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ASSIGNMENT 01
Solution

UNIQUE ASSIGNMENT NUMBER: 826802

Question 1

Chapter 12 – Problem 2 on page 254 – 255

Consider the following CFG:

S → XYX
X → aX | bX | Λ
Y → bbb

Prove that this generates the language of all strings with a triple b in them, which is the language
defined by (a + b)∗bbb(a + b)∗

1. The strings that can be generated from X → aX |bX |Λ are a combination of “a” and “b” of
arbitrary length. For example: to generate the string aaabbaaba we can repeatedly use the
X production:

X ⇒ aX
⇒ aaX
⇒ aaaX
⇒ aaabX
⇒ aaabbX
⇒ aaabbaX
⇒ aaabbaaX
⇒ aaabbaabX
⇒ aaabbaabaX
⇒ aaabbaabaΛ
⇒ aaabbaaba

2. The simplest production X → Λ gives the empty string. Thus, the production X → aX |bX |Λ
can generate the language defined by (a + b)∗.

3. For the production S → XYX we can proceed by replacing the non-terminal Y with the
production defined by Y → bbb. Thus, we have: S ⇒ XbbbX .
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4. From 2 above, we know that S ⇒ ΛbbbΛ⇒ bbb.

5. However, we know that X can be used to generate strings of arbitrary length (including the
empty string). Thus, the form of S will always be (prefix)bbb(postfix), where prefix and postfix
are strings generated from X . This format is thus the language defined by (a + b)∗bbb(a + b)∗.

6. The CFG will thus generate all strings with a triple b in them.

Question 2

Chapter 12 – Problem 8(i) on page 256

Find CFGs for the following language over the alphabet Σ = {a; b}: All words in which the letter b
is never tripled.

We begin by constructing an FA that will accept the language in question, and then we construct
the CFG by applying the construction algorithm from theorem 21.

± + +a
b b b

a

a
a,b

Notice how we use the states as ‘memory’: a single b is allowable, as are two b’s, however, when
a single b (or two) is followed by an a the FA should ‘forget’ the occurrence of b’s. Thus we move
back to a state where we had no b’s to begin with. In this case the start state represents that
precisely.

We now label the states, which allows us to construct the CFG without much trouble.

S± X+ Y+ Za
b b b

a

a
a,b

From here, we can construct the CFG using the algorithm provided in theorem 21.
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S → aS|bX |Λ
X → aS|bY |Λ
Y → aS|bZ |Λ
Z → aZ |bZ

Question 3

Chapter 12 – Problem 15(iv) on page 256-257

Below is a set of words and a set of CFGs. For each word, determine whether the word is in the
language of each CFG and, if it is, draw a syntax tree to prove it.

1. abaa 1. CFG 1:
S → aSb|ab

2. CFG 2:
S → aS|bS|a

3. CFG 3:

S → aS|aSb|X
X → aXa|a

4. CFG 4:

S → aAS|a
A → SbA|SS|ba

5. CFG 5:

S → aB|bA
A → a|aS|bAA
B → b|bS|aBB

1. CFG 1 can only generate words that end in b and so cannot generate abaa.

2. CFG 2 can generate abaa, and the syntax tree is provided in figure 1.

3. CFG 3 cannot generate words with a b in the second position and thus cannot generate abaa.
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4. CFG 4 can generate abaa, and the syntax tree is provided in figure 2.

5. CFG 5 cannot generate abaa. In order to generate an a at the start of the string the production
S → aB must be used. This could then produce ab, abS or aaBB. ab is not what we are
looking for. Any word that starts with aa will not lead to abaa so aaBB is not worth continuing.
abS could generate abaB or abbA neither of which will lead to abaa.

S

a S

b S

a S

a

Figure 1: CFG 2

S

a A

ba

S

a

Figure 2: CFG 4
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Question 4

Chapter 13 – Problem 1 (vii) on page 285

Find a CFG that generates the given regular language over the alphabet Σ = {a b}: All strings with
an odd number of a’s or an even number of b’s.

Observe the following:

1. We don’t want to generate strings of 0 length.

2. Only words that have an even number of as, or an odd number of bs are not part of this
language.

We begin by classifying input words as ‘fully balanced’ (words where there are an odd number of
as and an even number of bs), ‘partially balanced’ (when there are either an odd number of as and
bs, or an even number of as and bs), or ‘unbalanced’ (when there are an even number of as and
an odd number of bs). Only fully and partially balanced words are in the language.

Considering the words in this fashion allows us to more easily draw up the FA which accepts
the language, and then translate that into a CFG. The shortest fully balanced word is a. The
following word ab is partially balanced because the b does not meet our requirement; and so aba
is unbalanced, but abb is fully balanced.

The reason for arguing about words in this way allows us to realise that there is a natural ‘sink’
state, a sort of equilibrium state where we can naturally return to and be assured that we have a
completely balanced word.

The constructed FA is presented in Figure 3

Notice that the accepting state above the start state and the accepting state to the right of the
start state are our fully balanced states. All other accepting states accept partially balanced words.
(This makes it easier to design the FA since we don’t have to think about specific words, we simply
think about moving between fully balanced, partially balanced, and unbalanced).

Now that we have an FA that can accept words for this language, we can annotate the states
(presented in Figure 4) and then simply construct the CFG using Theorem 21 from the textbook.
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a a

a

a
a

b
b

b

b

a

Figure 3: FA to accept strings with an odd number of as or an even number of bs
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X+ Y

Z+

b

a a

b

b

b

a a

a

a
a

b
b

b

b

a

Figure 4: Annotated FA to accept strings of odd number of a or even number of bs
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Now construct the CFG using the construction algorithm from Theorem 21.

S → aZ |bY
T → aX |bU|Λ
U → bT |aV |Λ
V → aW |bX

W → aV |bT |Λ
X → aT |bY |Λ
Y → aU|bX
Z → aS|bU|Λ
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Question 5

Chapter 13 – Problem 11(iv) on page 287.

In this problem we are asked to show that in the case where a CFG has a production which uses a
Λ but where Λ is not a word in the language, then there is at least one other CFG to generate the
same language.

We are given the CFG:

S → XaX | bX
X → XaX | XbX | Λ

We start by identifying the nullable nonterminals.

In this case there is only one. X is nullable.

We then delete the null production which involves this nonterminal from our grammar.

We next need to determine which productions must be added to the CFG to ensure that all words
which could be produced by the CFG can still be produced. To do this we first identify all the
productions that use the nullable nonterminal and determine what we need to add.

Production New productions
with nullables formed by the rules

X → Λ nothing
S → XaX S → a

S → Xa
S → aX
S → XaX

S → bX S → a
S → Xa
S → aX
S → XaX

X → XaX X → a
X → Xa
X → aX
X → XaX

X → XbX X → b
X → Xb
X → bX
X → XbX

Our new CFG is thus

10



COS3701/201

S → a | Xa | aX | XaX | b | bX
X → a | Xa | aX | XaX | b | Xb | bX | XbX

Check that this new CFG produces the same language as the original CFG.

Question 6

Conversion of CFG to CNF

Convert the grammar below to CNF. (Hint: Consult online learning units.)

S → aX | Yb | XYZ
X → XY | Λ
Y → b | bY | Λ
Z → a | Λ

This conversion consists of three steps performed in a fixed prescribed order. Make sure that you
understand why.

Step 1 Killing Λ-productions (The modified replacement rule.)

Three non-terminals are nullable X , Y and Z . If we want to kill them then we have to add
productions where applicable to ensure that all the words belonging to the language originally
generated by the given CFG can still be generated.

For the production: S → aX | Yb | XYZ we have to add S → a to make provision for
eliminating X → Λ.

Similarly we have to add S → b to make provision for eliminating Y → Λ.

In the case of S → XYZ we note that X , Y and Z are nullable. To ensure all the words
which were originally generated by the language are still generated we have to add six new
productions as follows:

S → XY ...make provision for the non-terminal Z which is nullable.
S → YZ ...make provision for the non-terminal X which is nullable.
S → XZ ...make provision for the non-terminal Y which is nullable.
S → X ...make provision for the non-terminals Y and Z which are nullable at the same time.
S → Y ...make provision for the non-terminals Z and X which are nullable at the same time.
S → Z ...make provision for the non-terminals Y and X which are nullable at the same time.

We apply the discussed principles to all the relevant productions of the given CFG. The
resultant CFG on its way to CNF is:
S → aX | Yb | XYZ | a | b | XY | YZ | XZ | X | Y | Z
X → XY | X | Y
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Y → b | bY
Z → a

Step 2 Killing unit productions (The modified elimination rule.) The current CFG has several such
productions:
S → X | Y | Z – in this case we have to replace these productions by other equivalent
productions. Note that adding the equivalent productions means that we end up with some
duplicate productions S → a and S → b. We can omit these.
X → X – this production can be omitted without a lost of words belonging to the originally
generated language.

We then end up with...

S → aX | Yb | XYZ | a | b | XY | YZ | XZ | XY | bY
X → XY | bY | b
Y → b | bY
Z → a

Step 3 Chomsky Normal Form (CNF)

To get the CFG in the right form we should first rewrite it as:
S → AX | YB | XYZ | a | b | XY | YZ | XZ | XY | BY
X → XY | BY | b
Y → b | BY
Z → a
A→ a
B → b

See page 275 of Cohen.

Only the production S → XYZ is at this stage not in the correct form. We introduce a new
production R1 → YZ . Thus we can replace the non-terminals YZ with R1. Our grammar in
CNF is:
S → AX | YB | XR1 | a | b | XY | YZ | XZ | XY | BY
R1 → YZ
X → XY | BY | b
Y → b | BY
Z → a
A→ a
B → b
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Question 7

Chapter 13 – Problem 6(i) on page 285-286

We are asked to find a regular expression that defines the same language as the CFG given by:

S → aS | bX | a
X → aX | bY | bZ | a
Y → aY | a
Z → aZ | bW
W → aW | a

We should also describe the language.

Our first step is to ensure that the given CFG is, in fact, a regular grammar. This is necessary
because there are also many non-regular languages that can be generated by CFGs. We do
not want to try to derive a regular expression for a non-regular language. We should be careful,
however. If a CFG is a regular grammar then we know for certain that it generates a regular
language, but it does not have to be in regular grammar format to generate a regular language,
i.e. being a regular grammar is a sufficient condition for generating a regular language, but not a
necessary one.

By Theorem 22 in Cohen (p. 262) and the definition of a regular grammar (p. 264) it is clear that
the given CFG is a regular grammar.

To find the required regular expression defining the language generated by the CFG (call this
language L), we need to do the following:

1. Apply the algorithm used in the proof of Theorem 22 in Cohen, i.e. convert the given CFG to
a TG that accepts the same language as the language generated by the given CFG.

2. Apply the algorithm used in the proof of the second part of Kleene’s theorem given on pp. 93-
108 i.e. convert the TG obtained to a regular expression.

Converting a CFG to a TG

There are five nonterminals. Therefore, we draw five states for S, X , Y , Z and W respectively, as
well as an additional final state. Thus we have progressed to the beginning of the TG, represented
in Figure 5.

The algorithm now instructs us to do the following: For each production of the form Nx → wyNz

draw a directed edge from Nx to Nz and label it with the word wy .

We have four productions fitting the above description where Nx 6= Nz :

S → bX (Nx = S; wy = b; Nz = X )
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−S

X

Z

Y

WF+

Figure 5: First step in converting a CFG to a TG

X → bY (Nx = X ; wy = b; Nz = Y )
X → bZ (Nx = X ; wy = b; Nz = Z )
Z → bZ (Nx = Z ; wy = b; Nz = W )
The result is the TG presented in Figure 6.

−S

X

Z

Y

WF+

b

b

b

b

Figure 6: Second step in converting a CFG to a TG

If Nx = Nt then the path is a loop. Step 3 involves drawing loops for these paths on our TG. There
are five such loops:

S → aS(Nx = S; wy = a; Nz = S)
X → aX (Nx = X ; wy = a; Nz = X )
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Y → aY (Nx = Y ; wy = a; Nz = Y )
Z → aZ (Nx = Z ; wy = a; Nz = Z )
W → aW (Nx = W ; wy = a; Nz = W )

The result of adding these loops is shown in Figure 7

−S

X

Z

Y

WF+

a

b

a

b

b

a

a

b

a

Figure 7: Third step in converting a CFG to a TG

Finally, for every production of the form Np → wq we must draw a directed edge from Np to + and
label it with the word wq even if wq = Λ.

We have four such productions:
S → a
X → a
Y → a
W → a

Following the above mentioned rule, we obtain the TG represented in Figure 8.
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a

a
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Figure 8: Final step in converting a CFG to a TG

Converting a TG to a regular expression

1. The algorithm begins by instructing us to create a unique start state as well as a unique final
state if the TG under consideration has more than one of any.

The TG we constructed has only one start state and one final state. The start state has an
incoming edge therefore we should create a new start state without any incoming edges. It
is not necessary to create another final state. It is, however, not wrong to do so. In general, it
is better (and much safer) not to deviate from a specified algorithm at all, even if it appears to
involve unnecessary work.

Let us then, first of all, follow the algorithm to the letter. This means that we should create a
new unique start state. Node S is no longer a start state and we use the symbol − to indicate
our new start state. We also draw a directed edge labeled with Λ from our new start state to
S. We add an additional final state too – Figure 9 shows what the TG looks like at this stage.

2. Next we begin to eliminate states. We start by eliminating Y . Note that when we eliminate
Y there are two paths from X to F . We combine these into one with the appropriate regular
experssion (a + ba∗a). The result of eliminating state Y is shown in Figure 10.

We can now eliminate Z and W . (We will do them at the same time but actually we should
do one and then the other). Again eliminating these states means that we get more than one
path from X to F and so we need to reduce these to one path labelled with the correct regular
expression. The result of eliminating states Z and W is shown in Figure 11.
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−

S

X

Z

Y

WF

+

Λ

a

b

a

b

b

a

a

b

a

a

a

a

a

Λ

Figure 9: First step in converting a TG to a RE

In Figure 12 the resultant TG after eliminating state X is shown.

Next we elminate S.

3. Next we eliminate F so that we are left with a path from the start state to the final state to
obtain the regular expression which defines the same language as the original CFG did. The
result is shown in Figure 14.

Finally, we were asked to describe the language defined by the regular expression. This language
consists of words that have 0, 1, 2 or 3 bs and where every word contains at least 1 a.
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Z

WF

+

Λ

a

b

a

(a + ba∗a)

b

a

b

a

a

a

Λ

Figure 10: Second step in converting a TG into a regular expression – eliminating Y

−

S

X

F

+

Λ

a

b

a

(a + ba∗a + ba∗ba∗a)
a

Λ

Figure 11: Third step in converting a TG into a regular expression – eliminating Z and W
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−

S

F

+

Λ

a

(a + ba∗(a + ba∗a + ba∗ba∗a))

Λ

Figure 12: Fourth step in converting a TG into a regular expression – eliminating X

−

F

+

a∗(a + ba∗(a + ba∗a + ba∗ba∗a))

Λ

Figure 13: Fifth step in converting a TG into a regular expression – eliminating S

−

+

a∗(a + ba∗(a + ba∗a + ba∗ba∗a))

Figure 14: Final step in converting a TG into a regular expression – eliminating F
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Question 8

Build a DPDA that accepts the language L = {ba(bb)n+1(a)n−1|n > 1}.

Observe that the language is a ba substring followed by repetitions of the substring bb followed by
two fewer as as there are bbs.

Let us define the DPDA:

1. Σ = {a b}

2. Γ = {X Y}

3. Tape of infinite length containing a string defined by L

4. The empty pushdown stack

5. The states as defined on page 307 of the textbook.

The shortest word in this language is when n = 2. This word is ba(bb)3(a)1 or babbbbbba. This
word has the substring ba followed by bb substrings followed by two fewer as than bbs and so is
of the same form as a general word in the language. The DPDA does not need to handle a special
case for the shortest word. The DPDA to recognise this language is shown in Figure 15.

The DPDA reads the ba substring then reads 3 bb substrings (6 bs)and then would read any
additional bb substrings pushing an X onto the stack for each of these. When an a is read then
the DPDA matches the number of as with the number of bb substrings by popping an X for each a
after the first one (that matches with 3 bb substrings).

Make sure that you understand how the DPDA checks the words by testing it with words in the
language and words not in the language,
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Start Read Read Read Read

ReadReadReadRead

Read

Read Push X

Pop Read

Read

Accept

b a b

b

bbb

b

b

b

a

a

X

∆

∆

Figure 15: A DPDA to recognise L = {ba(bb)n+1(a)n−1|n > 1}
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