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Question 1

2%3”
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pXY(xay): x‘y'
0 x,y <0

x=01,2,...; y=0,1,2,...

Note that this is a discrete distribution!

(a) If pxy is ajoint frequency function, then we must have

DD pxr(ey) =1

Here, we would get
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so we must have ¢ = ¢,

(b) The marginal frequency function of X is found by summing up the joint frequency function
over all y—values:

Py(x) = > Pxr(x,y)

all y

o0 o
253V 2x 3y
-5 -5 -5 32X —x 2%
Ee = —=e el =e g, x=0,1,2,...
x!y! xlbg !

0, elsewhere

[Alternatively we can note that Pxy (x, y) factors as follows:

2% 3y
Pxy (x,y) = (6_2—) : (6_3—)
x! y!

This means that X and Y are independent, and

Py (x) = (e_zz) ]

x!

(c) From the marginal frequency function found in (b), we see that X has the Poisson distribution
with parameter 1 = 2.
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Question 2

k(6—x—y),0<x<2,0<y<4
0, elsewhere

fXY(X,)’)=[

(a) Integrating the joint density function over all possible x— and y—values must give 1. Here we

have
/_:/_Zf”(x’y)dmy = //k(6—x—y)dydx

1
= k| (6y—xy—=
/O(y xy 2y)

2 2

= k/ (16—4x)dx:k(16x—2x2)‘ —k(32-8)
0 0

— 24k,

dx =k /(24 4x — 8) dx

Therefore, to have
24k =1

we should take .

k=—.
24

(b) For0 <x <2, 0 <y <4, the distribution function is given by

1 rory
Fyy(x,y) = ﬁ/0/0(6—u—v)dvdu
- L (s L2 yd _ L (s L2) du
= %/ D — UL 21) Ou—240 y —uy 2)’

U Lo LN 1, ]
= u—=yu——yu x — —y2x — —yx?
2 TP T ) T T T

1
= &xy(u—x—y).



P(1<X<2;2<Y <3)

2 r3 1 2 1 12
= [ Gaomemm)aa= [ (G (o0 -o-37))
2
= i ((18—3x—2)—(12—2x—2))dx
24 /4 2

3

dx
2

Alternatively,

P(l<X<22<Y<3)
= PX<2, VY <3)—-PX<2,Y<2)—-PX<1,Y<3)+PX<1,Y <2

= %(6(12—2—3)—4(12—2—2)—3(12—1—3)+2(12—1—2))

1 1 4 1
= —(67—48-38+29)=—42-56+18)= —=—,
48( +2.9) 48( +18) 48 12

again.

Question 3

L

Jx () = [ .

1 <x
elsewhere

(a) If X; and X, are independent, then their joint density function is

2'L29 x1>15x2>1
1 %2

X1,X2) =1 ¥
JSx1.x, (x1, x2) [ lsewher
(b) If
U l U, =X+ X
then
U = =L X1 =U0,U
=0 1 102
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and
Xo=U,— X1 =U, — U Us.

0x1 0x1

ouy  oup us U
J(xl,xzﬁul,uz) = =

ox2  0xy —uy -

ouq ouy

= Jua (1 —uy) +ujus|

= |uy —uguy +ujuz| = luz| = us.

(d) If X1 >1and X, > 1then U, = X + X, > 2,

and
X1 1

_X1+X2_1+)§—f

Ui

where % can have any positive value, so 0 < U; < 1.

(e) Applying the transformation method, we get
fuo, i, u2) = fxx, wiuz, uy —ujuz) |J (x1,x2 = uy, uz)|

1 1
C (un)? (w2 (1 —up))? e

1
= , O<ui <1, uy > 2.
u%(l—ul)zug

Question 4

X . e . . .

LetY, = ﬁ and let us define (similarly to Question 3 above) Y, = X| + X>, in which case we
1

willhave 0 < Y, <1, Y, >0

Then
X1 = N, Xx=hHhl-1)
Y2 )
J (x1,x2 = y1, = = 1 — + =
(x1,X2 = ¥1,12) ‘—yz (l—yz)‘ lv2 (1 = »2) + )| = Iy2l



and applying the transformation method gives

Sry, G12) = fxix, 12, y2 (1= 1) O02)

r
= (E:C)‘li:fﬂ)) (ylyz)a—l O (1 — yl))ﬂ—l e—ylyz—yz(l—yl)yz
B F'l@a+p) 41 Bl a—1_ =1y
= T@r@’t G T e
rr(fj)Jrr(ﬁﬁ))yi"‘1 =y le2 0 < <1, >0

The marginal density function of Y] is

Sr ) = /_ S, 1, 32) dya

= /oo M a—1 a _yl)ﬁ—ly;“rﬁ—le—yzdyz
0

Y
T(@T (B
I'a+p) 4o pet [ avp-1 -
——— v (=) / y e 2dy,
T'(@)T B! o 2
=I'(a+p)
L(@+p)° . p—1
= —y 1=y , for 0 <y <1
T @
. . X1 . . .
Alternatively, we could for instance take Y, = X X Y, = X, in which case we will have
1 2
O0<Y1 <1, >0
and
X1 = Y X, =Y, ! 1
1 = 12 2 =12 Y,
0 Y1 o)
Jxi, x> y,») = | _n 1 _ =y—2,
won N

and applying the transformation method gives

frir, O12) = fxix, (yz, ¥ (i - 1)) (y_i)
Y1 N1

I'(a+p) (y2)*! (y2 (i B 1))ﬁ—1 e_yz—yz(ﬁ—l)y_i

F@T () i M
M a—l( (i_ ))/3—1 —yz—yz(ﬁ—l)y_z
rorp? G 7Y))c i
[ (a+p) 0P A =y P! e(_%), 0<y <L »n>0.

I'(@) I (B)
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The marginal density function of Y; is

SO = /_ S, 1, y2) dya

¥ T(a+p) +4—1 =1 \—p—1 (—Q)
= — 2T ()" 1 — e\ )d
/0 T () (2) 1 =y)" ) V2
I' (o + B) 1 o—pm1 [ +4-1 (—Q)
et = o [ gyt el ay,
I'(a) I (B) 0
= »"T@+p)
T(a+p)° . p—1
—— " (1 =) , for 0 <y <1
T (@)l
Question 5
e, 0<x <o
Jx (x) = [ 0  elsewhere
(This is the exponential distribution with A = 1). For the distribution function, we therefore have

Fy(x)=1—e"".
The density function of the 4—th order statistics in a sample of 4 is (as given on page 114 of the
study guide, withn =4, n = 4),
41
4-1)!4-4)!

4!  _ _1\3
m@x(l—ex)

= 4e* (1 —e_x)3, x > 0.

fax) = fx () (Fx )11 = F (o)1

Therefore

P (Y > 3)

= /oof4(y)dy:/oo4e_y (1 —e_y)3dy
3 3

= 42 —6e 0 +4e73 —e!?2 x0.18476.



Question 6

Fx,y)= (l—e_x) (l—e_y), x>0, y>0
Joint density function:

e, x>0,y>0

elsewhere

0 0
f(x,y)=$5F(x,y)=[S

[Note that the random variables here are independent, later with the exponential distribution with
parameter A = 1.]

The marginal density functions are

fx(x) = e, x>0,
fY(y) = e_ya y>0

Question 7

(a) The marginal frequency functions are found by summing up over columns and rows, respec-
tively:

X
12 3 4 |pyr
0.1 0.05 0.02 0.02]0.19
0.05 0.2 0.05 0.02]0.32
0.02 0.05 0.2 0.040.31
0.02 0.02 0.04 0.1 |0.18
px (x) | 0.19 0.32 031 0.18|1.0

AW N~

(b) Conditional frequency of X given Y =1 : For any x,
PX=x,Y=1) pxyr(x,1)

PX=x|Y=1)=

P =1 py (1)
S0 0.1 10
A= 10~ 052632, x=1
0.05 5 ~ —
Px|y=1(x) =1 02 )
002 — 2~ 010526, x=3
0.02 2 ~ —




SO

PY=y|X=2)=

Py x=2(y | X =2) = ;

PY=y, X=2) pxy(2,y)

P (X =2) rx(2)
0.05 5 —
0.2 20 ~ —
0.05 5~ —
0.02 2 ~ —
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