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Dear Student

Note that the log least squares (LLS) equations given at the bottom of page 29 of the study guide

for DSC3704 can also be constructed using the algorithm given on page 36.

This tutorial letter contains some more clarification on how to construct these log least squares

(LLS) equations.

In particular, a better notation for the algorithm given on page 36 is introduced.

Some extra steps and explanations are added in Example 2.12.

All the best with your studies.

Lecturer for DSC3704:

Ms Jeanne le Roux

Tel: (012) 433 4723 / 072 093 9656

Fax: (012) 429 4898

Office: Room 4-11, Club One Building, Hazelwood, Pretoria

E-mail: lrouxj@unisa.ac.za
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1 Study Guide for DSC3704 p.36

Please replace the paragraph Constructing the equations and Example 2.12 on page 36 of

the study guide with the following lines.

Constructing the equations

Construct the equations Db = d by initially making all the elements Dij of the matrix D and all

the elements di of the vector d equal to zero. The observations are then processed one at a time.

If an observation aij occurs in the uncompleted A matrix, the following overwrites take place in

the i-th row and j-th column of the augmented matrix (or table) D|d:

Dii ← Dii + 1 Dij ← Dij − 1 | di ← di + ln aij

Dji ← Dij − 1 Djj ← Djj + 1 | dj ← dj − ln aij

Example 2.12

Consider the uncompleted error-free matrix

A =


1 1,5 3

1 2

1


that has been prepared from

w =


w1

w2

w3

 =


1
2

1
3

1
6

 .

For example,

a12 =
w1

w2

=
1
2
1
3

=
3

2
= 1,5.

Construct the 3× 4 table D|d by initially making all the elements of the matrix D and the vector

d equal to zero, that is,

D11 = 0 D12 = 0 D13 = 0 | d1 = 0

D21 = 0 D22 = 0 D23 = 0 | d2 = 0

D31 = 0 D32 = 0 D33 = 0 | d3 = 0

or put into a tabular format,

0 0 0 0

0 0 0 0

0 0 0 0
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Processing the observation a12 = 1,5, that is, the element in the first row and second column of the

3× 3 A matrix, means that i = 1 and j = 2 in the first iteration of the algorithm for constructing

the LSS equations.

The following six overwrites take place in the first row (because i = 1) and second column (because

j = 2) of the 3× 4 augmented matrix D|d:

D11 ← 0 + 1 D12 ← 0− 1 | d1 ← 0 + ln a12

D21 ← 0− 1 D22 ← 0 + 1 | d2 ← 0− ln a12

so that the resulting values are

D11 = +1 D12 = −1 D13 = 0 | d1 = + ln a12

D21 = −1 D22 = +1 D23 = 0 | d2 = − ln a12

D31 = 0 D32 = 0 D33 = 0 | d3 = 0

or put into a tabular format,

+1 −1 0 + ln 1,5

−1 +1 0 − ln 1,5

0 0 0 0

Now process the contributions of a13 = 3, that is the observation in the first row and the third

column of the A matrix. Here i = 1 and j = 3.

The following six overwrites take place in the first row (because i = 1) and third column (because

j = 3) of the 3× 4 augmented matrix D|d (with all the elements set equal to zero at first):

D11 ← 0 + 1 D13 ← 0− 1 | d1 ← 0 + ln a13

D31 ← 0− 1 D33 ← 0 + 1 | d3 ← 0− ln a13

so that the resulting values are

D11 = +1 D12 = 0 D13 = −1 | d1 = + ln a13

D21 = 0 D22 = 0 D23 = 0 | d2 = 0

D31 = −1 D32 = 0 D33 = +1 | d3 = − ln a13

or put into a tabular format,

+1 0 −1 + ln 3

0 0 0 0

−1 0 +1 − ln 3
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Now the contributions of the observation a23 = 2 can be processed. This element is in the second

row and third column of the A matrix. Therefore i = 2 and j = 3.

The following six overwrites take place in the second row (because i = 2) and third column (because

j = 3) of the 3× 4 augmented matrix D|d (with all the elements set equal to zero at first):

D22 ← 0 + 1 D23 ← 0− 1 | d2 ← 0 + ln a23

D32 ← 0− 1 D33 ← 0 + 1 | d3 ← 0− ln a23

so that the resulting values are

D11 = 0 D12 = 0 D13 = 0 | d1 = 0

D21 = 0 D22 = +1 D23 = −1 | d2 = + ln a23

D31 = 0 D32 = −1 D33 = +1 | d3 = − ln a23

or put into a tabular format,

0 0 0 0

0 +1 −1 + ln 2

0 −1 +1 − ln 2
.

The values in the tables can be added together at any stage. This means that the contribution of

each observation can be added or processed one at a time in any order or combination.

Adding the values in all three tables results in the table

+2 −1 −1 ln 1,5 + ln 3

−1 +2 −1 − ln 1,5 + ln 2

−1 −1 +2 − ln 3− ln 2

From the last table it follows that the Db = d equations are

2b1 − b2 − b3 = ln 1,5 + ln 3. (1)

−b1 + 2b2 − b3 = − ln 1,5 + ln 2 (2)

−b1 − b2 + 2b3 = − ln 3− ln 2. (3)

These three equations in three unknowns must be solved simultaneously.

Use logarithm rules to simplify the righthand sides of the equations. For example, note that

ln 1,5 = ln
3

2
= ln 3− ln 2.
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But do not calculate the logarithm, as it follows from the definition bi = ln ui that the solutions

to the equations must be simplified to logarithms of single values in order to obtain corresponding

values for the elements of the preference vector u = (u1;u2;u3)
′.

From the solution b1 = ln 3, b2 = ln 2, b3 = ln 1, it follows that the elements of the preference

vector are u1 = 3, u2 = 2, u3 = 1.

∑
i

ui = u1 + u2 + u3 = 3 + 2 + 1 = 6.

The weights vector follows from normalisation:

w =


u1∑
i ui

u2∑
i ui

u3∑
i ui

 =


3
6

2
6

1
6

 =


1
2

1
3

1
6

 .

This is the same weights vector from which the uncompleted A matrix was constructed in the first

place.

c⃝
UNISA 2014


