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QUESTION 1

(a) Use the second-order Taylor method to find y (1 1) when y 1s the solution to the differential equation

%=zy+l, y(1)=2

(6)

(b) Euler’s method 1s used to solve a first-order differential equation

= f(y,m)

&

fromz=0tozx =4

(1) If the step length 1s A = Az =01, we get an error of 0 12 for y (4) What step length should
we use to reduce the error for y (4) to 0017

{n} How would this change mn the step size mfluence the local error? (8)
(c) Explam bnefly why the modified Euler method 1s more accurate than the Euler method (2)
[16]

QUESTION 2

{a) (:) Why 1s a Runge-Kutta method usually preferred to a Taylor series method of the same order?

(1) Is there an upper it to the order of a Runge-Kutta method? Justify your answer! (4)

{b) Explan briefly how the accuracy of a Runge-Kutta method can be determined by

{1) halving the step size at the end of each nterval,

(1) using two Runge-Kutta methods with different orders
Which method 18 more efficient? Why? (8)

(¢) The predictor and corrector formulas of the Adam-Moulton method are

Yni1 = Yn + g5 (55fn — 59 fu1 + 3T fuc2 — 9fucs) + BER%° (¢y)
Ynt+1 =Yn + % (9fn+1 +19fn = 5fn1 + fa—2) — %"ﬁy(s) (€2

Apply the Adams-Moulton method to calculate the approximate value of 4 (0 8) aund y (1 0) from
the differential equation

Y =t+y
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and the starting values

t y(t)

00 095

02 068

04 055

06 030
Use 3 decimal digits with rounding at each step (8)
(20}

QUESTION 3

Consider the boundary value problem
y= ytz

y() =1, y(3)=2

Solve this system over the interval 1 < z < 3 by using the shooting method Use the Euler method
with Az =1 (8)

Compare briefly the shooting method and the method of finite differences 1n solving boundary value
problems, by stating the main advatanges and the man disadvantages of each method (4)

[12]

QUESTION 4
Explain why the numerical solution of a characteristic value problem of the type

W fle)u +Ku=0, «(0)=0, u(1)=0

by the method of fimite differences, leads to an eigenvalue problem  Here, f(z) 1s an arbitrary
function of x (5)

The matrix

has an eigenvalue near —2 5 and another one near +1 5

(1} Use the power method to find the exgenvalue near —2 5 Do three 1terations, starting with the
vector {1,0)7
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(1) Explan how you can use switable shifting with the power method o find the eigenvalue near

15 with fewer iterations, without having to find the mverse of any matrix (9)

{14]

QUESTION 5

(a) (1) Wrte down the fimte difference equation corresponding to the three-dimensional partial duif-
ferential equation

82—u+@+62—u+u+xz—0
92 | Oy | 922 ¥z =

at the grid pomt (z;,¥;,2k) of a rectangular mesh with Az = Ay = Az = h  Denote
u(xhyjn zk) bY Uy 5.k
(1) Re-wnte the difference equation m (1) mto an iteration formula appropriate for Liebmann’s

method  Use the superscripts u¥, ©**1 to show how new values are computed from previous
ones (7)

(b) The equation
Ou  0u

32 T aE

1s to be solved 1n a rectangular region The gnd (with Az = Ay = 1), the boundary values and
the numbering of the node points are indicated 1n the sketch below

u=1
¥ 4,
9 [ ]

v, v,

= u=3

u=1 u, u,
@ @
v, v,

u=(l

(1) Set up the two sets of equations for solving the values of u at the four node pomnts by the
ADI method Use the notation of the sketch, with function values denoted by u, in rowwise
fraverse and by v, 1n columnwise traverse

(1) Explamn how you would proceed to solve the problem by using the ADI method (14)

[21]
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QUESTION 6

(2) The function e® 1s to be approximated by a fifth-order polynomial over the interval [~1,+1] Why
15 a Chebyshev series a better choice than a Taylor (or MacLaurin) expansion? (4)

(b) Guven the power series
flzy=1-z-27° — 4*

and the Chebyshev polynomials

To ($) =1
Ti(z) =z
Ty (x) =2¢% -1
Ts(x) =4z -3z
Ty(x) =8x*—8z%+1,
economize the power series f () twice (6)

(c) Find the Padé approximation R3 (z), with numerator of degree 2 and denormunator of degree 1, to
the function f (z) = 2% + ° (7

(17]
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