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ORIENTATION
Introduction
Welcome to STA2602, the second module in STATISTICAL INFERENCE. You have completed the
first year modules and are currently registered for, or have completed the other three second level
modules.
STA2602 is a follow up module where we continue to discover the interesting world of statistical
inference, studying theory that will enable us to solve practical problems in the real world.

The prescribed textbook
Wackerly Dennis D, Mendenhal III William and Scheaffer Richard L.
(2008, International Student Edition:ISBN-13:978-0-495-38508-0 (7th edition))
Mathematical Statistics with Applications, Duxbury, Thomson Learning Inc.

In this module we will cover four chapters:
CHAPTER 9: Properties of Point Estimators and Methods of Estimation
CHAPTER 11: Linear Models and Estimation by Least Squares
CHAPTER 12: Considerations in Designing Experiments
CHAPTER 13: The Analysis of Variance

The Study Guide
The study guide should be used to guide you through the different chapters of the textbook. The
important parts in the textbook will be highlighted and parts that are more difficult to understand will
be explained in more detail in the study guide. Activities given in the study guide can be used to test
your progress in the textbook and your understanding of material covered at each stage.
The study guide thus serves as an interactive workbook.

Study units
The study guide is divided into 6 study units which will cover the four prescribed chapters in the
textbook. Tackle the study material bit by bit otherwise you can easily be overwhelmed by the amount
of work. After each study unit, make sure that you understand the theory and was able to do the
practical activities and exercises. At the end of each unit a feedback section will be provided to
help you check whether you understand the specific concept. You can only obtain maximum benefit
from this activity-feedback process if you discipline yourself and only look at the feedback after you
have done your own solutions. Remember in Statistics, as in Mathematics, there is a strong positive
correlation between your exam mark and the number of exercises and problems you have solved!
• Start as early as possible with this module and work regularly
• Work through the relevant chapter and exercises before attempting assignments
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• Have a positive attitude towards Statistics! Sometimes it is not so exciting but statistical literacy
will enable you to make effective decisions in your future career or perhaps as manager in your own
business!

Computer packages and statistical calculators
This is mostly a practical module where many calculations are done. Of course you will be expected
to use your statistical calculators extensively. The calculation of regression equations and analysing
ANOVA models and randomized block designs can all be done by hand. If, however, you have access
to JMP6 (used in another second year module) or any other statistical package, you can redo the
exercises using a computer package to check your results. Of course, in real life these problems will
always be solved using computer packages. In the assignments and examination computers will not
be available and you must use statistical calculators for all calculations.
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STUDY UNIT 1

Properties of Point Estimators
(Wakerley, Mendenhall and Schaeffer: Chapter 9.1 – 9.4)

An estimator θ̂ of a parameter θ is a function of random variables observed in a sample and
therefore is itself a random variable. In this chapter mathematical properties of point estimators
are studied. Although this module is a more applied module, we have to start of with some theory
to define properties of the estimators that we are going to use in subsequent study units. Don’t get
disheartened by these mathematics! It won’t last long.

1.1 Efficiency
Definition : Given two unbiased estimators θ̂1 and θ̂2 of a parameter θ, with variances V (θ̂1) and
V (θ̂2), respectively, then the efficiency of θ̂1 relative to θ̂2, is defined as

eff(θ̂1, θ̂2) =
V (θ̂1)

V (θ̂2)

An example comparing the efficiency of the sample mean and median as estimators of the population
mean is given as illustration.

Work through Example 9.1 which will show you how to calculate the relative efficiency of two
unbiased estimators.

ACTIVITY 1.1
Do exercises 9.1 and 9.7

1.2 Consistency
Intuitively we expect that an estimator should “converge” to the true value of the population parameter
as the amount of information in the sample increases (usually as sample size increases).
Definition : The estimator θ̂n is said to be a consistent estimator of θ if, for any positive number ,

lim
n→∞P (|θ̂n − θ| ≤ ) = 1

or, equivalently,

lim
n→∞P (|θ̂n − θ| > ) = 0

Read through the theorems. In this module you will not be asked to prove theorems. The examples
are important since they illustrate the concepts practically.
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ACTIVITY 1.2
Do exercises 9.15 and 9.16

1.3 Sufficiency
The concept of a sufficient statistic is explained in chapter 9.4.
Definition : Let Y1, Y2, . . . , Yn denote a random sample from a probability distribution with unknown
parameter θ. Then the statistic
U = g(Y1, Y2, . . . , Yn) is said to be sufficient for θ if the conditional distribution of Y1, Y2, . . . , Yn, given
U, does not depend on θ.

Make sure that you understand the concept of the likelihood function of a sample and how it is used
to prove sufficiency of a statistic

ACTIVITY 1.3
Do exercises 9.37 and 9.41.

FEEDBACK TO ACTIVITIES 1.1 to 1.3
Exercise 9.1
V ar(θ̂1) = V ar(Y1) = θ2 (Theorem 4.10)

V ar(θ̂2) = V ar(
Y1 + Y2
2

) =
2θ2

4

V ar(θ̂3) = V ar(
Y1 + 2Y2

3
) =

θ2

9
+
4

9
θ2 =

5

9
θ2

V ar(θ̂5) =
ΣYi
3
=
3θ2

9
=
1

3
θ2

eff(θ̂1, θ̂5) = (
1

3
θ2)/θ2 =

1

3

eff(θ̂2, θ̂5) = (
1

3
θ2)/(

1

2
θ2) =

2

3

eff(θ̂3, θ̂5) = (
1

3
θ2)/(

5

9
θ2) =

1

3
× 9
5
=
3

5

Exercise 9.7
From exercise 8.19 θ̂1 = nY1 is an unbiased estimator for θ with
MSE(θ̂1) = V (θ̂1) = θ2

Also θ̂2 = Ȳ is unbiased for θ and V (θ̂2) =
σ2

n
=

θ2

n

Thus we have that eff(θ̂1, θ̂2) =
1

n
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Exercise 9.15
E(X̄) = µ1 and E(Ȳ ) = µ2 . Thus X̄ − Ȳ is an unbiased estimator of µ1 − µ2.
V (X̄ − Ȳ ) = V ar(X̄) + V ar(Ȳ ) = σ21 + σ22

n
which tends to 0 when n tends to∞

Thus X̄ − Ȳ is a consistent esimator of µ1 − µ2.

Exercise 9.16 (Note that Y1 − Y2 ∼ n(0;σ2))

σ̂22 =
1

2
(Y1 − Y2)2 so that

(Y1 − Y2)2
2σ2

∼ χ2(1) and thus V (σ̂22) = 2σ4

which is independent of n and thus not a consistent estimator of σ2.

Exercise 9.37
The likelihood function is L(p) = pΣxi .(1− p)n−Σxi
By theorem 9.4 ΣXi is sufficient for p with g(Σxi, p) = pΣxi .(1− p)n−Σxi and h(y) = 1

Exercise 9.41
The likelihood is L(α) = α−nmn

n
Π
i=1
(yi)

m−1 exp(−Σymi /α)
By theorem 9.4 U = Σymi is sufficient for α with g(u,α) = α−n exp(−u/α) and h(y) = mn(

n
Π
i=1
yi)

m−1
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Learning Objectives
After studying this study unit you should be able to
· define the properties of estimators:efficiency, consistency and sufficiency
· compute the efficiency of one estimator relative to another
· ascertain whether a spesific estimator is consistent and/or sufficient
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STUDY UNIT 2

Methods of Estimation
(Wakerley, Mendenhall and Schaeffer: Chapter 9.5 – 9.7)

In this study unit we discuss two method of estimation, the method of moments and the method
of maximum likelihood. The Rao-Blackwell theorem is important theoretical knowledge necessary
when trying to obtain the “best” estimators for population parameters.

2.1 The Rao–Blackwell Theorem
This theorem provides a link between sufficient statistics and unbiased estimates for parameters. An
unbiased estimator with a small variance can be made to be a function of a sufficient statistic.
Work through all the examples illustrating the meaning of minimum-variance-unbiased estimators
(MVUE).

ACTIVITY 2.1
Do exercise 9.59

2.2 The Method of Moments
Choose as estimates those values of the parameters that are solutions of the equations µk = mk, for
k = 1, 2, ..., t where t is the number of parameters to be estimated.

ACTIVITY 2.2
Do exercise 9.75

2.3 Method of Maximum likelihood
The method of moments does not usually lead to the best estimators. The method of maximum
likelihood often lead to MVUEs since we choose those values of the parameters (θ1, θ2, ...θk) that
maximize the likelihood L(y1, y2, . . . , yn|θ1, θ2, ...θk).

ACTIVITY 2.3
Do exercise 9.85

FEEDBACK TO ACTIVITIES 2.1 to 2.3

Exercise 9.59
Note that E(C) = E(3Y 2) = 3E(Y 2) = 3[V (Y ) + (E(Y ))2] = 3(λ+ λ2)

U =
n
Σ
i=1
Yi has a Poisson distribution with parameter nλ
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P (Y1 = y1, ...Yn = yn|U = u) = P (Y1 = y1, ...Yn = yn)

P (U = u)
=

n
Π
i=1

λyie−λ

yi!

(nλ)ue−nλ

u!

=

λΣyie−nλ
n
Π
i=1
y2i

(nλ)ue−nλ

u!

=
u!

nuΠyi!
if Σyi = u

= 0 otherwise

Thus U = ΣYi is sufficient for λ since the conditional distribution is free of λ.
So if an estimator can be found that is unbiased for 3(λ+λ2) and a function of the sufficient statistic,
it is the MVUE.
E(Ȳ 2) = V (Ȳ ) + [E(Ȳ )]2 =

λ

n
+ λ2 and E(

Ȳ

n
) =

λ

n

Thus λ2 = E(Ȳ 2)−E( Ȳ
n
) so that the MVUE for 3(λ+ λ2) is 3[Ȳ 2 − Ȳ

n
+ Ȳ ] = 3[Ȳ 2 + Ȳ (1− 1

n
)]

Exercise 9.75
The density given is a beta distribution with α = β = θ. Thus . µ1 = E(Y ) = 0.5. Since this doesn’t
depend on θ we turn to µ2 = E(Y 2) =

θ + 1

2(θ + 1)
.

Hence m2 =
1

n
ΣY 2i , the MOM estimator of θ is θ̂ =

1− 2m2

4m2 − 1

Exercise 9.85
(a) For α > 0 known, the likelihood function is

L(θ) =
1

[Γ(α)]nθnα
(
n
Π
i=1
yi)

α−1 exp(−
n
Σ

i=1

yi
θ
)

The log-likelihood is then

lnL(θ) = −nln[Γ(α)]− nα ln θ + (α− 1) ln(
n
Π
i=1
yi)−

n
Σyi
i=1

θ

so that
d

dθ
lnL(θ) =

−nα
θ

+

n
Σyi
i=1

θ2

Equating this to 0 and solving for θ we find the MLE of θ to be θ̂ =
1

nα

n
Σyi
i=1

=
1

α
Ȳ

(b) Since E(Y ) = αθ and V (Y ) = αθ2, E(θ̂) = θ, V ar(θ̂) =
θ2

nα

(c) Since Ȳ is a consistent estimator of µ = αθ, it is clear that θ̂ must be consistent for θ.

(d) From the likelihood function, it is seen (Theorem 9.4) that U =
n

i=1

Yi is a sufficient statistic for

θ. Since the gamma distribution is in the exponential family of distributions, U is also the minimal
sufficient statistic.
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(e) Note that U has a gamma distribution with shape parameter nα and scale parameter θ. The
distribution of

2U

θ
is chi–square with 2nα degrees of freedom. With n = 5, α = 2,

2U

θ
is a chi–

square with 20 degrees of freedom. So with χ20,95 = 10.8505, χ20,05 = 31.4104, a 90% confidence
interval for θ is 2 yi

31.4104 ;
2 yi
10.8508 .
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Learning Objectives

After studying this study unit you should be able to
· understand the Rao-Blackwell theorem and apply it
· compute estimators using the method of moments
· compute estimators using the maximum likelihood method
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STUDY UNIT 3

Linear Models and Estimation by
Least Squares
(Wakerley, Mendenhall and Schaeffer: Chapter 11.1 – 11.8)

3.1 Introduction
We studied the method of moments and the method of maximum likelihood in the previous study
unit. Another method of estimation is the method of least squares.
Previously we assumed that Y1, Y2, ..., Yn are independent and identically distributed. This
assumption is often unrealistic. Least squares estimation can be used when a random variable
Y has a mean that is a function of one or more nonrandom variables x1, x2, ..., xk.
The difference between a deterministic and probabilistic model is discussed and illustrated in fig.
11.1 and 11.2.
Note also the discussion of a simple and multiple linear regression model.You should famaliarize
yourself with the definition of a linear statistical model given in Definition 11.1.
The method of least squares derives estimators for the regression parameters β1,β2, ...,βk. In
paragraph 11.3 the method of least squares is discussed in detail, illustrated by example11.1.

ACTIVITY 3.1
Do exercises 11.3 and 11.5

3.2 Properties of the least squares estimators
The first property of the simple linear regression parametrs is unbiasedness. It is proveb
mathematically that

E(β̂ 0) = β0 and E(β̂1) = β1.

The variances of β̂0 and β̂1 as well as the cov(β̂0, β̂1) are derived.

The error term ε of the linear model
Y = β0 + β1x+ ε

is a random variable with E(ε) = 0 and V (ε) = σ2.

The relationship between the two estimators of σ
S2 =

1

n− 1Σ(Yi − Ȳ )
2 and SSE = Σ(Yi − Ŷi)2

is explained and calculated for a spesific example.

An unbiased estimator for σ2, S2 =
SSE

n− 2 is independent of β̂0 and β̂1 and
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(n− 2)S2
σ2

∼ χ2(n− 2).

ACTIVITY 3.2
Do exercise 11.19

3.3 Inference concerning the parameters βi

In chapter 11.5 an hypothesis test for βi is derived and a 100(1 − α)% confidence interval can also
be constructed. The t-distribution is used.

ACTIVITY 3.3
Do exercise 11.23(a) and 11.27 (a)

3.4 Inferences concerning linear functions of the model parameters
If θ̂ = a0β̂0+ a1β̂1, θ̂ can be estimated by a confidence interval and an hypothesis test on H0 : θ = θ0

can be performed.

ACTIVITY 3.4
Do exercise 11.37

3.5 Predicting a particular value of Y
A 100(1− α)% prediction interval for Y when x = x∗ is derived, where x∗ is a specific future value of
x . Note the differnce in the confidence and prediction bands (fig.11.7)

ACTIVITY 3.5.
Do exercise 11.47

3.6 Correlation

In the previous paragraphs we studied the relationship between Y , the dependent variable and x the
independent variable and derived properties of the simple regression line Y = β0 + β1x.

The correlation coefficient ρ gives the relationship between X and Y . To test if X and Y are
independent we should test whether ρ = 0.
We consider r, the maximum likelihood estimator of ρ, the correlation coefficient between X and Y .
For testing the hypothesis H0 : ρ = ρ0 we can make use of the fact that

1

2
ln[
1 + ρ

1− ρ
] is approximately normally distributed.

The coefficient of determination r2, is defined and can be interpreted as the proportion of total
variation in Y explained by the simple linear regression model.

Note the relation between testing ρ = 0 and β1 = 0.

ACTIVITY 3.6
Do exercise 11.53(a), (b) and (c)
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FEEDBACK to ACTIVITIES 3.1- 3.6
Exercise 11.3
x̄ = 0 ȳ = 1.5 Sxy = −6.0 Sxx = 10 ŷ = 1.5− 0.6x

Exercise 11.5 (Housing prices)
The summary statistics are

x̄ = 4.5 ȳ = 43.3625

Sxy = 203.35 Sxx = 42

Thus ŷ = 21.757 + 4.842x
Since the slope is positive, this suggests an increase in median prices over time.
The expected annual increase is $4,842

Exercise 11.19 (Sleep deprivation)
x̄ = 16 ȳ = 10.6

Sxy = 152.0 Sxx = 320

(a)The least squares line is: ŷ = 3.00 + 0.475x
(b)

0
2
4
6
8

10
12
14
16
18

0 10 20 30

Y Y
Predicted Y

(c) s2 = 5.025

Exercise 11.23 (Data points)
(a) From exercise 11.3 we calculted syy = 4.0
Since SSE = 4− (−0.6)(−6) = 0.4

s2 =
0.4

3
= 0.1333

H0 : β1 = 0 Ha : β1 = 0

Test statistic: |t| = |− 0.6|
0.1333(0.1)

= 5.20 with 3 degrees of freedom.

Since t0.025 = 3.182, we can reject H0. Thus β1 differs significantly from 1.
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Exercise 11.27
Assuming that the error terms are independent and normally distributed with mean 0 and constant
variance σ2

(a) we know that Z =
β̂j − βi,0
σ
√
cii

has a standard normal distribution under H0.

Furthermore, V =
(n− 2)s2

σ2
∼ χ2(n− 2).

Therefore
Z

V/(n− 2) =
β̂j − βi,0
s
√
cii

has a t-distribution with n− 2 degrees of freedom under H0 .

Exercise 11.37 (flow-through LC50 measurements)

x∗ = 12 ŷ = −0.71104 + 0.655x ŷ = 7.15

V (Ŷ ) is estimated to be 10.97[0.1 +
(12− 15.504)2
2359.929

] = 1.154

Thus a 95% confidence interval for E(Y ) is 7.15± 2.306√1.154 = (4.67; 9.63)

Exercise 11.47 (Sunfish survival)
ŷ = 1.1824− 1.31515x
x∗ = 0.6 ŷ = 0.3933

A 95% prediction interval is

[0.3933± 2.306 0.00194[1 +
1

10
+
(0.6− 0.325)2
0.20625

]

= (0.3933± 0.12)
= (0.27; 0.51)

Exercise 11.53 (Football players)
(a) r2 = (0.8261)2 = 0.68244 or 68.244%
(b) Same as (a)
(c) H0 : ρ = 0 Ha : ρ > 0

Test statistic: t =
0.8261

√
8

1− (0.8261)2 = 4.146

Since t0.01 = 2.896 we can reject H0 and conclude that weight and height are positively correlated
for football players.
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Learning Objectives
After studying this study unit you should be able to
· define the least squares simple and multiple linear model
· write down the properties of the regression coefficients β0 and β1

· test hypotheses about the regression coefficients β0 and β1

· calculate confidence intervals for β0 and β1 and functions thereof
· predict a particular value of Y when x = x∗ and calculate a prediction interval for Y
· test hypotheses about ρ and calculate and interpret the coefficient of determination r2
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STUDY UNIT 4

Fitting the Linear Model by using
Matrices

(Wakerley, Mendenhall and Schaeffer: Chapter 11.10 – 11.15)

4.1 Introduction
At the start of study unit 3 we mentioned simple and multiple regression.Then we concentrated only
on the properties of Y = β0+ β1x, the simple regression model. We can derive the same inferences
for the multiple regression case by using matrices.
What happens when we have Y = β0 + β1x1 + ....+ βkxk + ε, the multilpe linear regression model?
The only practical way to handle this situation is to work with matrices.
Study the definitions and examples in the case of the multiple regression equation.
The least-squares equations and solutions for the general linear model Y = Xβ + ε are

(X X)β̂ = X Y SSE = Y Y − β X̂ Y and β̂ = (X X)−1X Y.

4.2 Properties of Estimates and Inference on them
The properties of the least squares estimates for multiple regression are listed in the shaded block
on page 616. Again inferences can be made about a single βi or about linear combinations of the
parameters β0,β1, ...,βk e.g. a0β0 + a1β1 + ....+ akβk where the a’s are constants.

H0 : a β = (a β)0 can be tested by the statistic

T =
a β − (a β)0

S a (X X)−1a

and a 100(1− α)% confidence interval for a β can be constructed.

ACTIVITY 4.1
Do exercises 11.67 and 11.76

4.3 Predicting a Particular Value of Y

Define a =


1
x∗1
.
.
x∗k

where x1 = x∗1...xk = x∗k a specific value of the vector x.

We can predict the value of Y ∗ with Y ∗ = β̂0 + β̂1x
∗
1 + ....+ β̂kx

∗
k = a β̂

A prediction interval for Y when x1 = x∗1...xk = x∗k can also be calculated.
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4.4 Hypothesis Test for a Set of Parameters
A reduced and complete regression model is defined and the relative sums of squares are compared
using an F-statistic.The reduced model is used to test if not all independent variables contribute to
the significance of the model fitted.

ACTIVITY 4.2
Do exercise 11.83

FEEDBACK TO ACTIVITIES 4.1 and 4.2

Exercise 11.67 (Data points)

X =


1 −1
1 0
1 1
1 2
1 3

 Y =


3
2
1
1
0.5

 X Y =
7.5
1.5

X X =
5 5
5 15

(X X)−1 = 0.3 −0.1
−0.1 0.1

so that β̂ = 2.1
−0.6

ŷ = 2.1− 0.6x.
The slope is the same as in exercise 11.3 but the y-intercept is different.

Exercise 11.76 (Yield)
(a) H0 : β2 = 0 Ha : β2 < 0

β̂2 = −0.92

S2 =
SSE

(n− (k + 1)) =
1107.01

(15− 4) =
1107.01

11
= 100.6373 s = 10.0318

a = (0 0 1 0) Thus a (X X)−1a = 10−4(8.1)

|T | = a β

s a (X X)−1a
=

|− 0.92|
10.0318(0.02846)

= 3.222 t0.05;11 = 1.796

H0 can be rejected and we can say that there is enough evidence that β2 < 0.
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(b) A 95% confidence interval is (a β ± tα
2

S a (X X)−1a)

= (−0.92± 2.201(10.0318)(0.02846))
= (−0.92± 0.628) = (−1.548;−0.291)

Since 0 is not in the interval we can confirm that β2 can be < 0.

Exercise 11.83 (Yield)
(a) To test H0 : β2 = β3 = 0 vs Ha :at least oneβi = 0 we use the reduced a model F-test:

F =
(5470.07− 1107.01)/2

1107.01/11
= 21.677

with 2 numerator and 11 denominator degrees of freedom. Since F0.05 = 3.98 we can reject H0.
Yes, either phosphate (x2) or pH(x3) (or both) contribute significantly.

(b)We must find the value SSER such that

(SSER − 1107.01)/2
1107.01/11

= 3.98.

The solution is SSER = 1908.08
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Learning Objectives
After studying this study unit you should be able to
· define the least squares linear model by using matrices
· calculate the regression coefficients using matrix notation
· test hypotheses about the regression coefficients using matrices
· predict a particular value of Y when x1 = x∗1, ...xk = x∗k and construct a prediction interval for this Y.
· test whether some of the independent variables contribute to the significance of the model fitted
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STUDY UNIT 5

Designing Experimens
(Wakerley, Mendenhall and Schaeffer: Chapter 12.1 – 12.5)

Two factors affect the quantity of information in a sample, the variation in the data and the sample
size. The design of experiments is concerned with methods to reduce the variation in a sample, at
minimum cost.

5.1 Designing Experiments to Increase Accuracy
When estimating the difference between two population means µ1 − µ2, it can be verified that the
standard error is minimized when n1 = n2.
In the case of fitting a simple linear regression and estimating β1, the best estimator for the slope is
when the values of x is spread as far as possible.
Make sure that you understand the concepts explained in these sections.

5.2 The Matched-Pairs experiment
When we use paired data from two populations, the standard error of the estimator
Ȳ1−Ȳ2 for the difference of the population means µ1−µ2 is decreased. Since the observations within
each pair are dependent, the methods previously developed cannot be used. A t-statistic based on
the n paired differences is derived.

ACTIVITY 5.1
Do exercises 12.5 and 12.10 (a) and (c)

5.3 Some Elementary Experimental Designs
Suppose we want to compare the means of more than two populations. Suppose futher that there
exist other variables that might influence the mean values measured for the populations. A design
called randomized (block) design is implemented.
Study the definitions 12.1 to 12.6 as well as the graphical representations of randomized block
designs and Latin square designs.
In randomizes block designs each subject would receive each of the treatments in a random
sequence - to eliminate bias in experimental results and to provide the theoretical basis for computing
probabilities used in the inference process.
In a Latin square design each stimulus is applied once to each subject and occurs exactly once
in each position of the order of presentation. These concepts will become clearer once practical
examples are done.
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ACTIVITY 5.2
Do exercises 12.19 and 12.27
Extra exercise:
To test the effectiveness of three types of feed in increasing the mass of bullocks, 18 bullocks were
assigned to six blocks according to age.The three bullocks within each block were assigned randomly
to the three types of feed. The live mass in kg at the end of 20 days is measured.
(a) Name the experimental units
(b) Name the treatment factor
(c) Name the blocking factor
(d) Name the response variable

FEEDBACK ON ACTIVITIES 5.1 - 5.2
Exercise 12.5 (Effect of digitalis on blood pressure)
Refer to section 12 in the text book. The variance of the slope estimate is minimized when Sxx is
as large as possible. That occurs when data is as far apart as possible. So, with n = 6, three rats
should receive x = 2 units and three rats should receive x = 5 units of digitalis. (Note n1 = n2 = 3)

Exercise 12.10 (CPU time)
(a) H0 : µ1 − µ2 = 0 Ha : µ1 − µ2 = 0 (Paired values)
The sample of differences D:
−0.03 0.01 − 0.06 − 0.01 0.01 − 0.05
−
D = −0.0217 SD = 0.0299

Test statistic: t =
−0.0217
0.0299/

√
6
= −1.778

Since t0.025 = 2.571 H0 cannot be rejected. There is no difference between CPU times.

(c) Confidence interval:
−
D ± tα

2

(
SD√
n
) = −0.0217± (2.571)(0.0122) = (−0.0217; 0, 0314)

= (−0.0531; 0.0097)

Exercise 12.19 (Drugs applied to rats)
We have 3 treatments A,B and C. 15 rats, five to each treatment. Use Table 12, starting e.g. at row
1, column 1, using 2 digits at a time (15 rats) and work vertically:

A B C
10 9 7

Rat number 2 1 13
11 8 5
4 3 15
12 14 6
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Exercise 12.27
Latin square

B A C
C B A
A C B

Extra exercise
(a) 18 bullocks
(b) Types of feed
(c) Age blocks
(d) End mass (kg)
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Learning Objectives
After studying this study unit you should be able to
· know what properties will increase the accuracy of an experiment
· analyse a matched-pairs experiment
· define the properties of a randimized block design and a Latin square design
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STUDY UNIT 6

The Analysis of Variance
(Wakerley, Mendenhall and Schaeffer: Chapter 13.1 – 13.13)

ANOVA is a procedure that attempts to analyse the variation in a set of responses and assign portions
of this variation to each variable in a set of independent variables.

6.1 One- way ANOVA
In section 13.2 it is shown that the total sum of squares is split into the sum of squares for treatments
(SST) and sum of squares for error (SSE).

The test statistic to test the hypothesis that k treatment means differ significantly, is then defined as

F =
MST

MSE
where MST =

SST

k − 1 and MSE =
SSE

n− k
n = total sample size and k = number of treatments.

The examples illustrate the method of one-way ANOVA clearly. Calculations are usually displayed in
an ANOVA table.

The statsistical model for one-way ANOVA is defined in the shaded block on p. 678.

ACTIVITY 6.1
Do exercises 13.16,13.17 and 13.31.

Section 13.6 is the mathematical proof of
TotalSS = SST + SSE

and you will not be expected to do the proof in the examination.

6.2 Confidence intervals

Confidence intervals for a single treatment mean or the difference between pairs of means can also
be calculated, the formulae given on p. 682.

ACTIVITY 6.2
Do exercise 13.35

6.3 Randomized Block Design
This design compares k treatment means using b blocks, such that the experimental units within
each block are homogeneous. The statistical model now has two nonrandom effects τ i and βj . The
model is given in the shaded block in section 13.8 of the textbook.
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As can be expected we now have an extra sum of squares SSB and
TotalSS = SSB + SST + SSE

We can now test whether the treatment means differ significantly using F =
MST

MSE
as previously but

also whether the block means differ significantly by using F =
MSB

MSE
.

The confidence interval for the difference between a pair of treatments is done exactly the same as
previously.

ACTIVITY 6.3
Do exercises 13.44(a),(b) and (c),13.47.13.49 and 13.57

6.4 Selecting the Sample Size

(Compare section 8.7 of the textbook )
Usually when we want to compare the treatment means, a bound on the error of estimation that can
be tolerated, has to be specified.
Study examples 13.7 and 13.8 to clarify the concept of sample size selection.

6.5 Simultaneous Confidence Intervals
If we want to construct m simultaneous confidence intervals for m pairs of reatments, the intervals
must be constructed to have confidence coefficient (1− α

m
).

See example 13.9.

ACTIVITY 6.4
Do exercise 13.68

6.6 ANOVA using Linear Models
Study section 13.13 to see how linear models (done in study unit 4) can be adapted for analysing
randomized block designs.

ACTIVITY 6.5
Do exercise 13.42(a) and then fit a complete and reduced linear model (Exercise 13.71)

FEEBACK TO ACTIVITIES 6.1 - 6.5

Exercise 13.16 (Increase in heart rate)
n = 40 k = 4 Total SS = 1002.975

SST = 67.475 ∴ SSE = 1002.975− 67.475 = 935.5

ANOVA table

Source df SS MS F
Treatment 3 67.475 22.492 0.8655
Error 36 935.5 25.986
Total 39 1002.975
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F0.05;3;36 = 2.87. Since 0.8655 < 2.87 H0 cannot be rejected. We an conclude that there is no
significant increase in heart rate among age groups.

Exercise 13.17
E(

−
Yi.) =

1

ni

ni
Σ
j=1
E(

−
Yij) =

1

ni

ni
Σ
j=1
(µ+ τ j) =

1

ni

ni
Σ
j=1
µi = µi

V ar(
−
Yi.) =

1

n2i

ni
Σ
j=1
V (Yij) =

1

n2i

ni
Σ
j=1
V (εij) =

1

ni
σ2

Exercise 13.31 (Amount of oil extracted)
(a) ANOVA table

Source df SS MS F
Treatment 3 18.1875 2.7292 1.32
Error 12 24.75 2.0625
Total 15 32.9375

Since F0.05 = 3.49 we cannot reject H0 and conclude that the average amounts of oil extracted by
the four methods do not differ significantly.

(b) Methods 1 and 4 are of interest.
−
y1 = 2

−
y1 = 4 n− k = 16− 4 = 12

A 95% confidence interval for the difference in mean levels is:

(2− 4)± 2.179 2.0625(
2

4
) = (−2± 2.2128) = (−4.2128; 0.2128)

Since 0 is an element of the interval, even methods 1 and 4 do not differ significantly.

Exercise 13.35 (Increase in heart rate)
MSE = 25.986 from exercise 13.16.

(a) A 90% condfidence interval for the difference in heart rate increase for the 1st and 4th group is:

(30.9− 28.2)± 1.645 25.986
2

10
= (2.7± 3.75) = (−1.05; 6.45)

(b) A 90% condfidence interval for group 2 is:

27.5± 1.645 25.986
1

10
= (24.85; 30.15)
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Exercise 13.44 (Insurance companies)
(a) Randomizes block design
ANOVA table

Source df SS MS F
Insurance company 4 731309 182827.3 12.20417
Location 3 1176270 392090.1 26.17298
Error 12 179769 14980.72
Total 19 2087348

(b) F0.05;4;12 = 3.26 Thus we can conclude that there is a highly significant difference in average
insurance premiums for the different companies.
(c) F0.05;3,12 = 3.49. The insurance premiums also differ significantly between the different
locations.

Exercise 13.47 (Amounts of oil extracted)
Using a randomized block design with locations as block, the ANOVA table is:

Source df SS MS F
Treatment 3 8.1875 2.729 1.40
Location 3 7.1875 2.396 1.23
Error 9 17.5625 1.95139
Total 15 32.9375

F0.05;3;9 = 3.86.

Thus neither the treatment effect nor the blocking effect is signficant.

Exercise 13.49 (Bonding agent)
ANOVA Table:

Source df SS MS F
Treatment 2 131.901 65.9505 6.36
Blocks 6 268.9 44.8167
Error 12 124.459 10.3716
Total 20 524.65

F0.05;2;12 = 3.89. Since 6.36 > 3.89 we can conclude that there is a significant difference between
mean pressures for the three bonding agents.

Exercise 13.57 (Bonding agent)
−
xnickel = 71.1

−
xiron = 75.9 df = (b− 1)(k − 1) = (3)(6) = 18

From exercise 13.49 MSE = 10.3716, b = 7, t0.005;18 = 2.878
The 99% confidence interval is

71.1− 75.9± 2.878 10.3716(
2

7
) = −4.8± 4.9543 = (−9.7543; 0.1543)
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No significant difference between nickel and iron.

Exercise 13.68 (Amounts of oil extracted)
Ȳ1 = 2 Ȳ2 = 3 Ȳ3 = 3.25 Ȳ4 = 4 MSE = 1.9514 (from13.47)
m = 3 df = 16− 4− 12 s = 1.3969

t α

2× 3
= t0.05

6

= t0.008 ≈ t0.01;12 = 2.681

(Ȳ1. − Ȳ4.)± tα
2

s
1

n1
+
1

n2
tα

2

s
1

n1
+
1

n2
= (2.681)(1.3969)

2

4
= 2.648

µ1 − µ4 : (2− 4)± 2.648 = (−4.648; 0.648)
µ2 − µ4 : (3− 4)± 2.648 = (−3.648; 1.648)
µ3 − µ4 : (3.25− 4)± 2.648 = (−3.398; 1.898)
Method 4 does not differ signicantly from any other method.

Exercise 13.42(a) (Three materials and four chemicals)

CM =
842

12
= 588 Total SS = 674− 588 = 86 df = 11

SSB =
ΣY 2.j
3
−CM =

212

3
+
152

3
+
302

3
+
182

3
− 588 = 42

SST =
ΣY 2i.
4
− CM =

202

4
+
362

4
+
282

4
− 588 = 32

SSE = 86− 42− 32 = 12

MSB =
42

4− 1 = 14 MSE =
12

6
= 2.0

ANOVA Table:

Source df SS MS F
Material 2 32 16 8
Chemical 3 42 14 7
Error 6 12 2
Total 11 86

F = 7 > F0.05;3;6 = 4.76. Yes, there is evidence of differences in mean resistence among the four
chemicals.
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Exercise13.71 (Three materials and four chemical)
The complete model is Y = β0 + β1x1 + β2x2 + β3x3 + β4x4 + β5x5 + ε, where x1 and x2
are dummy variables for blocks and x3, x4 and x5 are dummy variables for treatments. Then

Y =



5
3
8
4
9
8
13
6
7
4
9
8



X =



1 1 0 1 0 0
1 1 0 0 1 0
1 1 0 0 0 1
1 1 0 0 0 0
1 0 1 1 0 0
1 0 1 0 1 0
1 0 1 0 0 1
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0



X X =


12 4 4 3 3 3
4 4 0 1 1 1
4 0 4 1 1 1
3 1 1 3 0 0
3 1 1 0 3 0
3 1 1 0 0 3

 β̂ =


6
−2
2
1
−1
4


Thus SSEc = 674− 662 = 12 wih 12− 6 = 6 degrees of freedom. The reduced model is

Y = β0 + β1x1 + β2x2 + ε.

Then X X =

 0.25 −0.25 −0.25
−0.25 0.5 0.25
−0.25 0.25 0.5

 β̂ =

 72
−2


so that SSRR = 674− 620 = 54 with 12− 3 = 9 degrees of freedom. The reduced model

F-statistic is F =
(54− 12)/3
12/6

= 7. Since F0.05;3;6 = 4.76. The treatment means are different. Thus

there are a significant difference between the mean resistance among the four chemicals.
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Learning objectives
After studying this study unit you should be able to
· define the splittng up of the total sum of squares
· analyse a one-way analysis of variance problem
· analyse and interpret a randomized block design
· calculate simultaneous confidence intervals
· use linear models to analyse random block designs


