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Question 1

Build a DPDA to show that the language L = {(aa)™'(b)"'aa | n > 0} is deterministic context-
free.

In this language n must be greater than zero. This means n > 1 and thus the smallest word in the
language is (aa)’>b’aa or aaaaaa.

The trick to showing that this language is context free is to use the PDA to “match” the occurrences
of aa to the occurrences of b which appear later in the string. We should also take care of the fact
that there have to be two more aas than bs but there has to be at least two aas (and no bs).

The aa string at the end of the input is just a “tag on” and does not affect the decision of whether
or not the language is context free.

Our PDA can thus be outlined as

1. Read two instances of aa (but do nothing to the stack). These are the extra aas that we can
simply get rid of because we know there should be exactly two of them.

2. Read in additional instances of aa and for each such instance push an X onto the stack. Here
we are essentially counting how many aas we have.

3. When the first b is found, read in all instances of b and for each instance pop an X off the
stack. Here each b is ticked off against an aa that was read at the beginning of the string.

4. When all of the bs have been read and an ais read then read another a (for the aa at the end
of each string). Do nothing to the stack at this stage.

5. Then do another read to check that the input is now empty.

6. Then check that the stack is also now empty. If this is the case then we have recognised a
word in the language.

7. If after the first two aas (aaaa) we find an a then we need to read another a as this might be
the smallest word.

8. After reading aaaaaa need to check that the input string and the stack are both empty.
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We can now build a PDA to do this. The PDA is shown in Figure 1. The phases outlined above can
be seen quite easily in the layout of the PDA. Check using words in the language that the DPDA is
correct.

a a
Read Read Read

X /\
A
A

Figure 1: The PDA for Question 1

Question 2

Prove that the language L = {ba"b?*"a™' | n > 0} over the alphabet = = {a, b} is non-context
free.

Use the pumping lemma with length.

In order to answer this question we use the pumping lemma with length. We proceed as in the
online study material.



The first step is to assume that the language L = {ba"b*"a™'} actually is context-free.

This means that there exists a CFG in Chomsky Normal Form (CNF) with, say, p live productions
that generates the language. Because we assume that the language is context free, we may apply
the pumping lemma.

According to the pumping lemma with length any word w in L with more than 2P characters can be
broken up into five parts, i.e. the word can be written as w = uvxyz, with

length(vxy) < 2P and

length(x) > 0 and

length(v) + length(y) > 0,

and where all words of the form uv"xy”z with n > 1 are also in the language.

We should next choose a suitable word from L which is long enough.
The word ba®’ b*>?” 8?°*! seems a good choice: it is in L and it has more than 2P characters.

Let us examine all the different ways in which the word ba®’b>?°&?°*' can be divided up into five
parts.

Remember that vxy cannot have more than 2P characters. This means that there are six ways in
which vxy can occur in the word:

1. fully from the first 2P characters (thus consists of a b followed by as),
fully from the first set of as

covering some of the first as and also some of the bs,

fully from the group of bs,

covering some characters of the group of bs and some characters of the final group of as.

o o & w0 N

fully from the second group of as.

We now examine each of these six possibilities. We are going to show that the pumped word will
in none of these cases be of the form ba"b?"a™!.

1. Suppose vxy consists of a b followed by as.
Then there are two cases to consider
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(a) v consists of a b followed by as and y consists of only as (or nothing). According to the
pumping lemma with length the word uvvxyyz must also be in the language L. In this
case uvvxyyz would have too many ba substrings at the beginning and so would not be
in L. There would also be too many as in the first set of as (because of pumping y) and
so the word would not be in the form of ba"b?"a™" and thus is not in L.

(b) v is empty and y consists of only as. According to the pumping lemma with length the
word uvvxyyz must also be in the language L. In this case uvvxyyz would have too many
as in the first set of as (from the yy) and so the word would not be in L.

2. Suppose vxy consists of as only from the first group of as.

According to the pumping lemma with length the word uvvxyyz must also be in the language
L. This word will now have more than 2° as at the beginning of the word (after the first b)
followed by b>%°22"+! and will not be of the form ba"b?"a™'. Such a word is not in L.

3. Suppose vxy consists of as followed by bs.

According to the pumping lemma with length the word uvvxyyz must also be in the language
L. What will this (pumped) word look like?

Well, there are several possibilities.

(a) If v consists of as only and y consists of bs only, the pumped word will have more than
2P as at the beginning of the word (after the single b) followed by more than 2.2° bs,
followed by &°+'. The word is not of the form ba"b?"a™' and is thus not in L.

(b) If v consists of as and bs, and y of bs only, the pumped word will have more than 2° as
(after the first b) followed by more than 2.2° bs, followed by 2° + 1 as. There will also be
more ab-substrings than allowed. The word is not of the form ba"b?"a™"' and thus not in
L.

(c) The same problem will occur if v consists of as only and y consists of as and bs, because
the pumped word will have more than 2P as after the first b, followed by more than 2.2°
bs followed by &™+'. There will also be more ab-substrings than allowed. The word is
not of the form ba"b?"a"™" and thus not in L.

(d) In any of the above mentioned three possible cases either v or y may be empty (both
cannot be empty — are you able to explain why not?), but still the pumped word will not
be a permissible word in L.

4. Suppose vxy consists of bs only.

According to the pumping lemma with length the word uvvxyyz must also be in the language
L. This word will now have a b and 2° as at the beginning followed by more than 2.2° bs and
then a*+'. Such a word is, however, not in L, because it is not of the form ba"b?"a™"

5. Suppose vxy consists of bs followed by as.

According to the pumping lemma with length the word uvvxyyz must also be in the language
L. What will this (pumped) word look like?

Well, as in case 3 above we have several possibilities.
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(b)

(d)

If v consists of bs only and y consists of as only, the pumped word will have a b and 2P
as at the beginning of the word followed by more than 2.2° bs and more than 2° + 1 as.
The word is not of the form ba"b?"a™' and thus the pumped word will not be in L.

If v consists of bs and as and y consists of as only, the pumped word will still start
with ba®” and then have more than 2.2° bs and more than 2P + 1 as in the last group
of as. There will also be more ba-substrings than allowed. The word is not of the form
ba"b?"a™! and thus not in L.

The same problem will occur if v consists of bs only and y consists of bs and as, because
the pumped word will still start with ba2P followed by more than 2.2° bs and then more
than 2P + 1 as. There will also be more ba-substrings than allowed. Thus again the word
is not in L.

In any of the above possible cases either v or y may be empty (both cannot be empty
— according to the pumping lemma), but still the pumped word will not be a permissible
word of L.

6. Suppose vxy consists of as only from the second group of as.

According to the pumping lemma with length the word uvvxyyz must also be in the language
L. This word will now have more than 2° + 1 as in the second group of as. Such a word is,
however, not in L, because it is not of the form ba"b?"a™".

We have seen that all six possible choices of vxy result in a pumped word uvvxyyz which cannot
be in language L.

This, however, contradicts the pumping lemma with length.

This means that our original assumption that L is context-free must be retracted (because, if it were
context-free, each pumped word would also have been in the language according to the pumping

lemma).

We therefore conclude that the given language L is not context-free.

Question 3

Chapter 17 — Problem 2(ii) on page 398.

Here we are required to find a CFG which would generate all words of the form a*b”a* where
xX,y,z=1,2,3,...and y =2x + 2z

It looks as if the following CFG will generate the given language:

S — XZ

X — aXbb | A
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Z — bbZa | N
The nonterminal X is used to construct the a*b?* part of the words and the nonterminal Z is used
to construct the b??a? part. In this way all words & b?>**2?b? = a*b¥b? are constructed.

We have, however, one problem: the empty word can be generated, but it is given that x, y and z
should all be greater than or equal to 1, thus the empty word should not be in the language.

To prevent the generation of A, we change the first production to S — aXbbbbZa.
Note that the shortest word in the language is abbbba.

So, one possible context-free grammar which will generate the given language is:
S — aXbbbbZa

X — aXbb | A
Z — bbZa | A

Question 4

Let L, be the grammar generating (ab)*. Let L, be the grammar generating (a + b)*bb(a + b)*.
First provide the grammars generating L; and L, respectively. Then apply the applicable
theorem of Chapter 17 to determine L L.

To solve this problem we need to apply Theorem 37 on page 380 of the prescribed textbook. In
order to apply the theorem we need a CFG for each language.

For L, we see that a possible CFG is

81 — ab81 | A

This can generate zero occurrences of ab or one or more occurrences of ab as required.
For L, we see that a possible CFG is

S, — XbbY

X —aX|bX|A

Y = bY|aY|A

The grammar generating L;L; is then (by Theorem 37)

S — 8182
S1 —>abS1 |/\



X = aX | bX | A
Y 5 bY |aY|A

Check that this language generates the required words.

Note that as the two languages given are regular languages one could use the approach of drawing
an FA to recognise each language and then deduce the CFG for each language from the FA.

Note also that one could use the PDAs for each language to come up with a combined PDA to
recognise LqL,.

To complete this exercise we need to argue/prove that the language generates the required words.
This proof is typically done in two directions.

1. Prove that the CFG generates all the words in the language.

2. Prove that the CFG generates only the words in the language.

For this example we do the proof as follows:

1. The CFG generates all the words in the language.

Any word in the language must be of the form (ab)*(a + b)*bb(a + b)*. Let w be an arbitrary
word in the language then w is of the form (ab)*(a + b)Y bb(a + b)* where x, y and z are all
> 0. The first part of the word can be generated by repeated applications of the production
S; — abS; followed by S; — A. The second part of the word comes from expanding the S,
term in the first production. In this way, any word in the language can be generated.

2. The CFG generates only the words in the language.

In a similar fashion to the argument above, we can show that it is not possible to generate
a word that is not in the language. The first production S — S;S, means that we set off on
a path where we generate words from L; followed by words from L,. We cannot generate
words that do not start with words from L, followed by words from L,. Thus we cannot (if we
assume that Ly and L, are correct) generate words which are not in L;L,.

Question 5

Chapter 18 — Problem 1(v) on page 429 of Cohen

We have to use the algorithm introduced to us by Theorem 42 to decide whether the given grammar
generates any words, i.e. whether the language is empty or not. The theorem is summarized in
your online study material.
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The given grammar is as follows:
S — AB

A — BSB

B — AAS

A— CC

B— CC

Cc—SS

A—alb

C—b|bb

Step -1: We have to find out whether S is nullable. We see that it is not the case.

Step 0: The given grammar is not in Chomsky normal form. Therefore we convert it to CNF. We
note that no production is of the form S — t where t is a terminal.

S — AB
A — BR;
R, — SB
B — AR,
Fi’g—)AS
A— CC
B— CC
C— SS
C—~2zZZ
A—a
A—b
C—b
Z—b

Step 1: We see that the nonterminal A has a production of the required form (N — t), namely
A— a
and thus can be eliminated. Following the algorithm, we eliminate all the productions with A
on the left: A— BR;, A— CC and A — b. We replace all occurrences of A on the right-hand
side with a. Now the grammar looks as follows:

S — aB
R1—>SB
B—>aF1’2
R2—>aS
B— CC
C— SS
C—~2zZZ
C—b

Z—b

(Note that we could have chosen to use the production A — b instead of A — a. The
algorithm would still work! Trace it to see.)

Step 2: We see that S has not been eliminated yet.



Step 3: The nonterminal C can be eliminated, so we move to step 1.

Step 1: The nonterminal C has a production of the required form, namely
C—b
and can thus be eliminated. The productions C —+ SS and C — ZZ have C on the left-hand
side and are eliminated. There is one occurrence of C on the right-hand side — B — CC
where C should be replaced with b. The grammar now looks as follows:
S — aB
R1 — SB
B — aRs
Rg — asS
B — bb
Z—b

Step 2: We see that S has not been eliminated yet.
Step 3: The nonterminal Z can be eliminated, so we move to step 1.

Step 1: The nonterminal Z has a production of the required form, namely:
Z—b
therefore it can be eliminated. There are no productions that have Z on the left-hand side.
There are no other occurrences of Z on the right-hand side. The grammar now looks as
follows:
S — aB
R1 — SB
B — aR.
Rg — asS
B — bb

Step 2: Observe S has not been eliminated yet.
Step 3: The nonterminal B can be eliminated — we move to step 1.

Step 1: The nonterminal B has a production of the required form, namely:
B — bb
we obtain:
S — abb
R, — Sbb
Rg — as

Step 2: S has not been eliminated yet.
Step 3: The nonterminal S can be eliminated.

Step 1: The nonterminal S has a production of the required form, namely:
S — abb.
we obtain:
R, — abbbb
R, — aabb

10
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Step 2: S has been eliminated. We conclude that the CFG generates at least one word. Therefore
the CFL is not empty.

Question 6

Chapter 18 — Problem 3(iv) on page 429 of Cohen

We have to decide whether the language generated by the given grammar is finite or infinite by
using Theorem 44. The applicable algorithm is summarized on page 409 of Cohen.

The grammar is
S— XY | bb
X =YY

Y - XY |SS

Step 1 of Theorem 44 : In this step all nonterminals which are not used to produce any word must
be eliminated. We have to apply the algorithm presented in Theorem 43 on page 407 . Step 1
of this algorithm demands, in turn, the application of the algorithm presented in Theorem 42.
Therefore, we first apply the algorithm inside Theorem 42 as summarized in the online study
material to the given grammar. Note that we, of course, modify the algorithm slightly, because
we do not only want to establish whether the language is empty but rather want to identify all
nonterminals leading to no words. For example, step 2 of the algorithm as presented is not
executed.

1. Theorem 42, step -1: No nonterminal is nullable.

2. Theorem 42, step 0: The production S — bb is not in Chomsky normal form. If it is
converted to the correct form, we get the following grammar: S — XY | BB
X=YY
Y - XY |SS
B—b

3. Theorem 42, step 1: There is one nonterminal N with a production of the form N — ¢
where t is a terminal or a string of terminals, namely B — b. We therefore know that this
nonterminal (namely B) may be useful.

What about the others? Let us see.

We eliminate all productions having B on the left-hand side. Furthermore, we replace B
with b whenever B occurs on the right-hand side of a production. We are left with:
S— XY |bb

X Yy
Y = XY|SS

So we are back to where we started! However, we have to use an algorithm which
always works, we had to go through the preceding steps.

11
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Theorem 42, step 3: Because of the production S — bb, we can now eliminate S. So
we go to step 1. (We now know S may be useful.)

Theorem 42, step 1: We eliminate the productions with S on the left-hand side and
replace S with bb whenever S occurs on the right-hand side. We are left with:

X =YY

Y — XY | bbbb

Theorem 42, step 3: Because of the production Y — bbbb, we can now eliminate the
nonterminal Y. So we go to step 1. (We now know Y may be useful.)

Theorem 42, step 1: We eliminate the production with Y on the left-hand side and
replace Y with bbbb whenever Y occurs on the right-hand side. We are left with:

X — bbbbbbbb

. step 3: Because of the production X — bbbbbbbb, we can now eliminate the nonterminal

X. Therefore we go to step 1. (We now know X may be useful.)

. step 1: We eliminate the production with X on the left-hand side.

All the productions have now been eliminated and we know that all the nonterminals,
namely S, Y, X and B may be useful.

Step 1 of the algorithm of Theorem 43 is now completed. There is no unproductive
nonterminal.

Now steps 2 - 6 of the algorithm of Theorem 43 must be executed in order to find out
which of the nonterminals S, Y, X and B are actually used in the generation of words.

Step 2 of the algorithm of Theorem 43: Consider the grammar in 2:

S— XY | BB
X—=YY

Y - XY |SS
B—b

We already have established that there are no unproductive nonterminals. Now we
have to repeat steps 3 to 6 for each of the nonterminals in the grammar. However, it
is unnecessary to execute the steps for S, because if we paint the Ss in step 2, step 6
follows immediately. Therefore it is clear that S is used in the production of words. We
start with Y.

Step 3 of the algorithm of Theorem 43 with X (in the algorithm) = Y (in the grammar).
We get

S — XYblue | BB

X — Youwe Ybive

Yoe — XYowe | SS

B—b

Steps 4 — 5 of the algorithm of Theorem 43 with X (in the algorithm) = Y (in the gram-
mar).

We see we can paint both X and S on the left-hand side of productions, thus also
everywhere where they occur. We get

S— Xblue Yblue ’ BB

X = Yoie Yoe
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Y — Xbie Yolve ‘ Shive Sbive
B—b

Step 6 of the algorithm of Theorem 43 with X (in the algorithm) = Y (in the grammar).

Because S is blue, we know that Y is a useful member of the grammar. We still have to
examine X and B. Let us do X first.

Step 3 of the algorithm of Theorem 43 with X (in the algorithm) = X (in the grammar).
We get

S — Xb/ueY | BB

Xblue —YY

Y — Xb/ueY ‘ SS

B—b

Steps 4 — 5 of the algorithm of Theorem 43 with X (in the algorithm) = X (in the gram-
mar). We see we can paint both S and Y on the left-hand side of productions, thus also
everywhere where they occur. We get

S — Xpiwe Yowe | BB

Xowe — Ybive Yblve

Yoive — Xbive Yoiue | SbiveSbive
B—b

Step 6 of the algorithm of Theorem 43 with X (in the algorithm) = X (in the grammar).
Because S is blue, we know that X is a useful member of the grammar. We still have to
examine B.

Step 3 of the algorithm of Theorem 43 with X (in the algorithm) = B (in the grammar).
We get

S — XY | BoieBbue

X =YY

Y - XY |SS

Bpe — b

Steps 4 — 5 of the algorithm of Theorem 43 with X (in the algorithm) = B (in the grammar).
We see that, firstly, we can paint S blue on the left-hand side of a production and then
everywhere where it occurs. From this follows that Y can be painted on the left-hand
side and then everywhere on the right-hand side where it occurs and then similarly for
X. We get

Sblue — Xb/ue Yb/ue ‘ BblueBb/ue
Xowe = Ybiue Ybive

Yowe — Xpiwe Yoive | ShiueSbive
Bpe — b

Step 6 of the algorithm of Theorem 43 with X (in the algorithm) = B (in the grammar).
Because S is blue, we know that B is a useful member of the grammar. At this point we
have examined all the nonterminals and found them all useful.

At last we are able to finish step 1 of the algorithm of Theorem 44 on page 409 and then
proceed to step 2. Up to now we have established that all the nonterminals are useful.
We cannot eliminate any production and are left with the given grammar, namely

S— XY | BB

X=YY

13



Y - XY | SS
B—b

Step 2 of Theorem 44 : With X (in the algorithm) = S ( in the grammar):

Step (i): We use = instead of the Russian letter. Replace S with = where it appears on the
left-hand side of a production:
=— XY | BB
X =YY
Y - XY |SS
B—b

Step (ii): Paint S blue:
= L XY | BB
X =YY
Y — XY | ShieShie
B—b

Step (iii): Paint all Ys blue:
- — XYblue | BB
X — Yb/ue Yblue
Yoiie = XYbue | SbiveShive
B—b

Step (iv): Paint all =s and Xs blue:

Zbive — Xbive Yoie | BB
Xblue — Yb/ue Yblue

Yb/ue — Xb/ue Yb/ue ‘ SblueSb/ue
B—b

Step (v): We see that = has been painted blue. This means that the nonterminal S is self-
embedded.

Step 3 of the algorithm of theorem 44: We have finally completed our investigation. Because at

least one nonterminal is self-embedded, the language generated by the given grammar, is
infinite.

Question 7

Chapter 18 — Problem 9 on page 430.

For this question we need to apply the CYK algorithm (Theorem 45, page 410 of Cohen) to deter-
mine whether a given language generates a given word.

In this case the language that we are givenis S — AB
A— BB|a

14
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B— AB|b
and the word is bbaab. Note here that nis 5 (the length of the word we are interested in).

Note that the development of the answer for this question is based on the reformulated version of
the CYK algorithm which is given in the online learning units.

Step 0 Rewrite the grammar in CNF. This grammar is already in CNF so we can skip this part. Set
i=0

Step 1 Increase i by 1.

Write down all the consecutive substrings of w of length i. For each of those substrings write
down the nonterminal which can produce it (via more than one production if i > 1).

B
B
A
A
B

X
CoO Moo

Step 2 Is i = n? No! Go to step 1.

Step 1 Increase i by 1. i is now 2. We are thus considering the substrings

X1 Xo bb
XoX3 ba
X3X4 aa
X4Xs ab

bb could be produced by any production whose right side is BB. The production A — BB
meets this requirement.

ba could be produced by any production whose right side is BA. There are none of these.
aa could be produced by any production whose right side is AA. There are none of these.
ab could be produced by any production whose right side is AB. B — AB meets this require-

ment.
So we have
bb A
ba -
aa -—
ab S,B

Step 2 Is i = n? No! Go to step 1.

Step 1 Increase i by 1. i is now 3.
Now we are considering the substrings

bba
baa
aab

15



bba could be formed by bb concatenated with a or b concatenated with ba. The first could be
formed as AA but there are no AA productions. The second cannot be formed. There are no
productions with these on the righthand side.

baa could be formed by b concatenated with aa which would not be possible or ba concate-
nated with a which is also not possible.

aab could be formed by a concatenated with ab and so could be formed as AB which is
possible or AS which is not or aa concatenated with b which cannot be done.

There are two productions with AB on the right — S and B

bba —
baa -
aab S,B

Step 2 Is i = n? No! Go to step 1.

Step 1 Increase i by 1. j is now 4.
We are now considering

bbaa
baab

bbaa can be formed as
b, baa not possible
bb, aa not possible
bba, a not possible

baab can be formed as

b, aab which could be formed by BS or BB but there is nothing like this on the right side of a
production.

ba, ab not possible

baa, b not possible

So we have

bbaa —
baab —

Step 2 Is i = n? No! Go to step 1.

Step 1 Increase i by 1. j is now 5.
So we are considering the whole word.

bbaab can be factored into
b,baab —
bb,aab AS or AB
bba,ab —
bbaa,b —

Only the second of these could potentially be constructed but would need to come from a
production that has AB on its righthand side.

There are two such productions:

16
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S -+ AB
B — AB
bbaab S,B

Step 2 Isi=n? Yes.
Is S among the nonterminals from which the string can be produced?
Yes! The word w can be produced by the given CFG. Halt.

Check that this result is true by constructing an appropriate decision tree.

©
Unisa 2018
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