (1987) have also made a strong case for
the use of the geometric mean.

Each of the issues highlighted above represents an area where the AHP is still subject
to legitimate criticisms, despite the strong defense by HV. However, they are issues that
are primarily operational in nature, and do not represent a flaw in the basic methodology.
We now turn to more substantive issues.

§2 contains a brief review of the axiomatic foundations of the AHP. In contrast to
those of classical utility theory, these axioms do not offer an intuitively appealing foun-
dation for the methodology that is subject to empirical tests. The major focus of this
evaluation of the AHP is in §3 where we argue that the AHP, as it is traditionally applied
to the evaluation of alternatives, generates rank orderings that are not meaningful with
respect to the underlying preferences of the decision maker. A symptom of this deficiency
is the phenomenon of rank reversal, which has been discussed in the literature for almost
a decade. §4 presents several suggestions for modifications in the AHP, including some
motivated by insights from multiattribute utility theory. This paper concludes in §5 with
a brief summary.

N
2. The Axioms of the Analytic Hierarchy Process

HV claim that the AHP has been criticized because it lacks an axiomatic foundation,
but that Saaty (1986) has now provided the necessary axioms to counter this deficiency.
The axioms developed by Saaty (1986) were a significant contribution to the theory of
AHP. However, HV miss an important point that can be explained by a comparison of
Saaty’s axioms with those of expected utility theory.

Several systems of axioms have been developed for expected utility theory that all
produce, for practical purposes, the von Neumann-Morgenstern (1947) expected utility
model (for a recent review, see Fishburn 1982). Most of these systems are variations on
the three axioms due to Jensen (1967) which we present below for purposes of comparison.

Let > be a binary relation on a nonempty mixture set of lotteries X, Y, and Z, inter-
preted as strict preference. The indifference relation and the preference indifference relation

112



APPENDIX A. READER DSC3704

REMARKS ON THE ANALYTIC HIERARCHY PROCESS 251

can be defined from > as follows: X ~ Y if neither X > Ynor Y > X, and X2 Y if
either X > Yor X ~ Y.

AXIoM 1. Complete ordering. For any two lotteries X and Y, either X2 Yor Y 2 X.
For any three lotteries X, Y, and Z, if X 2 Y and Y2 Z, then Xz Z.

AXIOM 2. Continuity. Given the lotteries X, Y, and Z such that X > Y > Z, there
exists a probability p in (0, 1) such that Y ~ pX + (1 — p)Z.

'AxIoM 3. Independence. If X > Y, then for any p in (0 1) and any Z, pX + (1 -p)Z
> pY+ (1 —p)Z.

If a decision maker’s preferences over lotteries are consistent with these axioms, then they
can be represented by expected utility.

Two observations are particularly important regarding this axiom system for expected
utility theory. First, each of these axioms has a clear and obvious meaning as a description
of choice behavior. Therefore, each axiom can be debated on the basis of its appeal as a
normative descriptor of rationality, and each axiom can also be subjected to empirical
testing. Many of the recent advances in expected utility theory have occurred as the result
of efforts to weaken the requirement of Axiom 3, which has a strong normative appeal
but is occasionally violated by decision makers in practice (see Fishburn 1988 for an
elaboration).

The second observation is that the axioms apply only to the binary relation >, and
the existence of a real-valued von Neumann-Morgenstern utility function is derived from
this axiom set. Thus, it is not necessary to assume the existence of the preference function
as a primitive notion in this theory. In order to extend the expected utility theory into a
multiple attribute context and to obtain an additive functional form decomposible by
attribute, one additional independence condition is required that again is subject to
empirical testing by reference to the simple choice behavior of the decision maker (e.g.,
Keeney and Raiffa 1976).

Similar remarks apply to the axioms of utility theory for the case of certainty, where
lotteries are not explicitly considered. That is, the axioms have an intuitive meaning that
can be subjected to empirical tests, and the preference function is derived from these
axioms rather than assumed as a primitive notion. Keeney and Raiffa (1976, Chapter 3)
and Dyer and Sarin (1979) provide a review of these concepts.

N In contrast, the axioms provided by Saaty (1986) fail to be motivated by testable

" descriptions of behavior. He begins with three “primitive notions” which include the
assumption of a fundamental scale. Suppose A is a finite set of alternatives and € is a
finite set of attributes, with elements 4 and C respectively. This primitive notion is stated
by HV as follows: .

FUNDAMENTAL SCALE. Let P denote the set of mappings from A X AtoR*,f: C —
P, and Pc € f(C) for C € @. Thus, every pair (4;, Aj)) € A X A can be assigned a
positive real number Pc(A4;, Aj) = ay; that represents the relative intensity with which an
individual perceives a property C € @ in an element A; € A in relation to other 4;
€ A:

Ai>cd; ifandonlyif  Pc(di, A)> 1,
Ai~cd; ifandonlyif  Pc(d;, 4) = 1.

Four axioms then follow that are primarily structural or definitional in nature. Thus,
this axiom system is based on a “primitive notion” that essentially assumes the existence
of the ratio scale, rather than deriving the existence of this scale from a set of axioms
that are descriptive of rational behavior and subject to empirical tests. As a result, this
axiomatization is reminiscent of Bernoullian utility theory which influenced economic
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theory in the second half of the nineteenth century (see the discussion by Fishburn 1988,
Chapter 1).

The appeal of AHP would be strengthened by an effort to link its theoretical basis to
that of classical preference theory, and by providing a more fundamental set of axioms
descriptive of behavior that allow one to derive the existence of the ratio scale Pc. A
natural link may be the relationship between difference and ratio measures that has been
explored by Krantz et al. (1971, Section 4.4.3). Since the relationship between difference
measurement and expected utility theory is now understood (see Dyer and Sarin 1979
and Sarin 1982), research in this direction could provide the basis for a synthesis of these
methodologies.

3. Rank Reversal and Arbitrary Rankings

We now turn to a consideration of perhaps the most controversial aspect of AHP, the
phenomenon of rank reversal. The difficulty can be simply stated as follows: The ranking
of alternatives determined by the AHP may be altered by the addition of another alter-
native for consideration. This characteristic of the methodology has been well known for
years, and has been discussed in a number of articles by critics and by proponents of the
AHP (e.g., see Belton and Gear 1983, Dyer and Ravinder 1983, Kamenetzky 1982, Saaty
and Vargas 1984A, B, Saaty, Vargas, and Wendell 1983, Watson and Freeling 1982,

" 1983, Saaty 1987, and Dyer and Wendell 1985). The real issue, however, is not the
phenomenon of rank reversal per se. Rather, rank reversal is a symptom of a much more
profound problem with the AHP: the rankings provided by the methodology are arbitrary.

3.1. The Example of Belton and Gear

HYV present a discussion of the example of rank reversal that was developed by Belton
and Gear (1983). In their example, three alternatives 4, B, and C are compared against
three criteria C,, Cy, and C;. The three altematives are the following:

a G G
A1 9 8
B 9 1 9~
c 1 1 1

When these three alternatives are evaluated by the AHP using the principle of hierarchic
composition and assuming equal weights on the attributes, the rankings in order are B,
A, and C (the computations are available in HV and are not repeated here).

Belton and Gear then add a fourth alternative, D, which is an exact copy of alternative
B, and obtain the new ranking 4, B and D (tie), and C. HV criticize this example because
alternative D is a copy of B. They argue that Axiom 4 of the theory of the AHP developed
by Saaty (1986) explicitly excludes copies from consideration. To quote from their dis-
cussion of this point,

For example, were we comparing alternative 4 (e.g., a blue Mercedes) and alternative B (e.g., a
Chrysler) and a copy of A with respect to the given criteria (.g., a red Mercedes where color is
7ol a criterion), this copy should be removed since the preferences of 4 versus B will automatically
give us the preferences of B versus all copies of 4 by the indifference relationship ~ ¢} i.e., 4 must
be indifferent to all its copies.

They then conclude, “Thus, Belton and Gear’s counterexample is vacuous when these
facts are recognized.”

The defense of the AHP on the grounds that copies should not be allowed as alternatives
is without foundation, and cannot be supported on intuitive or on technical grounds.
First, consider how one would expect a procedure for evaluating and ranking alternatives
to behave. If a set of alternatlves have been ranked by a procedure and a copy of one of
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them is added to the set, we would expect the procedure to rank this copy exactly the
same as its matching alternative is ranked (which the AHP does), and to assign both the
same rank that its matching alternative was assigned originally (which the AHP does not
do). The only exceptions to this expectation would occur if the criteria include a concern
about the “uniqueness™ of an alternative, and the copy reduces the rating of both on this
criterion, or if the copy provides additional information that changes the perception of
the decision maker regarding the alternatives. In the example provided by Belton and
Gear, neither of these considerations explains the reversal in the rankings. Rather, the
reason for this reversal is inherent in the logic of the AHP.

To add further empbhasis to this point, suppose we do agree that if we compare a
Mercedes and a Chrysler using the AHP, then it is not appropriate to add another Mercedes
to the set of alternatives. However, suppose we add a BMW which is “close” to a Mercedes
on most criteria, but not a perfect copy. Certainly, we would not expect the addition of
the BMW to reverse the rankings of the Mercedes and the Chrysler. But this is exactly
what will often occur when a new alternative similar to another ranked previously by
the AHP is added to the set.

To illustrate this phenomenon with the example provided by Belton and Gear, suppose
we add alternative D that is similar to alternative B, but with scores of 8, 1, and 8 on
criteria Cy, C;, and Cj, respectively, rather than 9, 1, and 9 as used originally by Belton
and Gear. The judgment matrices are

¢t A B C D w G A4 B CD w
A 1 19 1 1/8 1/19 A 1 9 9 9 912
B 9 1 9 9/8 9/19 B 119 1 1 1 /12
c 1 1y 118 119 cC 19 1 1 1 Y2
D 8 9.8 1 8/19 D 19 1t 1 1 Y2

¢ A B C D w

A 1 89 8 1 8/26

B 9/8 1 9 9/8 9/26

c 1/8 1/9 1 1/8 1/26

D 1 89 8 1 8/26

which yield the scores .
wy = 0.37, wg = 0.30, we = 0.06 and wp = 0.27

_ reversing rank between 4 and B as in the Belton and Gear example but without relying
" on a copy of B.
The fact that rank reversal also occurs with “near copies™ has been recognized earlier
(see Dyer and Ravinder 1983), and Saaty (1987) provides results that indicate how close
a near copy can be to an original observation without causing a rank reversal. Rather
than recognizing this phenomenon as an indicator of a potential source of error in the
AHP, he suggests that we eliminate alternatives from consideration that score within 10
percent of another alternative! Thus, not only can we not compare two Mercedes against
a Chrysler with the AHP, we find that we cannot compare a Mercedes and a BMW
against a Chrysler (assuming that they are within 10 percent of one another).

3.2. The Example of Dyer and Wendell

HYV next consider the example of rank reversal provided by Dyer and Wendell (1985),
and shown below:

Criteria
Alternatives G G, Cs Cs
A, 1 9 1 3
A 9 1 9 1
A 8 i 4 5
As 4 1 8 5
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Assuming that the four criteria are judged to be equally important, the rankings determined
by the AHP for the first three alternatives are given by

C1 Cz C3 Cs Score Rank
Ay; 118 9711 1714 3/9 0320 3
A2 9/18 1/11 9/14 1/9 0.336 2
A; 8/18 1/11 4/14 5/9 0.344 1

and for the four alternatives by

C, C; G C, Score Rank
Ay 1722 9712 1722 3/14 0.264 1
Ay 9/22 1712 9722 1714 0.243
Ay 8/22 1/12 4/22 5/14 0.246
Ay 4/22 112 8/22 5/14 0.246

NN S

where the alternatives 4, and 43 have reversed rankings.

These numbers are reproduced here because a careful inspection of the results will
provide some insights into the flaw in the AHP when the principle of hierarchic com-
position is assumed (i.e., the weights on the criteria do not depend on the alternatives
under consideration). In order to obtain the scores shown above, the numbers in the
columns are each multiplied by 0.25, reflecting the assumption that the criteria are equally
important, and summed across the rows.

The normalized eigenvectors determined in the AHP essentially allocate the weights
on the criteria to the alternatives. For example, when only the three alternatives 4;, A;,
and A; are considered, 8/18ths of the weight on criterion C; is allocated to alternative
Aj3 by the first term in the calculation of the AHP score for 43, and 9/11ths of the weight
on criterion C, is allocated to A, by the second term in its AHP score calculation. Al-
ternative A4 has higher scores than A4, on criteria C; and C, which are enough to give it
a higher ranking than 4,.

Now, consider what happens when alternative 4, is introduced. Alternative 44 does
moderate to well on criteria Cy, C3, and C, which is where 43 gained most of its allocated
score in the case of three alternatives. Therefore, it dilutes the allocation of the scores of
these criteria. Since alternative 4, performed rather poorly on these criteria, it did not
suffer significantly because it had such a small proportion of this weight initially. However,
A,y has poor performance on criterion C, where A4, excels, so the fraction of the weight
of C; allocated to A4, falls from 9/11 to only 9/12. As a result, alternative 43 suffers from
the introduction of alternative 44 much more than A4,, and a preference reversal occurs.

Clearly this example is not explained away by the argument that A, is a copy or “near
copy” of another of the original alternatives. Further, Dyer and Wendell provide an
interpretation of this example which leads to the conclusion that the appropriate ranking
of the alternatives is obtained by simply summing the criterion scores, which produces
a ranking in the order 4,, 4; and A4, (tie), and 4,. This ranking was not given by either
of the applications of the AHP illustrated above.

This example does assume the principle of hierarchic composition, defined by Saaty
(1980) to be applied in situations where the weights on the higher levels of a hierarchy
can be determined independently of the weights on the lower levels. It is important to
emphasize that virtually all of the published examples of the use of the AHP to evaluate
alternatives relative to a set of criteria have assumed this principle. The principle of
hierarchic composition is also assumed in the implementation of the AHP in the decision
support software Expert Choice. Thus, we are led to the following conclusion:

When the principle of hierarchic composition is assumed, the results produced by the
AHP are arbitrary.

While the results from the AHP may be highly correlated with the true preferences of a
consistent decision maker in some cases, and even provide an accurate ranking of alter-
natives in other special cases, in general this cannot be guaranteed a priori.
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4. Resolution

Arbitrary rankings are produced by the AHP when the principle of hierarchic com-
position is assumed because the weights on the criteria may not be appropriate given the
normalization procedure used on the scores of the alternatives. Here we consider some
proposed approaches to resolving this problem and show, in particular, how the method
can be modified (using ideas from multiattribute utility theory) to correct this flaw.

1. Altering the Weights

It is possible to alter the weights of the attributes in the AHP in order to avoid rank
reversal. However, this means that the questions of paired comparisons involving the
criteria must depend on the specific alternatives being considered.

HYV attribute the example of rank reversal provided by Dyer and Wendell to a misuse
of the theory of the AHP, and claim that the weights in this example should depend on
the alternatives. As a result of this insight, the principle of hierarchic composition is
violated, and the system with feedback approach of the AHP must be used which requires
the construction of a “super matrix” W. This matrix is composed of the relative weights
of alternatives according to the criteria, and of the relative weights of criteria according
-to the alternatives. The final set of weights for the criteria and scores for the alternatives
is given by limy._, , W2+,

An obvious concern is the number of ratio compansons required by this supermatrix.
Suppose 7 alternatives are evaluated on m criteria. Then the decision maker would be
required to make m(n? — n)/2 + n(m? — m)/2 comparisons. A case with seven alternatives
and five criteria, which is not a particularly large problem for a real application, would
require 175 ratio comparisons! Therefore, the number of comparisons required by this
procedure would place a restrictive limitation on its actual use, although it may be possible
to reduce this number in practice by using only a subset of the ratio comparisons ordinarily
assessed.

The problem of the large number of required ratio comparisons is compounded by
the difficulty of responding to the questions requiring that the criteria be compared with
respect to the alternatives. HV refer to a trivial case where this question can be answered
because the criteria are all measured in monetary returns. However, in an automobile
selection problem with cost and appearance as two of the criteria, the decision maker

Wwould be required to respond to questions such as this, “Does the Mercedes perforrn
better on cost or on appearance, and by how much?”

Responses to these types of questions may not be meaningful, even when the decision
maker is aided by a skillful analyst. Recall that the questions required by the AHP have
been criticized as being ambiguous when two alternatives are compared on the same
criteria. At least in these cases the alternatives are measured on the same metric. Ratio
comparisons of the performance of an alternative across criteria would require much
more complex cognitive comparisons by the decision maker (see the discussion by Klein-
muntz and Schkade 1988).

HYV state that the supermatrix approach should be used in cases where the principle
of hierarchic composition is not valid, and so the criteria weights are dependent on the
alternatives. However, the AHP theory does not include any “independence conditions” -
that can be tested empirically based on the responses of the decision maker to determine
a priori when the principle of hierarchic composition is not valid. Rather, HV seem to
conclude that the principle must have been violated in the example provided by Dyer
and Wendell because the addition of another alternative caused a rank reversal and the
new alternative was not a copy of another alternative,

When the AHP is applied to the problem of evaluating alternatives on multiple criteria,
the principle of hierarchic composition is always violated. The supermatrix approach
requires responses from the decision maker that are numerous and ambiguous. Therefore,
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this does not seem to be a fruitful approach to resolving the difficulties inherent in applying
the AHP at this time, although further research may provide the basis for overcoming
these limitations.

4.2. Using Absolute Measurement

Saaty (1987) provides an example of the use of absolute measurement to compare
alternatives which has the advantage that the rankings are not affected by the addition
or the deletion of alternatives. In this approach, the AHP is used to assign scores to
ratings on the criteria, such as ‘“high”, “average”, and “low”, and then alternatives are
evaluated by assigning a rating to the performance of the alternatives on each criteria.
This approach is illustrated with an example from the college admissions decision. The
two criteria are grades and entrance exams, and the ratings on each are high, medium, .
and low. ) '

Unfortunately, this approach is based on the assumption of the principle of hierarchic
composition, which implies in this case that the weights on the two criteria are independent
of the ratings used to measure performance on them. In general, we have seen that this
is not true. Therefore, the rankings produced by this approach will be arbitrary, even
though these rankings will not change when new alternatives are added or deleted. How-
ever, if a new rating category is introduced on one criterion, such as “above average”,
and the AHP is used to assign new scores to the four possible ratings on this criterion,
then the rankings of the alternatives are likely to change even if none of them are assigned
this new rating of “above average” and no other ratings are changed. The problem of a
reversal in rankings is only a symptom of the more fundamental problem that the rankings
produced by the AHP are arbitrary.

—_—

4.3. Rescaling the Attribute Ratings

A remarkable observation regarding this controversy about the phenomenon of rank
reversal in the AHP is that a simple solution does exist. The key to resolving the problem
is by analogy to multiattribute utility theory. This solution is appropriate as long as the
criteria used in the application of the AHP satisfy the property of difference independence
(Dyer and Sarin 1979), which can be tested a priori.

The key is to ensure that both the weights on the criteria and the scores of the alternatives
on the criteria are normalized with respect to the same range of alternative values (e.g.,
see Keeney and Raiffa 1976, p. 273). This can be accomplished in one of two ways:

1. The weights on the criteria can be obtained in the traditional AHP manner. Then
the decision maker can be asked to specify the ranges over which he assumed the alter-
natives vary on each criterion. For example, if he is trying to choose an automobile, he
might indicate that he assumed cost could vary from $10,000 to $25,000, or appearance
from beautiful to ugly. If the actual alternatives to be considered do not have performance
measures that cover this entire range, “dummy” alternatives should be generated and
added to the set under consideration to span these ranges. For example, a “best” alternative
could be created with the most preferred performance on each criterion, and a “worst”
alternative could be created with the least preferred performance on each criterion. The
evaluation of the alternatives could then proceed in the usual AHP fashion.

2. As an alternative, the decision maker could be told the ranges over which the
alternatives under consideration actually vary. Then he could be asked to answer the
pairwise comparisons regarding the importance of the criteria by considering the relative
importance of a change from the least preferred to the most preferred values for criterion
i compared to a similar change for criterion j.

The eigenvectors for the criteria determined by'the AHP should then be scaled by
subtracting the smallest component in each eigenvector from all components in the
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eigenvector, and then dividing this modified eigenvector by its largest component. An
example of the use of this approach is provided by Dyer and Wendell (1985). This is
essentially the same strategy suggested by Kamenetzky (1982), and it resolves the flaw
in the AHP of arbitrary rankings and its symptom, rank reversal. In addition, the rankings
obtained by the AHP from the responses of a consistent decision maker will then be the
same as those obtained by using an additive measurable multiattribute value function
(Dyer and Sarin 1979), an additive multiattribute value function (Keeney and Raiffa
1976, Chapter 3), and an additive multiattribute utility function (Keeney and Raiffa
1976, Chapter 6) when the appropriate independence conditions are satisfied.

5. Conclusions

Applications of the AHP based on the assumption of the principle of hierarchic com-
position produce rankings based on the consistent responses of a decision maker that
cannot be shown to be consistent with his or her preferences. The defense of this basic
flaw by HV and by Saaty (1987) does not provide an effective resolution of this problem.

As noted above, the actual solution to this problem is relatively simple, and is based
on a synthesis of the AHP assessment methodologies with the theory of multiattribute
utility theory (MAUT). Further, these ideas have been published previously, but have
not been adopted by AHP researchers. The primary hindrance to the adoption of ideas
from the AHP methodology by the OR/MS community has been the effort to maintain
the AHP as a separate and distinct approach to the evaluation of alternatives. To quote
from HV, “One should also not view the AHP as a subset of or perturbation to the
methods of decision analysis such as MAUT. The main controversy in the decision
analysis community has arisen by not recognizing that the AHP is based on an entirely
different set of axioms.” This same attitude also motivated the following comment by a
reviewer of an earlier draft of this paper, “There is no doubt in my mind that we are
wasting time for reasons other than science. Could utility theory be in such need as to
seek synthesis with the AHP? The question posed by many: Does the AHP, as a ratio
scale approach, need utility theory and for what purpose? I have not heard AHP prac-
titioners voice such an opinion, and many of them are very knowledgeable about utility
theory.” We consider these to be most unfortunate positions.

At a higher level of abstraction we assume that researchers in “utility theory” and in
AHP methodologies are attempting to model the preferences of a decision maker so that
the rankings of alternatives produced by these approaches reflect these preferences.
Therefore, it seems reasonable to conclude that both fields would benefit from efforts to
synthesize these two approaches to the same problem. As an example, the problem of
assessing a preference function in practice is challenging, and the OR/MS community
would benefit from having alternative approaches available to deal with different situations
and different individuals, and for consistency checks. Farquhar (1984) has surveyed lottery-
based approaches for assessing risky preference functions, and Farquhar and Keller (1988)
have provided a similar survey of strength-of-preference methods for assessing riskless
value functions. The work by Dyer and Sarin (1979) and Sarin (1982) provides the
conditions under which lottery-based and strength-of-preference assessment techniques
may be used interchangeably, greatly expanding the flexibility of an analyst in selecting
an assessment procedure and in verifying the result.

A synthesis of utility theory and the AHP would provide similar benefits, perhaps
suggesting ratio scale assessment procedures that could be used within the context of
traditional utility theory applications. A recent paper by Vargas (1986) provides a con-
tribution to this direction of research. MAUT concepts provide a simple solution to the
rank reversal problem in the AHP, and may also provide the insights necessary to allow
the AHP assessment techniques to be applied to nonadditive multiattribute evaluation
models, and to problems explicitly involving risk in the form of probability assessments.
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We conclude that much more is to be gained from a synthesis of AHP and MAUT than
from efforts to maintain them as separate areas of research and application.
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A.3 Lootsma, F.A., “Comments on ‘The Negotiation and Reso-
lution of the Conflict in South Africa: The AHP’ by Th. L.
Saaty”.

Lootsma’s note to the editor in which he objects to the method Saaty uses in his paper in OriON.

ORiOn, Vol. 5, No. 1, pp. 52-54 ISSN 0259-191X

Letter to the Editor

Comments on "The Negotiation and Resolution of the Conflict in South
Africa: the AHP". by Th. L. Saaty (ORiON), Vol. 4, No. 1, pp. 3-25, 1988).

It is well-known that Saaty has a deep interest in the solution of political
conflicts and that he devoted much of his time and energy to solve them via his
Analytic Hierarchy Process, a method in the field of multi—criteria analysis. The
racial conflict in South Africa is probably one of the hardest problems in actual
history. It prompted Saaty to develop a new extension of the AHP, using the
estimated benefits and costs of possible concessions between two parties which are
in conflict. '

As an OR specialist, Saaty has a particular responsibility for the proposed
methodology (this is always the case when OR specialists cooperate with users to
solve ‘managerial, administrative or political problems). Regrettably enough, we
found several deficiencies in the methodology just mentioned. They should be
thoroughly discussed before the OR community launches a professional contribution
to the solution to the solution of the racial conflict.

Saaty tries to estimate the benefits and the costs of the concessions
separately via the AHP. The white party, for instance, compares the black
concessions in pairs under certain criteria; these criteria are also weighted via
pairwise comparisons, and the results are finally aggregated into the final scores,
the benefits of the black concessions as viewed by the white party. It is
well—known, however, that the final scores have a multiplicative degree of freedom
so that the benefits are not unique. The costs of the white concessions as viewed
by the white party are calculated in a similar way. They also have a multi-
plicative degree of freedom. So, when all benefits and costs are evaluated, it is
still impossible to estimate the cost/benefit ratios (the trade—offs) of the
concessions offered by the respective parties. This is a glaring weakness of Saaty's
proposal (see also ref. [1]). Moreover, Saaty does not motivate the subsequent
operations on the estimated benefits and costs (multiplication of own benefits and
adversary's costs of a concession, addition of thege products in order to calculate
the value of a possible deal between the two parties). In some cases, these values
do not properly represent the feelings of the respective party members.

To illustrate the key issue, the multiplicative degree of freedom of the final
scores in multi~criteria analysis, we observe that the criterion weights
¢ii = 1,..,m, and the impacts ajj, i=l,..,m, j=1,..,n, of the alternatives
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At,...,Ajy.yAn, under the respective Ci,...,Cy,...,Cnm, are not unique. They are
usually normalized, in the sense that

lg't ‘.:i =1
B 1 i=1
P aj = 1, i=1,...,m. ey

Nevertheless, the ratios ajj/ajx are unique. Hence, we can model the ratio
8j/sx of the final scores corresponding to the pair of alternatives A; and Ag by

v ,
8y = g3 0]
8k !tli aik) !
which yields
8 = iﬂl af; ~ (geometric aggregation rule).

Using first—order approximations we obtain the familiar, but approximate

result

8 igl ciaj; (arithmetic aggreagtion rule).

Obviously, the ratios sj/sx are unique, but the final scores have a
multiplicative degree of freedom.

For Saaty's conflict analysis, these considerations have the following
significance. We view the situation from the standpoint of part I, say. Let fj
denote the benefit of the j—th concessions offered by party II. The fj;, the final
scores of a multi—criteria analysis by party I of all possible concessions of the
adversary, are not unique; they have a multiplicative degree of freedom. Similarly,
let , stand for the cost of the k—th concession offered by party I itself. The i,
the final scores of separate multi—criteria analysis by party I of all their own
possible concessions, do also have a multiplicative degree of freedom, but it is not .
the degree of freedom of the benefits §j. Hence the trade—off fj/n of the deal
where concession j is offered in exchange for concession k, has almost no meaning.
We could equivalently write the trade—off as
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With arbitrary positive degrees of freedom A and g, but this ratio could be
smaller or larger than 1 so that it remains unclear whether party I would accept
or reject the deal in question. Multi—criteria analysis, as recommended by Saaty,
fails to establish a "rate of exchange" between mutual concessions. The calculated
trade—offs can only be used to rank all possible deals, but even then we cannot
distinguish the deals which are in principle acceptable for party I

It is not our intention to say that multi—criteria analysis is useless in a
conflict. =~ On the contrary, it enables each party to rank the benefits of the
adversary's concessions as well as the costs of their own concessions. In doing so,
the party members are urged to make up their minds about the critical issues in
the actual conflict. Finally, we have no illusion about the power of conflict
analysis. It is a common experience in multi-criteria analysis (mostly used in a
situation with incompatible viewpoints) that human beings do not easily accept the
results of a mathematical technique. Their behaviour is even worse in an open
conflict. Finally,  we have no illusion authe power of conflict analysis. It is a
common experience in multi—criteria analysis (mostly used in a situation with
incompatible viewpoints) that human béings do not easily accept the results of a
mathematical technique. Their behaviour is even worse in an open conflict.
Nevertheless, it will always be worth trying out the ideas, provided that the
underlying methodology is sound.

June 1989.

F.A. Lootsma

Faculty of Mathematics and Informatics
Delft University of Technology

P O Box 356, 2600 AJ Delft

The Netherlands
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A.4 Saaty, T. L., “The negotiation and resolution of the conflict
in South Africa: The AHP”.

A paper in OriON. Saaty proposes a system based on two sets of measures.

ORiON, Vol. 4, No. 1, pp. =25 ISSN 0259-191X

THE NEGOTIATION AND RESOLUTION OF ‘{‘:HE
CONFLICT IN SOUTH AFRICA: THE AHP

Prof Thomas L Saaty
University of Pittsburgh, Pennsylvania, USA

1. INTRODUCTION

The theory of retributive conflict resolution with regard to the problem in South Africa
is illustrated in this article. It is assumed that there are only two parties in the
conflict: the Blacks and the Whites. A set of feasible concessions is derived for both
sides to solve the problem over the short, medium and long term. The decision model of
the negotiator in both cases is discussed and tables are included. It was found from this
preliminary exercise that it is possible to derive an equitable solution according to the
demands being made by both sides. A major limitation has been the use which had to
be made of surmised hierarchies and judgements gleaned from available literature. It
would be preferable were the parties to the conflict to do this themselves.

The analysis of this paper is concerned with a negotiated solution of the conflict in
South Africa with the aid of a mediator, if necessary.

2. THE ART OF NEGOTIATION

According to Nierenberg, negotiating today is one of the least understood arts in human
affairs.’ However, in a successful negotiation everybody wins.?)

This analysis proceeds from the assumption that to negotiate a conflict there must be
both common interests and issues,3 and that the moment is propitious for negotiation

/
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when both sides perceive that they may be better off with an agreement than without
one.¥) This approach uses the computer to evaluate benefit to cost ratios of concessions
and seek nearly equivalent ratios for the two sides. The known principle of negotiation
and conflict resolution is followed, namely that "Conflict resolution may be defined as
the search for an outcome which represents to some participants an improvement from,
and for no participants a worsening of, their present situation."s) Another well-known
principle of negotiation is that there must be willingness to compromise and both sides
must make concessions.8) -

The analysis of benefit to cost ratios is thus designed to yield comparable advantage to
both sides. In terms of bargaining over position the participants may be expected to be
relatively disciplined problem—solvers, and the goal to be a "wise" outcome for both
sides. It should be reached efficiently and amicably in a way open to reason and
focusing on interests and not positions, with the opportunity to invent multiple options
for mutual gain, using objective criteria and attempting to reach a result based on
standards independent from will.”)

The most positive way of bringing about negotiations is to hold out to the other party
thg possibilities of creative solutions.8) - This is what this procedure, the Analytical
Hierarchy Process, does by offering the parties a framework for developing their
positions according to their knowledge and perception of the situation and providing
their judgements to reach an overall assessment of their position before they embark on
making offers -and considering counter—offers. They would list and understand the
stakes and interests of each side and be aware of the effective elements in both parties'
viewpoints of the situation and of the emotional component of the other party. The
process is in conformity with the findings of Axelrod,9’ namely that the pay—offs of the
parties need not be comparable at all, do not have to be symmetric and do not have to
be measured on an absolute scale, but only relative to each other.

Conflicts are hard to negotiate because they are multiobjective, multicriteria, and
multiparty, and involve intangible goals, criteria and alternatives. Conflict resolution
cannot be reasoned one factor at a time and then implemented by putting the pieces
together. Any action in one sphere affects perceptions in all other spheres. The usual
method of logical reasoning generates linear chains of syllogisms. It is better suited for
simple problems which deal with one factor at a time. What is needed is a process that
can accommodate the actual complexity of a conflict situation. It is also important to
be able to incorporate diverse judgements from one or several parties and test their
effect on the outcome through sensitivity analysis. Often the reason a solution is
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acceptable to one side but not to the other is because no collaborative reasoning can be
adequately factored into the solution. It has been found that our approach can indeed
gain the participation of negotiators, diplomats and politicians. They are the people we
are trying to help with our models in the first place.

The approach should also be descriptive rather than normative because the latter
legislates an intellectual solution for a messy situation, resulting in disagreement and
ambiguity about what comprises a solution. The Analytical Hierarchy Process with its
Expert Choice!® software package is a psychophysical theory of ratio-scale
measurement of intangibles that is well-suited for this purpose and has been applied to
current conflict situations such as South Africa, the Malvinas (Falklands), Canadian—US
Free Trade Negotiations, the Punjab in India, and the conflict in Northern Ireland. The
AHP has been applied in several published works 1) to make trade—offs among
intangibles in nuclear arms reduction negotiations between the USA and the USSR.

This paper combines the AHP approach for measuring intangibles with the idea of
retributive conflicts where benefits and costs of ’Possible concessions are estimated and
used to arrive at a resolution fair to both parties.

3. TYPES OF CONFLICT RESOLUTION

There are two types of conflict resolution. The first kind is constructive. It is what is
conventionally treated in the so—called rational approach to conflict resolution in which
a party attempts to maximize its gains. '

The other kind of conflict resolution is termed retributive. It involves considerations of
both gains and losses to both parties. The idea is particularly relevant in long
drawn—out conflicts which in the end fester and create almost inerradicable resentments.
Here a party may be willing to give up much of its demands if misfortune can be
brought to its opponent through some means, including justice as dispensed by the
court systems. In negotiations, therefore, each party not only calculates the incremental
benefits it gets, but also the costs to its opponent. The more of either, the greater
the gain.

Because of space limitations, the full-blown analysis of the conflict had to be
condensed and will be made available to the interested reader by the author on
request.
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Gain is the product of the benefits to the party (whose aim may also be long run
benefits) and the costs to the opponent. Each side must calculate its estimate of the
opponent's gain (as a product of benefits to the opponent and costs to itself). It must
also ensure that the ratio of its gain to the opponent's gain, which it considers as a loss,

is greater than or close to unity or not less than what the opponent is perceived to get.
Thus each party is concerned with maximizing its gains via its benefits and the costs to
the opponent and also by negotiating to increase this gain and decrease its loss (which is
the gain to the opponent). When several concessions are considered simultaneously,
sums of the products of benefits and costs must be taken. The ratios for the two parties
A and B are as follows:

Gain to A
A's perception of Gain to B

A's ratio =

Sum (A's benefits x B's costs
um (B's benefits x A's costs

(as perceived by A where Sum = sum taken over all concessions by B in the numerator
and by A in the denominator) :

_ Gain to A
— Loss to

A's perceived ratio for B is the reciprocal of the above.

Gain to B
B's perception of Gain to A

B's ratio =

Sum (B's benefits x A's costs
um 8 benelits x B's costs

(as perceived by B where Sum = sum taken over all concessions by A in the numerator
and by B in the denominator)

_ Gain to B
~ Loss to

B's perceived ratio for A is the reciprocal of the above.
If each of the ratios is perceived by the corresponding party to be less than unity, the

problem is to alter these perceptions or to increase the concessions so that both parties
see that they are equally treated.
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Note that constructive conflict resolution is a special case of this whereby the costs to
the opponent are assigned a unit value. Each party assumes that the opponent is paying
the full cost and concentrates on maximizing its own benefits. It cannot incur any
further costs on the opponent.

In many instances where the parties feel that an essential part of the conflict arises from
their disparity in relative power, it would be appropriate to weight the ratio of each
party by its proportion of perceived power computed for both from appropriate
hierarchies of influence, as has been done in many examples. In that case, to equalize
the two expressions becomes a more difficult task. By accepting guaranteed concessions,
the weaker party may become stronger and its perceived power may change accordingly.
It is exactly because of such possible changes that some long-standing conflicts should
not be negotiated as a one—shot affair, but dealt with in terms of short—, medium— and
~ long—range objectives.

4, OUTLINE OF THE PROCESS

The object is to develop a ratio of gains to losses for each party and indicate how they
can be used to trade off concessions, one against one, several against one or several
against several.

The concessions given below for the Whites and the Blacks in the South African conflict
are not described in detail.

Although there are only two parties, Whites and Blacks, in this brief presentation, the
subject has been studied by including all the factions for each of the parties. Exhibit 1
in the next section gives the concessions of the two parties in the South African conflict.

Each party needs four hierarchies to estimate benefits and costs. The first is for its
actual benefits from the concessions received, the second for the costs of the concessions
made, the third for its estimate of the benefits to the opponent of the concessions it
makes, and the fourth for its estimate of the costs of the concessions offered by the
opponent. All in all there are thus eight such hierarchies for the two parties. Only one
will be illustrated in Exhibit 2 and the discussion which follows it.
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Two tables for the estimated benefits and costs for each party for each concession.are
then given. Ratios of gains to losses are also shown.

A table matching single concessions from each side according to their value to each is
shown. The criterion is that neither should believe that he is getting less than the other
believes he is getting.

Another table can be constructed matching sets of multiple concessions of one side with
those of the other, for all possible combinations which satisfy the foregoing criterion.
This is not given here.

A mediator can develop his version of the eight hierarchies of the two opponents
according to how he believes they will each evaluate the outcome from information he
gets from them. He has four additional hierarchies for his own version of benefits and
costs using actual judgements elicited when possible from the two parties or inferred
from information they give him on the side. He uses these four hierarchies to propose
modifications in their position towards a better solution.

A computer program is available for matching concessions. It takes a substantial
amount of time to develop the mediator's proposals.

5. APPLICATION TO THE CONFLICT IN SOUTH AFRICA

In this section the method is set out by means of which gains involving intangible
factors are calculated.

5.1 EXHIBIT 1
5.1.1 Concessions by the White Government
*
(1)  Release "political" prisoners:

(a)  all prisoners, or
(b)  only Nelson Mandela.

By ‘political" prisoners is meant people convicted of crimes motivated by
political goals, and those held without trial under emergency regulations.
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(2)

3

(4

(5)

(6)

Draw up an agenda for a national convention in which —

(a)  all leaders including African National Congress are invited,
(b)  only Bishop Tutu, or

(c)  all but Nelson Mandela.

Main Neo—Apartheid, a weaker form of the classical apartheid. Remove —
(a)  apartheid in buses, etc.

(b)  on beaches,

(c)  other forms of discrimination.

Revoke the newly instituted Regional Councils to —

(a) give local governments more autonomy,

(b)  accept urban migration and develop an urbanisation policy, and
(c)  abolish forced removals and family breakups.

Improve the conditions of Blacks.

(2)  Decentralize industries to Black homelands,
(b)  promote Black education,

(c) allocate more budget money to Blacks.

Make a declaration to the effect that citizenship and voting rights in a
unitary state will be granted —

(a).  within one year,

(b)  inone to two years,

(c)  in a specified time period greater than two years.

5.1.2 Black concessions

1)

()

Assist in decreasing Western pressure: Persuade the US —
(a)  toremove Western trade barriers,

(b)  tolift military sanctions,

(c)  against disinvestment,

(d)  to abandon Sullivan principles.

"Abandon violence" commitments by —
(a)  Nelson Mandela,

(b)  all leaders,

(c) ANC.
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®)

(4)

(5)

(6)

Stop —

(a) all rent and business boycotts,
(b}  general strikes,

(c)  boycotts by students,

(d)  strikes by trade unions.

Protect —
(a)  White political rights,

(b)  investments, and
(c)  agree to peaceful transition of power.

Agree to power—sharing
(a) immediately,

(b)  gradually.

Cooperate with the White government for economic growth.

The White government would benefit if one or more of the following criteria were

satisfied:

(a)
(b)
()
(d)
(e)

- (D

the White community is appeased,

the Whites maintain political rights,

the economy improves,

the White government gains sympathy from the Western world, v

the threat of retaliation against the Whites by the Blacks is decreased,
and

the White government creates an acceptable policy for granting Blacks the
franchise in a unitary state.

While some dimensions like "appease Whites", "gain sympathy", "improve economy"
were further subdivided, others led straight to the leaf nodes consisting of the list of
Black concessions. Comparative judgements were made at each level. The judgements
for Level 1 in the previous hierarchy are shown in the matrix below.
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The hierarchy constructed for the White government's estimate of its benefits from

Black concessions was as follows:

GOAL

ESTIMATING WOITE GOVERNMENT'S BENEFITS
FROM BLACK CONCESSIONS

Appease Maintain Improve Gain sympathy Decrease

Create
¥hites  power economy of Western threat of policy
| : world retaliation for
| by Blacks Blacks
I I
I r t 1
I | | I
| ~ Improve Decrease Increase
| foreign strikes Western
| investment trade
I .
I
|
} T T -' ]
I I I |
Improve Improve Decrease threat  Maintain political
economy business ° of retaliation control
Black concessions - -7
1 2 3 4 5 6
Assist Decr. Abandon Stop Boycotts Protect White Power Cooperate for
Pressures Yiolence and Strikes Rights and Sharing = Economic Growth
Investments
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5.3 THE AHP

There are three principles which one can recognize in problem solving. They are the
principles of decomposition, comparative judgements, and synthesis of priorities.

The decomposition principle calls for structuring the hierarchy to capture the basic
elements of the problem. An effective way to do this is first to work downward from the
focus in the top level to criteria bearing on the focus in the second level, followed by
subcriteria in the third level, and so on, from the more general (and sometimes
uncertain) to the more particular and definite. One can then start at the bottom,
identifying alternatives for that level and attributes under which they should be
compared which fall in the next level up. Then one finds an intermediate set of higher
criteria that can both be decomposed into these attributes and . are themselves
decompositions of the higher level criteria or subcriteria identified in the downward
process. In this way, one can link the focus of the hierarchy to its bottom level in a
sequence of appropriate intermediate levels. The levels of a decomposition are an
essential part of measufement, and, hence, adjacent ones should generally not be too
disparate, that is they do not differ by more than a "qualitative" order of magnitude. In
general, the bottom level of the hierarchy contains the resources to be allocated, or the
alternatives from which the choice is to be made.

The principle of comparative judgements calls for setting up a matrix to carry out
pairwise comparisons of the relative importance of the elements in the second level with
respect to the overall objective (or focus) of the first level. In the case where no scale of
measurement exists, this is a judgement made by the individual or group solving the
problem. The scale for entering judgements is given in Table 1. Additional comparison
matrices are used to compare the elements of the third level with respect to the
appropriate parents in the second, and so on down the hierarchy. The process could be
started at the bottom level and move upward. An entry of each matrix belongs to a
fundamental scale employed in the comparisons. These entries are used to generate a
derived ratio scale. The next step deals with the composition of the derived ratio scales.

The synthesis of priorities principle is now applied. Priorities are synthesized from the
second level down by multiplying local priorities by the priority of their corresponding
criterion in the level above, and adding them for each element in a level according to the
criteria it affects. (The second level elements are each multiplied by unity, the weight
of the single top level goal.) This gives the composite or global priority of that element
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Intensity of
Importance on
an Absolute
Scale

1

2,4,6,8

Reciprocals

Rationals

TABLE 1

THE FUNDAMENTAL SCALE

Definition

Equal importance.

Moderate importance of
one over another.

Essential or strong
importance.

Very strong importance{

Extreme importance.

Intermediate values -
between the two ad-
jacent judgements.

If activity i has one
of the above numbers
assigned to it when
compared with activity
j, then j has the reci-
procal value when com-
pared with i.

Ratios arising from the
scale.

use the appropriate percentage refinement.

, 1

Explanation

Two activities contribute
equally to the objective.

Experience and judgement
strongly favor one activity
over another.

Experience and judgement
strongly favor one activity
over another.

An activity is strongly
favore and its dominance
demonstrated in practice.

The evidence favoring one
activity over another is of
the highest possible order
of affirmation.

¥hen compromise is needed.

If consistency were to be
forced by ogtaining n

numerical values to span

the matrix.

When the elements being compared are closer tosether than indicated by the

scale, one can use the scale 1.1, 1.2, ...

If still finer, one can
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- which is then used to weight the local priorities of elements in the level below compared
by it as criterion, and so on to the bottom level.

The AHP contains an intrinsic measure of inconsistency for each matrix and for the
whole hierarchy. Knowledge of inconsistency enables one to determine those judgements
which need reassessment. When a group uses the AHP, their judgements can be
combined after discussion by applying the geometric mean to the judgements which
derives from the requirement that the collective judgement itself must satisfy the
reciprocal property. '

The AHP can be applied to set priorities on the criteria and subcriteria of the hierarchy.
The alternatives may be evaluated by paired comparisons (relative measurement).
When there are many alternatives, and neither their number nor their kind affects the
importancé of the criteria, they can be absolutely measured or scored on each criterion
according to merit or degree to which they meet the standards.

Many decision problems involve dependence of criteria on alternatives and of higher
order criteria on lower order ones; also alternatives may depend on other alternatives.
A particularly useful generalization of the theory to deal with such dependence
situations has been formalized within a network system with feedback of which a
hierarchy is a special case.

Let us now describe in greé.tet detail the comparison process and how it is used.

The smaller of two elements being compared is considered to be the unit; the larger one
is assessed as so many times larger, using intensity of feeling as the measure and
translating this to a numerical value. We can show that the derived scale from the
comparisons is insensitive to small changes (corresponding to uncertainty between two
neighbouring intensities) in the values of the paired comparisons.

If exact numbers for the comparisons are known and their ratios are used, the derived
scale gives back their relative values. However, even when exact numbers are available,
the values of these numbers ordinarily need to be compared (by interpreting their
relative importance) and used instead of the numbers themselves. For example, to a
family of modest income a US $20 000 car may be much more expensive than a US
$10 000 car; but to a military budget planner these costs may be about equal. For
further detail on the scale see reference 12) below.
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The scale is used to enter numerical judgements in a matrix for the strength of
dominance of a criterion in the column on the left over each of the same criteria listed in
the row on top. A reciprocal is used in case the criterion on top dominates the criterion
on the left. The reciprocals are automatically entered in the transpose position. The
relative weights are obtained by deriving the principal eigenvector of the matrix, which
is the only way to capture the relative rank of the criteria when inconsistency is allowed.
The principal eigenvalue is used to measure the amount of inconsistency which should
not far exceed 10 %. The computer program Expert Choice enables one to find out
where the most inconsistent judgements are and improve them, if desired.

5.3.1 Matrix of comparative judgement for level I

|
Relative
-] AW MP EC GS DR BP Weight

Appease White

community (AW) 1 12 5 6 4 3 291

Maintain power

l B

I
(MP) | 2 1 4 5 5 6 377
Improve economy | ‘
(EC) | 1/5 1/4 1 T 4 3 155
‘Gain sympathy :
(GS) | 1/6 1/5 17 1 1/6 1/3  .032
Decrease retaliation |

DR) | 1/4 15 1/4 6 1 1 078

Formulate acceptable _
Black policy (BP) | 1/3 1/6 1/3 3 1 1 .067

=

Inconsistency = 11.6%

As a motivation for the relative weights derived from the above matrix of comparative
judgements expressing our evaluation of Government goals, one may surmise that the
main objective of the White government is to maintain power. The second most
important concern of the White government is to appease that section of the White
community whose discontentment has for instance led to the rise of the Afrikaner—led
Conservative Party, which poses a threat to the ruling Nationalist Party in certain
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conservative constituencies. Improving the economy was considered to be more
important than gaining sympathy because most of the sanctions against South Africa
have been ineffective. Gaining sympathy was considered to be less important than
decreasing the threat of retaliation because a section of the White community is not
willing to consider sharing power with the Blacks, although the stated SA Government
policy is democratic rule within the mechanism of power—sharing.

5.3.2 Results

Subjective judgements were made at each level to complete the hierarchy. The results
were aggregated to calculate the White government's benefits from each of the Black
concessions, and are set out in Tables 2 and 3, together with the costs and benefits, both
actual and perceived, for each party for both sets of concessions.

Table 2 gives the account from the perspective of the Whites and Table 3 gives the
account from the perspective of the Blacks. Columns 3 and 6 in Table 2 show the total
White losses and total Black gains from the White government's concessions. Column 3
is the product of Columns 1 and 2 and Column 6 is the product of Columns 4 and 5.
Similarly, in Table 3, Columns 3 and 6 show respectively from the Blacks' perspective
the total gain to Whites and the total loss to Blacks from Blacks' concessions.

These estimates of gains and losses are used by each party in deciding whether it should
make a concession in return for a concession by the other party. For instance, the total
White losses from the White government's concession of "Release only Nelson Mandela"
have the value of 1860 (Column 3, Table 2). For convenience the priorities of all
alternatives have been multiplied by 100 000. Thus 1860 corresponds to the priority
-01860. The White government will agree to make this concession in exchange for any
concession by the Blacks which will give the White government gains of greater than
1860. A list of Black concessions satisfying this criterion (from Column 3, Table 3) is
shown below in Table 4. But the Blacks will agree to making any of the concessions
identified in Table 4 if, and only if, the gain to them from the White concession of
"Release only Nelson Mandela" of 561 (Column 6, Table 2) is greater than their loss
from making any of the Black concessions. As shown, the Black losses from any of the
Black concessions are always greater than 561. The ratios of gains/losses are also
calculated by each party and for this particular case are shown in Table 4. As can be
seen, while this ratio is always greater than one for the Whites, it is much less than one
for the Blacks. Thus the Blacks would not agree to this exchange.
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TABLE 2
WIITE CONCESSIONS

3 5
o] W,
&2 & &
g2 B 28 g
ny B 4 A E 2
BE BE 2y §E ¥E gg
E8 E8 283 = 25 83
1(a) Release All Prisoners .036 .019 684 01 .02 200
1(b) Release Only Mandela .060 .031 180 .017  .033 561
2(a) Invite All .056 .056 3 136 .044 .037 1628
2(b) Invite only Tutu .008  .008 64 006  .005 30
2(c) All but Mandela 027 027 729 .021  .018 378
3(a) Remove Apartheid
In Buses, Trains ‘ .013 .011 143 .006 .008 48
3(b) At Beaches .013 .011 143 .006 .008 48
3(c) Others .065 .054 3 510 .031 .041 127
4(a) More Autonomy .109 .147 16 023 .102 .126 12 852
4(b) Solve Urban Black 22 .029 638 02 - .025 500
4(c) No Relocation 22 029 638 02 - .025 500
5(a) Decentralize Industry .042 063 2 646 .051 047 2 397
5(b) Black Education 012  .018 216 015 .013 195
5(c) Give Greater Money .088  .132 11 616 - .106  .097 10 282
~In Budget
6(a) Give Citizenship Shortly  .206 175 36 050 .262 .238 62 356
6(b) In1- 2 years 174 .148 25 752 .221 .201 44 421
6(c) In > 2 years .049 .042 2 058 .062 .057 3 537
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TABLE 3

BLACK CONCESSIONS

w
g gk
= <
B g BE .
g, £ g5 g
12 (S g ISHS IS j
E:" ﬂag m’!:: m
BE Bd zz wp yE oo,
EE EB 23 RS =mE 889
1(a) No Trade Barriers .047 097 4559 124 069 8 556
1(b) No Military Sanctions .020 .042 840 .053 03 1 590
1(c) No Disinvestment L1170 .242 28 314 .309  .173 53 457
1(d) No Sullivan Principles -008 - .018 144 022 .013 286
2(a) Mandela Afpeal for - .034 .029 -~ 986 022 - 021 462
Non-Violence :

2(b) All Leaders Appeal for .170 [147 24990 .110  .106 11 660
Non-Violence

2(c) ANC Agrees to Non-Violence .034 .029 986 .022 021 462
3(a) Stop Boycott of Rent .088 .078 6 864 .058 .043 2 494
Business
3(b) No Strikes 02  .023 598 017 013 221
3(c) Stop School Boycotts 0256 .022 550 016  .012 192
3(d) No Threats by Unions .041 .037 1517 .027 .020 540
4(a) Protect ¥hite Political  .066  .037 2 442  .044 016 704
Rights

4(b) Protect White Investments .016  .009 144 010  .038 380
4(c) Peaceful Transition .019 .01 190 .012 045 540 -
5(a) Agree to Power Sharing .03¢  .017 578 .029 007 203
5(b) Gradually 03¢ 017 578 .029  .007 203

6(a) Co-operate for Economic  .188  .129 94 252 .068  .215 14 620
Growth
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Black White Black White ratio: Black ratio:
Concessions ains losses ain/loss ain/loss
5001 1) (Col 2) fCol 1/1860) ?561./Col 2)
1(a). Induce Western world to lift trade barriers against SA:
4559 8556 245 0.065
1(c). Pressure US against any form of disinvestment;
28314 53457 15.22 0.01.
2(b). All SA leaders appeal for nonviolence:
24990 11660 13.43 0.048
3(a). Stop all boycotts:
6864 2494 3.69 0.225
4(a).  Agree to White political rights in future:
2442 704 1.31 0.79
6(a). Cooperate for economic growth: A
24252 14620 13.03 0.038

The numbers in Columns 1 and 2 of Table 4 are priorities that have been

multiplied by 100 000.

This impasse was reached because each party wants its gains to be approximately
greater than its losses, yet the ratio of gains/losses is less than one for the Blacks.
A mediator is thus needed for reconciliation, otherwise the Blacks could attempt to raise

the cost for the Whites through undesirable acts.

6. THE SOUTH AFRICAN CONFLICT WITH A MEDIATOR

A mediator evaluates for each party what it says it is giving up and what it is receiving -
based on its declared values (benefits and costs) and attempts to obtain convergence in a
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way which shows each party that the outcome is fair — that is, that both their ratios are
close. He must substitute each party's perception of benefits and costs to the other by
what he knows about the other party's values, avoiding exaggerations and distortions.

Black concessions for which the White Government's gain are greater than the loss for
their concession: "release only Nelson Mandela".

The objective of the mediator is to ensure that each party's gains/losses ratio is close to
or greater than one and that one party does not perceive the other party's ratio to be
much greater than its own. Specifically, in the above example the mediator has to
devise means of making the gains/losses ratio of the Blacks comparable with that of the
White government on at least one Black concession so that the White government can
agree to making its concession to release Nelson Mandela. As can be seen from Table 4,
the White government's gains/losses ratio is the least and the Black's ratio is greatest
for the Black concession of "Protect White political power in the future". The mediator
can now try either to decrease the White ratio or to increase the Blacks' ratio. Let us
assume that the latter alternative is chosen. One of the ways of achieving this is for the
mediator to increase the Black perception of the costs of Whites' concessions to Blacks.
This now requires that Blacks change their hierarchy for estimating the Blacks'
perception of Whites' costs.

By changing the paired comparison judgements in one of the hierarchies, we observed
that the negotiator could convince the Blacks to change their perception of Whites' costs
from 0.033 (Column 5, Table 2) to 0.045 for Whites' concession "Release Nelson
Mandela". This reflects a judgement regarding the flexibility of the Blacks. With this
change, the total Black gains increase to 765. The resulting ratios of gains/losses of the
Blacks is now 1.36 while it remains 1.31 for the Whites,

As the two ratios are comparable and greater than one, the exchange of the White
government's concession to release Nelson Mandela for the Blacks' agreement to protect
Whites' political rights in the future would be acceptable to both parties.

The crucial part in the negotiation process is therefore the change in the hierarchy
induced by the mediator so that both parties are satisfied.

A list of all sets of concessions with ratios sufficiently close to one for either party were

identified in an exhaustive list as the workable ones where the mediator might be able to
influence the perceived judgements so that the exchange would become acceptable.
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Some of the acceptable sets are (White concession, Black concession) : (Release all
political prisoners, Blacks agree to power—sharing immediately rather than Black rule),
(Develop a rational urbanization policy for Blacks, Blacks agree to gradual sharing of
‘political power within two years), and perhaps not as relevant at this stage, (Revoke the
newly instituted Regional Councils, all Black leaders in SA appeal for abandoning
violence). S

After deleting pairs of concessions in which either party's ratio is not "close to" one, a
total of 21 acceptable sets surmised by the mediator from the parties' judgements were
selected. See Table 5. Because it is assumed that the mediator is unbiased, and
therefore equitable concession sets are preferred over non—equitable ones, the
concessions were subdivided into two groups depending on whether the gain/loss ratios
of both parties were néarly equal and thus fair, or dissimilar. The former were assigned
greater weights because the mediator prefers them.

TABLE 5

EQUITABLE AND FAIR SETTLEMENT OF CONFLICT

EQUITABLE
Concessions (1a,5b) (1a,5a) (5b,3b)  (2c,5a) (2¢ 5b)
Gain/Loss/Ratios (.85,.98) (.85,.98) (2.7,.90) (.80,1.8) (.80,1.8)
Concessions (4b, Sag (4b, 5b% (4c, 5a (4c, Sbg (2c, 5b§
Gain/Loss Ratios (.90,1.9) (.90,1.9) (.90,1. (.90,1.9) (.80,1.8)
INEQUITABLE
Concessions (4b,2¢) (4b,2a) (4c,2¢) (4c,2a) (4b, 5ag
Cain/Loss Ratios (1.5,1.1) (1.5,1.1) (1.5,1.1) (1.5,1.1) (.09,2.5)
Concessions .  (4c, 53.2) (6¢c,4a) 550 2b) (4 2,2b) (6b,6 )
Cain/Loss Ratios (.09,1.9) (1.18,5.02) (2.10,.88) (1.6,1.1) (.95.3.04)

Concessions (6 c,3a)
Gain/Los Ratios ~ (3.4,1.4)

Note for example that the first pair of numbers (.85,.98) are obtained as

follows:
.85 = total White gain from Blacks' 5b/Total White loss from Whites'
la = 578 (From Table 3)/684 (from Table 2).
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Next, these sets of concessions were categorized as appeasing or minor, moderate, and
major, depending on the difficulty of imnplementing them. For instance, the set of
concessions (Release all political prisoners, Blacks agree to power—sharing immediately
rather than Black rule) identified above, consists of appeasing concessions by both
parties because although perhaps unacceptable to some party, they are easier to
implement than others. On the other hand, the set of concessions (Revoke the newly
instituted Regional Councils, All leaders in SA appeal for abandoning violence) consists
of major concessions. Collections of concessions in the three groups formed the level of
alternatives at the bottom of the mediator's decision hierarchy. Nine scenarios for the
mediator were constructed. He can focus on short—, medium— or long—range resolution,
or on the importance of the concessions. The nine scenarios correspond to the
combinations of the above two dimensions and give use to a three by three classification.
All 21 sets fall in each of the nine cells, but on ranking them within the cell only the top
four concessions were left -in that cell and given in Table 6. The ranking involved
* answering the question: Among the 21 concessions which ones are easier to implement
- (minor) in the short—, medium— or long—term?  Similarly, which are moderately
difficult to implement and very difficult to implement in the three time horizons.

TABLE 6
PROCESS OF NEGOTIATION™

Short- term Hid- term Long-term
Appeasing (1a, 5a) » (1a, 53.)' (1a, 5a)
(2¢c, 5a) (1a, 5b) (1a, 5b)
(1a, 5b) (2c, 5a) (2¢, 5b)
(2¢, 5b) (2¢c, 5b) (2c, 5a)
Moderate (6b, 6) (6b, 6) (6b, 6)
(1a, 5a) (1a, 5a) (1a, 5a)
(6c, 3a) (6c, 3a) (6c, 3a) -
(6c, 4a) (1a, 5b) (1a, 5b)
Major ~ (6b, 6) (6b, 6) (6b, 6)
’ (6c, 3a) {(6c, 3a) (6c, 3a)
(6c, 4a) (6c, 4a) (6c, 4a)
" (4c, 5a) (4a, 2b) (4a, 2b)

The numbers and letters in the table correspond to pairs of (White, Black)

concessions that can be offered. See Exhibit 1 given earlier. We may have

erred in assessing the concessions 6b for Whites and 5b for Blacks are
short-term. It is Eossible to recompute this table and put greater emphasis
on citizenship in the mid or long terms.
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The sets of concessions which the mediator should strive to exchange, depend upon
whether short—term or long—term goals are emphasized. For instance, a focus on
short—term goals, with an emphasis on minor concessions from the parties, requires
striving to exchange the concession (release all political prisoners, Blacks agree to
sharing of political power immediately rather than insisting on Black rule). On the
other hand, a long—term and major concession requires the mediator to strive for the
exchange: (Make a declaration of intent to grant some type of voting rights to Blacks »
after no more than two years, Blacks agree to cooperate for economic growth in the
region). Note that South African citizenship has already been extended to South
African Blacks (excluding certain categories of independent homeland Blacks). It is of
course not a citizenship which includes the right to vote for Parliament at this stage.

1. CONCLUSION

The results of the above analysis can be used to propose a series of steps that coﬁld be
effective in bringing the Blacks and Whites closer together. Because of the intense
nature of the conflict characterized by violent actions, coupled with a lack of trust that
the White government would institute "real" reform, the immediate concern should
perhaps be to decrease hatred and establish trust between Blacks and Whites. This is
clearly a short—term goal. Thus, the exchange of the White government's concessions of
releasing all political prisoners or inviting all Black political leaders except Nelson
Mandela (unless he condemns violence) to a national convention in return for the
Blacks' concession agreeing to share political power rather than insisting on Black rule,
should be the focus of negotiations. Over the long run, to ensure that the process of
reform continues, moderate and major concessions producing results in the near term
(mid—term goals) are needed. Therefore the negotiations should focus on the White
government agreeing to grant voting rights to the Blacks sometime in the next two to
five years, and the Blacks agreeing not to make use of violence and boycotts, and also to
work towards the economic growth of the region. Finally, a long—term perspective with
major concessions by both parties requires that the White government agree to the
previous concessions and stop telocating Blacks to their homelands with Blacks agreeing
to negotiate some form of power sharing. In addition to the previous concessions, the
Blacks should agree to protect White political rights on a long—term basis.

The proposed solution has been reached by moving along the right diagonal (diagonal
from the top left corner) of Table 6. This need not be the case for other conflicts. For
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instance, if the conflict is moderate without extreme polarization of the parties'
interests, perhaps the mid—term goals can be emphasized directly. Or in some conflicts
only moderate concessions will achieve even the short—term goals because of an extreme
escalation of conflict. Thus, the path to be taken through Table 6 would depend on the
nature of the conflict.

Using the above hierarchy, a number of different options are available to the mediator.
While the hierarchy identifies the major decision—making parameters for the mediator,
his goals and perceptions can be implemented in other parts of the negotiation process.
For instance, rather than believing the estimates of gains and losses for the parties as
being the true values, an attempt could be made to estimate the "true" value depending
on his perceptions of the parties. The hierarchies could thus be constructed, one each
for the parties, in which the gains and losses from concessions are modified by the
mediator. The mediator now uses his perceptions of gains and losses to evaluate the sets
of acceptable concessions. Such modifications depend to a large extent on the specific
situation. Other similar kinds of roles for the mediator in the context of other conflicts
are under study.

The results of the many—faction analysis for both parties, not shown here, are very
different from the above case. A focus on short—term goals, with an emphasis on minor
concessions from the parties, requires striving for exchange of the concession (White
government inviting all political leaders, and conditionally Nelson Mandela, to a
convention, and Blacks agreeing to stop all strikes). On the other hand, long—term and
major concessions require the mediator to strive towards getting the Blacks to agree to
gradual power—sharing, rather than insisting on Black rule, in return for a number of
policy changes already adopted by the Whites mcludmg the long standing policy of
decentralizing industry.

Still considerable change in attitude and undersianding are needed to make negotiation
a high priority concern in solving the problem — cooperation instead of confrontation.
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A.5 Saaty, T. L., “RESPONSE FROM: Thomas L Saaty”.

Saaty responds to Lootsma’s objections to his earlier paper in OriON.

55

ORiON, Vol. 5, No. 1, pp. 55-57 ISSN 0259-191X

RESPONSE FROM: Thomas L Saaty, University of Pittsburgh

Slow down, Mr. Lootsma, and read carefully what the paper says before you
launch into your objections.

’ What is important in the Analytic Hierarchy Process (AHP) is that all
ratio scale nunbers are relative, and are derived form the same underlying
fundamental scale used to represent the value judgments of one individual or a
group working together on a decision. The arithmetic aggregation rule in a
hierarchy makes it unnecessary to normalize the composite results in each .level.
It is automatically equal to one. Hence, the ratio scale used throughout is the
same and not several soales with different multiplicative parameters. There would
indeed be confusion if each scale required a different multiplicative parameter for
its normalization. Arithmetic aggregation is analogous to dividing a unit disc into
pie shaped sectors then treating each sector as the unit whole and dividing it
again into subsectors and so on. Calculating the size of each piece a part of the
.whole is. simple. Multiply its relative size in the sector by the relative size of the
sector itself; we do not raise it to the power of that sector size as Lootsma's
approach suggests. The sum of the pieces obtained is still equal to one. In a
hierarchic decision problem, the weighting and aggregation of the priorities of the
alternatives yields for each alternative a share of the unit whole assigned to the
top goal of the bierarchy. In addition, the sum of the weights of the alternatives-
measured on all the criteria is automatically egual to one.

Lootsma's choice of geometric aggregation obfuscates the simple idea of
dividing the whole into smaller and smaller parts described above and the final
result does not automatically sum to one without new normalization. He presents
this rule as if it is some kind of an absolute truth, forgetting that multiplication
and raising to powers postdate addition and need addition for intuitive
justification. Incidentally, there is nothimg mystical about how to comhine the
weights of the criteria and alternatives a hierarchy, as there is an infinite number
of ways for doing it, but some are less amenable to good intuitive interpretation..
The complexity of a mathematical expression does not mean that it is a more
accurate representation of the real world. Otherwise, the geometric aggregation

Cy_
rule is itself a first—order approximation to the exponential aggregation rule s§ 1

or to the trigonometric aggregation rule 82" and so on. The purpose of a
model should be to clarify and facilitate, not make things more difficult. Let us
now examine the use of benefits and costs in conflict resolution.
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‘The same individual can obtain two different ratio scale rankings of the
same set of alternatives, one according to benefits and another according to costs
(or inverse benefits). The two scales must be combined to enable him to make a
decision. He can, for example take their product, or quotient, either of which
defines a ratio scale. Obviously one does not obtain a ratio scale by adding two
different ratio scales.

With the foregoing in mind, we can address the two technical points
Lootsma raises in his note. 'The first is that the benefits obtained as ratio scale
numbers cannot be compared with the costs. Every time we make an important
decision, there are benefits to consider and there are costs or pains involved to -
reap those benefits. Do the benefits justify the costs? Clearly, it can be
determined independently that if the costs are negligible, only the benefits are used
to justify which alternative to choose, and if the benefits are negligible (valued in
pennies for example) but the costs are significant (valued in millions of dollars),
then only the costs are used to make the decision. Complexity in the decision
arises when the costs and the benefits are of the same order of magnitude and
their relative scales are the same. For many practical problems inclu’ding' conflicts
this is the real situation. The analysis must take into consideration both, and
benefit to cost ratio is one of the simplest functions of the two with prevalent use
in society. B

Next, in assessing one's perceptions of another person's benefits and costs,
one adopts a different value system but with the same philosophy regarding
trading off of benefits and costs. Since in calculating a party's index a ratio of
sums of products of benefits for one party and costs for the other is taken, the
parameter which distinguishes between the two systems of ratios devised by the
same individual cancels, and the index for each of the parties is measured in a
meningful way.

The second of Lootsma's points has to do with the difficulty of reconciling
different value systems. This is indeed an irriportant point which we kept in mind
when developing the conflict resolution approach. -~ Where such concern with
degrees of freedom is legitimate, we have been very careful not to combine values
which arose from the separate ratio scales of opposing parties. There is never a
mixing of one party's value system and index with that of another party. It
would be naive for one working in the area of conflict resolution (as an OR
researcher, teacher of game theory, and as previous analyst at the Arms Control
and Disarmament Agency) not to realize that different people have different
assessments of a situation, and generally do not have a common unit to relate
these assessments. This is generally a big hurdle in any conflict.
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In conflict resolution, each party would only examine concessions by the
other side which it considers to be worthwhile in trading off. Trivial concessions
would not be considered. If the second party has no worthwhile concessions to
make, the first party would consider its -gains to be zero, -and there would be no
resolution to the conflict. It is characteristic of negotiations that there may be
concessions offered by each side that would be considered a small or a big match
for the opponent's concessions. If the number of concessions made by each side is
different, the corresponding priorities are weighted by the relative number before
normalization so that again benefits and costs can be compared. In sum, each
party can in fact compare its benefits and costs and its perceived benefits and
costs for the other party within its value system, as parties always do in conflict,
without Lootsma's suggestion that different normalization parameters make the task
impossible. Conflicts do get resolved after all.

This and several other applications make it crystal clear that each party,
for its own understanding, must assess ‘its own values and perceptions of the
benefits and costs of the concessions made by it and by its opponent, respectively.
Naturally these perceptions would not coincide with the other party's values and
perceptions. The results are two separate indices, one for.each party. Each index
is a ratio of gains to losses derived only from one party's point of view. Even
after this, it is never suggested that the two indices be combined as this would
indeed ' violate what we just said. In fact, we only seek feasible packages of
concessions for which each party's gains are not less than its losses according to
its own index. All such concessions (if any), provide an opportunity for
negotiation. A mediator may, by talking to both sides, attempt to identify and
trade off one party's values against another's. But in this particular application we
did not make such a comparison. .

Thus it appears that Lootsma, by not looking carefully at how the ratios
are defined, compared the AHP with how he does things and imagined and mis-
interpreted the thrust of the work. He makes one think that he does not want
the OR community involved in the resolution of the conflict in South Africa, as it
may show some inequities he himself does not wish to see coming out in the open.
In addition, he apparently feels qualified to be a judge of methodologies for the
entire OR community.

Finally, we note that no one is going to use a model that does not work,
and is a good criterion to justify the use of a. model. Since Lootsma has not
offered us any convincing model of his own for conflict resolution, we stand by our
approach until it is shown not to work in practice.
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A.6 Von Winterfeldt, D. and Edwards, W. A three page
extract from their 1986 book “Decision Analysis and
Behavioral Research.”

The topic is SMART and in particular what we call marking functions. They use the term “value
curves”.

EXTRACT FROM VON WINTERFELDT AND EDWARDS
ON SMART

278 8. Multiattribute utility theory

8.2. The simple multiattribute rating technique

Origins

Versions of multiattribute value measurement were known as early as 1959,
when Adams and Fagot described both the principles of value functions and
some assessment procedures based on indifference judgments. Later, Krantz
(1964) and Luce and Tukey (1964) provided a thorough formal treatment
of additive value functions in the context of conjoint measurement theory.
In 1965 Fishburn published a seminal paper in which he formulated the
axioms for additive versions of expected utility theory. Pollak (1967) and
Keeney (1968) provided an axiomatic basis for multiplicative utility func-
tions in MAUT. By 1968, the theory of MAUT was well in place.

Raiffa (1969) and Edwards (1971) gave MAUT practical respectability.
After 10 years of theorizing, these writers in essence said, “It can be done.”
But their papers were quite different in flavor. Raiffa implicitly advocated
the indifference methods and, following his own intellectual heritage, the
SEU versions of MAUT. Edwards knew the theory, was frustrated by the
complicated measurement and elicitation techniques it seemed to require,
and sought simple and robust procedures instead of theoretical soundness
and elegance. His solution was SMART, which ignored measurement the-
ory and nonadditivities and instead relied on simple additive models,
numerical estimation techniques for eliciting single-attribute values, and
ratio estimation of weights. Initially, SMART was justified by its simplicity,
later by studies that demonstrated the robustness of additive multiattribute
models, and still later by difference measurement, which gave it theoretical
support. In the process SMART underwent a number of metamorphoses
and today comprises a collection of techniques rather than a single proce-
dure. The main communality among the SMART techniques is their reli-
ance on direct numerical estimation methods. However, more recent ver-
sions of SMART - for example, those that make use of sophisticated swing
weights with single-attribute curve-drawing procedures — are virtually indis-
tinguishable from difference measurement both behaviorally. and
theoretically.

The earliest version of SMART consisted of the following 10 steps (see
Edwards, 1971, 1977):

Identify the organization whose values are to be maximized.

Identify the purpose of the value elicitation.

Identify the entities (alternatives, objects) that are to be évaluated.
Identify the relevant dimensions of value (attributes).

Rank the dimensions in order of importance.

Make ratio estimates of the relative importance of each attribute relative to
the one ranked lowest in importance.

Sum the importance weights; divide each by the sum.

~ (< NV RV RS
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8 Measure the relative value of each entity (alternative, object) on each
dimension on a scale of 0 to 100.
9 Calculate the overall values using a weighted additive model.
10 Choose the alternative that maximizes the overall value.

In more recent versions of SMART the structuring steps (1-4) Have been
empbhasized. In particular, recognition of the hierarchical nature of struc-
~ tures of objectives and attributes frequently leads to versions of SMART
that make use of value trees and hierarchical weighting procedures. Swing
weights have become more and more common in SMART. Also, the tech-
niques for constructing single-attribute values have been refined by the use
of more sophisticated anchoring methods and by the use of strength-of-pref-
erence instructions as a supplement to direct rating.

An application of SMART to coastal zone management

Gardiner (1974) applied an early version of SMART to the evaluation of
coastal development plans. He described the problem as follows:

The Coastal Zone Development Act [of California)] charged the commissioners of
the Region V [Coastal Commission] with evaluating each development request sub-
mitted and either approving or disapproving. A major problem results since the Act
does not specify just how this very large and difficult evaluation and decision making
task is to be accomplished. The permit requests consist of information on many dif-
ferent important dimensions that are specified (at the abstract, conceptual level) by
the Act. ...

Although the Act specifies that certain attributes should be considered, it fails to
specify just how they are supposed to enter into the evaluation. Nor does the Act
specify how the commissioners are to balance the conflicting interests affected by
their decision. In effect, the Act implies that individual commissioners assigned to
the Commission will represent the interests of all affected parties with respect to the
coastal zone.

Gardiner tried to solve these problems by developing a formal MAUT
procedure for evaluating proposals for coastal development. His respon-
dents were individuals involved in coastal zone planning and decision mak-
ing, including two commissioners. The following dimensions were used for
evaluation: ’

1 Size of the proposed development, measured as the number of square feet
of the coastal zone taken up by the development

Distance from the mean high-tide line; the location of the nearest edge of
the development from the mean high-tide line in feet

Density of the development; the number of dwelling units per acre
On-site parking facilities; the percentage of cars brought in by the develop-
ment that would be provided parking spaces

Height of the building in feet (17.5 feet per story)

Unit rental, measured as the dollar rental per month (on the average), for
the development
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Figure 8.9. Example of value curves and importance weights for permit items for a
group 1 subject. (Source: Gardiner, 1974.)

7 Conformity with land use in the vicinity; the density of the development
relative to the average density of adjacent residential lots (judged directly
on a 5-point scale)

8 Aesthetics of the development, measured on a scale from poor to excellent

Note that all these attributes are monotone in value: either more is better
or more is worse. This substantially simplifies the single-attribute evalua-
tions. If nonmonotonicities had occurred at this stage, it would probably
have been desirable to restructure the attribute set.

To construct value functions with a direct rating technique Gardiner pre-
sented his respondents with the worst and the best level on each attribute.
For example, in the case of distance from mean high-tide line, worst was 0
yards, best was 3,000 yards. The worst level was assigned a value of 0, and

the best was assigned a value of 100. Respondents were then asked to rate
the various preselected levels of the attribute between the worst and be;t
level, keeping in mind that the rating should reflect how far in _value the
level under consideration was from the extremes. Value functlf)ns t}qus
derived were plotted, briefly discussed, and rey1se§. The resulting eight
value functions for one respondent are showp in Figure 8.9. The respon-
dent’s weight is shown underneath each function.
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