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QUESTION 1
We assume that the cumulative distribution function of X is as follows:

FX .k/ D

8>>>>>>>>>><>>>>>>>>>>:

0 for k < 1

0:1 for 1 � k < 2

0:3 for 2 � k < 3

0:7 for 3 � k < 4

0:8 4 � k < 5

1 k � 5

(a) Investigating the jumps of the function FX ; we �nd that the frequency function (probability
mass function) is

pX .k/ D

8>>>>>>><>>>>>>>:

0:1 for k D 1

0:2 for k D 2

0:4 for k D 3

0:1 for k D 4

0:2 for k D 5

(i)

E.X/ D
X
k
k � pX .k/

D 1 � 0:1C 2 � 0:2C 3 � 0:4C 4 � 0:1C 5 � 0:2
D 3:1

(ii)

E.
1
X
/ D

X
k

1
k
� pX .k/

D
1
1
� 0:1C

1
2
� 0:2C

1
3
� 0:4C

1
4
� 0:1C

1
5
� 0:2

D 0:39833

(iii)

E.X2 � 1/ D
X
k

�
k2 � 1

�
� pX .k/

D
�
12 � 1

�
� 0:1C

�
22 � 1

�
� 0:2C

�
32 � 1

�
� 0:4C

�
42 � 1

�
� 0:1C

�
52 � 1

�
� 0:2

D 10: 1:
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Alternatively, we can calculate this as E.X2 � 1/ D E
�
X2
�
� 1 where

E.X2/ D
X
k

�
k2
�
� pX .k/

D
�
12
�
� 0:1C

�
22
�
� 0:2C

�
32
�
� 0:4C

�
42
�
� 0:1C

�
52
�
� 0:2

D 11: 1

and therefore E.X2 � 1/ D E
�
X2
�
� 1 D 11:1� 1 D 10:1:

(b)
Var.X/ D E

�
X2
�
� E .X/2

where E
�
X2
�
D 11:1 can be found from (a) (iii) (using E

�
X2
�
D E

�
X2 � 1

�
C 1 if you found

E
�
X2 � 1

�
directly) and E .X/ D 3:1was found in (a) (i). Therefore,

Var.X/ D 11:1� .3:1/2 D 1: 49:

QUESTION 2
If the joint density of U and V is

fU;V .u; v/ D

(
6.1� u � v/ for 0 < u < 1; 0 < v < 1� u

0 elsewhere
then to �nd E .U / we can either integrate directly or we can �nd the marginal density of U �rst. The
�rst method gives

E .U / D

Z 1

�1

Z 1

�1
u fU;V .u; v/dudv

D

Z 1

0

�Z 1�u

0
u � 6.1� u � v/dv

�
du

D

Z 1

0
6u
�Z 1�u

0
.1� u � v/dv

�
du

D

Z 1

0
6u

 
.v � uv �

1
2
v2/

����1�u
0

!
du

D

Z 1

0
6u
�
.1� u � u .1� u/�

1
2
.1� u/2/

�
du

D 3
Z 1

0

�
u � 2u2 C u3

�
du D 3

�
1
2
u2 �

2
3
u3 C

1
4
u4
�����1
0

D
1
4
:
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To apply the second method, we �rst �nd

fU .u/ D
Z 1

�1
fU;V .u; v/dv

which for 0 < u < 1 gives

fU .u/ D
Z 1�u

0
6.1� u � v/dv D : : : D 3 .u � 1/2 :

Therefore,

E .U / D
Z 1

�1
u fU .u/du D

Z 1

0
u3 .u � 1/2 du D

1
4
:

Similarly, we get

E.V / D

Z 1

�1

Z 1

�1
v fU;V .u; v/dudv D

Z 1

0

�Z 1�u

0
v � 6.1� u � v/dv

�
du

D : : : D
1
4
:

[Note that the joint density of U and V and identically be written as

fU;V .u; v/ D

(
6.1� u � v/ for 0 < v < 1; 0 < u < 1� v

0 elsewhere

Therefore, since the density function stays the same with u and v swapped, the marginal densities
of U and V are the same, and in particular E .U / D E .V / :]
Finally,

Cov.U; V / D E .UV /� E .U / E .V /

where

E.V / D

Z 1

�1

Z 1

�1
uv fU;V .u; v/dudv D

Z 1

0

�Z 1�u

0
uv � 6.1� u � v/dv

�
du

D : : : D
1
20

and therefore
Cov.U; V / D

1
20
�
1
4
�
1
4
D �

1
80
:
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QUESTION 3

(a) The frequency function of the binomial distribution with parameters n and p is

pX .x/ D
�
n
x

�
px .1� p/n�x ; x D 0; 2; : : : ; n:

Therefore, the moment generating function is

MX .t/ D E
�
eXt
�
D

nX
xD0
ext pX .x/ D

nX
xD0
ext
�
n
x

�
px .1� p/n�x

D
nX
xD0

�
n
x

� �
pet
�x
.1� p/n�x :

Now, applying the formula for the �nite binomial series, see page 17 of the study guide, we
identify the sum on the right as being of the type

.a C b/n D
nX
xD0

�
n
x

�
axbn�x

with a D pet ; b D 1� p: Therefore we conclude that

MX .t/ D
�
pet C .1� p/

�n
D

�
0:2et C 0:8

�50
:

(b) The �rst two moments of X can be found by differentiating the moment generating function
with respect to t :

E .X/ D M 0
X .0/;

E
�
X2
�
D M 00

X .0/:

With
MX .t/ D

�
0:2et C 0:8

�50
;

we get (using the product and chain rules of differentiation)

M 0
X .t/ D 50

�
0:2et C 0:8

�49
� 0:2et D 10et

�
0:2et C 0:8

�49
;

M 00
X .t/ D 49 � 10et

�
0:2et C 0:8

�48
� 0:2et C 10et

�
0:2et C 0:8

�49
D 98e2t

�
0:2et C 0:8

�48
C 10et

�
0:2et C 0:8

�49
and therefore,

E .X/ D M 0
X .0/ D 10e

0
�
0:2e0 C 0:8

�49
D 10;

E
�
X2
�
D M 00

X .0/ D 98e
2�0
�
0:2e0 C 0:8

�48
C 10e0

�
0:2e0 C 0:8

�49
D 108;

Var .X/ D E
�
X2
�
� .E .X//2 D 108� 100 D 8:
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QUESTION 4

(a) If the density function of X is

fX .x/ D

(
�e��x for x > 0

0 for x < 0

then the moment generating function of X is given by

MX .t/ D E
�
et X
�
D

Z 1

�1
et x fx.x/dx D

Z 1

0
et x�e��xdx

D �

Z 1

0
e.t��/xdx D

�

t � �

�
e.t��/x

����1
0
D

�

t � �
.0� 1/

D
�

�� t
D

�
1�

t
�

��t
:

The integral only has a �nite value if t < �: R

(b) Differentiating the moment generating function of X we get

MX .t/ D � .�� t/�1

M 0
X .t/ D � .�� t/�2

M 00
X .t/ D 2� .�� t/�3

M 000
X .t/ D 6� .�� t/�4

and therefore

(i)
E.X/ D M 0

X .0/ D � .�� 0/
�2 D

1
�

(ii)

E.X2/ D M 00
X .0/ D 2� .�� 0/

�3 D
2
�2
;

Var .X/ D E.X2/� .E .X//2 D
2
�2
�
1
�2
D
1
�2

(iii)
E.X3/ D M 000

X .0/ D 6� .�� 0/
�4 D

6
�3
:
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QUESTION 5
Let X be the �rst time that a defective drill is found. Then X has the geometric distribution with
p D 0:05: The probability distribution function is

pX .x/ D

(
.1� p/x�1 p for x D 1; 2; : : :

0 otherwise.

The expected value is therefore

E .X/ D
1X
xD1

x .1� p/x�1 p D
1
p
:

(See Example B on page 117 of the textbook so see how this sum can be evaluated!)
In our case p D 0:05;so we see that on average 1=0:05 D 20 drills need to be inspected before
�nding the �rst defective one.

QUESTION 6

(a) If X has the density function

f .x/ D

(
ex for x � 0
0 elsewhere

then

E
�
e
3X
2

�
D

Z 0

�1
e
3
2 xexdx D

2
5
:

(b) The moment generating function of X is

M .t/ D E
�
et X
�
D

Z 0

�1
et xexdx D

Z 0

�1
e.tC1/xdx

D
1

t C 1

Z 0

�1
.t C 1/ e.tC1/xdx D

1
t C 1

�
e.tC1/x

����0
�1

D
1

t C 1
; as long as t > �1:

(c) Since we have the moment generating function, the easiest way to �nd Var.X/ is by using
the moment generating function to �rst �nd E .X/ and E

�
X2
�
:Since we can write M .t/ D

.t C 1/�1 ; the �rst two derivatives of M are

M 0 .t/ D � .t C 1/�2 ;
M 00 .t/ D 2 .t C 1/�3
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and therefore

E.X/ D M 0.0/ D � .0C 1/�2 D �1;

E.X2/ D M 00
X .0/ D 2 .0C 1/

�3 D 2;

Var .X/ D E.X2/� .E .X//2 D 2� .�1/2 D 1:

QUESTION 7
According to the central limit theorem, NX has approximately the normal distribution with expected
value � and variance � 2=n; meaning

�
NX � �

�
=
�
�=
p
n
�
has approximately the standard normal

distribution. Here, � and � 2 are the mean and variance of the gamma distribution with � D 2 and
� D 4 and n D 128: So, here we have

� D
�

�
D
1
2
; � 2 D

�

�2
D
1
8
;

�
p
n
D

p
1=8

p
128

D
1
32
:

Therefore the requested probability is found as

P.7 < X < 9/ D P

 
7� 1

2
1
32

<
NX � 1

2
1
32

<
9� 1

2
1
32

!

� P

 
7� 1

2
1
32

< Z <
9� 1

2
1
32

!
� P .208:0 < Z < 272:0/ � 0:

QUESTION 8
Here X1; X2 ,� � �; X12 denote a random sample from a N .5; 9/ distribution, Y1; Y2; � � �; Y10 an inde-
pendent random sample from a N .5; 25/ distribution, and

X D
1
12

12P
iD1
X i Y D

1
10

10P
jD1
Y j

S2X D
1
11

12P
iD1
.X i � X/2 S2Y D

1
9

10P
jD1
.Y j � Y /2

^
�
2
X D

1
12

12P
iD1
.X i � 5/2

^
�
2
Y D

1
10

10P
jD1
.Y j � 5/2
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(a) Then

(i) T D
X i � 5
3

follows a standard normal distribution (mean 0, variance 1).

(ii) Q D
12P
iD2

�
X i � 5
3

�2
follows a chi-square distribution with parameter (degree of freedom)

11. This is because each
X i � 5
3

is a standard normal variable,
�
X i � 5
3

�2
has the �2.1/

distribution, and as the sum of 11 independent chi-square variables with degree 1, Q is
chi-square variable with 11 degrees of freedom.

(iii) R D 12

 
X � 5
3

!2
follows a chi-square distribution with parameter (degree of freedom)

one. This is because

R D 12

 
X � 5
3

!2
D

0BBB@
1
12

12P
iD1
X i � 5

3=
p
12

1CCCA
2

is the square of a standard normal random variable.

(iv) U D
7P
iD1

�
X i � 5
3

�2
follows a chi-square distribution with parameter (degree of freedom)

seven, since it is the sum of seven squares of independent standard normal random
variables.

(v) V D
U=7
Q=11

does not follows an F.7; 11/ distribution since U and Q are not independent

of each other.

(iv) W D
25^�

2
X

9^�
2
Y

follows an F.12; 10/ distribution, since

W D
25^�

2
X

9^�
2
Y

D

25 �
1
12

12P
iD1
.X i � 5/2

9 �
1
10

10P
jD1
.Y j � 5/2

D

12P
iD1
. X i�53 /2=12

10P
jD1
.
Y j�5
5 /2=10

where the sum in the sum
12P
iD1
. X i�53 /2 is a �2 .12/ random variable and the sum

10P
jD1
.
Y j�5
5 /2

is a �2 .10/ random variable, and the two are independent of each other.
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(b) As found in (a) (iv), W D
25^�

2
X

9^�
2
Y

has the F .12; 10/ distribution, and therefore E .W / D 10
10�8 D

5; and therefore

E

0@ ^
�
2
X

^
�
2
Y

1A D 9
25
E .W / D

9
5
D 1:8:

(c) Since X has the normal distribution with mean 5 and variance 9=12; and Y has the normal
distribution with mean 5 and variance 25/10, and the two random variables are independent
of each other, it follows that X � Y has the normal distribution with mean 0 and variance
9
12 C

25
10 D

13
4 : Therefore, since

�
X � Y

�
=
p
13=4 is a standard normal random variable,

P.X � Y > 2/ D P.
X � Y
p
13=4

>
2

p
13=4

/ D P
�
Z >

2
p
13=4

�
� P .Z > 1: 109 4/ � 1� 0:8643 D 0:1357:
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