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MAT3707/101

1 INTRODUCTION

Dear Student

Welcome to the MAT3707 module in the Department of Mathematical Sciences at Unisa. We trust that you
will find this module both interesting and rewarding.

Some of this tutorial matter may not be available when you register. Tutorial matter that is not available
when you register will be posted to you as soon as possible, but is also available on myUnisa.

1.1 myUnisa

You must be registered on myUnisa (http://my.unisa.ac.za) to be able to submit assignments online,
gain access to the library functions and various learning resources, download study material, “chat” to your
lecturers and fellow students about your studies and the challenges you encounter, and participate in online
discussion forums. myUnisa provides additional opportunities to take part in activities and discussions of
relevance to your module topics, assignments, marks and examinations.

1.2 Tutorial matter

A tutorial letter is our way of communicating with you about teaching, learning and assessment. You will
receive a number of tutorial letters during the course of the module. This particular tutorial letter contains
important information about the scheme of work, resources and assignments for this module as well as the
admission requirements for the examination. We urge you to read this and subsequent tutorial letters carefully
and to keep it at hand when working through the study material, preparing and submitting the assignments,
preparing for the examination and addressing queries that you may have about the course (course content,
textbook, worked examples and exercises, theorems and their applications in your assignments, tutorial and
textbook problems, etc.) to your MAT3707 lecturers.

2 PURPOSE AND OUTCOMES FOR THE MODULE

2.1 Purpose

The purpose of this module is to enable students to master the fundamental concepts of graph theory and
combinatorics. In graph theory, topics such as isomorphic graphs, planar graphs, Euler cycles, Hamilton
circuits, graph colouring, trees, the travelling salesperson problem and minimal spanning will be discussed.
In combinatorics, we look at basic counting principles, generating functions, recurrence relations and the
inclusion-exclusion principle.

2.2 Outcomes

Specific outcomes are listed in the study guide.
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3 LECTURER(S) AND CONTACT DETAILS

3.1 Lecturer(s)

The contact details for the lecturer responsible for this module is

Postal address: The MAT3707 Lecturers
Department of Mathematical Sciences
P. O. Box 392
UNISA
0003
South Africa

Additional contact details for the module lecturers will be provided in a subsequent tutorial letter.

All queries that are not of a purely administrative nature but are about the content of this module should
be directed to your lecturer(s). Tutorial letter 102 will provide additional contact details for your lecturer.
Please have your study material with you when you contact your lecturer by telephone. If you are unable to
reach us, leave a message with the departmental secretary. Provide your name, the time of the telephone call
and contact details. If you have problems with questions that you are unable to solve, please send your own
attempts so that the lecturers can determine where the fault lies.

Please note: Letters to lecturers may not be enclosed with or inserted into assignments.

3.2 Department

The contact details for the department of Mathematical Sciences are:

Departmental Secretary: (011) 670 9147 (SA) +27 11 670 9147 (International)

3.3 University

If you need to contact the University about matters not related to the content of this module, please consult
the publication my Studies @ Unisa that you received with your study material. This booklet contains
information on how to contact the University (e.g. to whom you can write for different queries, important
telephone and fax numbers, addresses and details of the times certain facilities are open). Always have your
student number at hand when you contact the University.

4 MODULE RELATED RESOURCES

4.1 Prescribed books

Prescribed books can be obtained from the University’s official booksellers. If you have difficulty locating
your book(s) at these booksellers, please contact the Prescribed Books Section at (012) 429 4152 or e-mail
vospresc@unisa.ac.za.
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Your prescribed textbook for this module is:

A. Tucker, Applied Combinatorics (6th edition),
John Wiley & Sons, New York 2012

Please buy the textbook as soon as possible since you have to study from it directly – you cannot do this
module without the prescribed textbook.

4.2 Recommended books

There are no recommended books for this module.

4.3 Electronic reserves (e-Reserves)

There are no e-Reserves for this module.

5 STUDENT SUPPORT SERVICES FOR THE MODULE

For information on the various student support services available at Unisa (e.g. student counseling, tutorial
classes, language support), please consult the publication my Studies @ Unisa that you received with your
study material.

6 MODULE SPECIFIC STUDY PLAN

Before starting to study the textbook, you should first consult the study guide. First read the introductory
material in the study guide, and then start with study unit 1. Each study unit explains what to read in Tucker,
and what to watch out for. Once you have mastered the theory and examples of a study unit, you should
immediately start doing the relevant problems in the assignments. You should plan your study programme
around the closing dates of the assignments (see Section 8.2.2).
The following are pointers to a successful engagement with this module:

• Read the applicable sections in the textbook! For a given section: Make sure you understand the
examples in the section. Then do some of the exercises at the end of the section, but at least the
first few. Yes, maths textbooks can seem formal and intimidating but this will get better if you spend
enough time with the book. You might even grow fond of it!

• Read the study guide! It was written to explain and clarify some of the harder parts of the work, do
not see it as just more material, but as help.

• Do as many exercises as you have time for.

• Even though your should work through Tucker, Section 3.3 (the travelling salesperson problem) and
Tucker, Section 8.3 (restricted positions and rook polynomials), you will not be examined on this.

• The study guide is based on the fifth edition of Tucker. The latest edition, the sixth, has recently been
released and is essentially the same as the fifth edition. The only difference is in Section 5.1 of Tucker,
where the 6th edition has only four examples compared to the five examples of the 5th edition. The
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examples 1 – 4 in the 6th edition corresponds to examples 2 – 5 of the 5th edition. Hence, if you have
the 6th edition of Tucker, lines 3 – 7 on p. 28 of the study guide should read:

“Study example 1 (the multiplication principle), and example 2 (both the addition and multiplication
principles).

Example 3 is important. Pay special attention to (d), which demonstrates how one can make a mistake
with the multiplication principle.

Finally, look at example 4.”

For general time management and planning skills please refer to the my Studies @ Unisa brochure.

Study plan Semester 1 Semester 2
Outcomes of study units 1 - 7 to be achieved by 10 March 18 August
Outcomes of study units 8 - 13 to be achieved by 12 April 22 September
Work through previous exam paper 20 April 5 October
Revision 30 April 20 October

See the brochure my Studies @ Unisa for general time management and planning skills.

7 MODULE PRACTICAL WORK AND WORK INTEGRATED LEARNING

There are no practicals for this module.

8 ASSESSMENT

8.1 Assessment plan

Assignments are seen as part of the learning material for this module. As you do the assignments, discuss
the work with fellow students or tutors, you are actively engaged in learning. It is therefore important that
you complete all the assignments.

There are two assignments, numbered 01 and 02 for each semester. For each of the two assignments you
should answer every question. Note that not all questions in each assignment will be marked, and you will
not know in advance which questions will be marked. The reason for this is that Mathematics is learnt by
doing, and it is therefore extremely important to do as many problems as possible. For Assignments 01 and
02 you must plan to submit your answers by the dates listed below.
You will receive the solutions for Assignments 01 and 02 automatically, even if you did not submit the
relevant assignment. These solutions will be posted to ALL the students registered for this module about
one week after the closing date of the relevant assignment, so it is important to submit your assignments so
that they reach the Assignment Department at Unisa by the closing date.

N.B. Please don’t wait for an assignment to be returned to you before starting to work on the next assignment.

Assignments will be assessed not only on the mathematical correctness of your work, but also on whether
you use mathematical notation and language to communicate your ideas clearly.

Assignments will be assessed not only on the mathematical correctness of your work, but also on whether
you use mathematical notation and language to communicate your ideas clearly.
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Examination admission.
Please note that lecturers are not responsible for examination admission.

You will be admitted to the examination if and only if Assignment 01 reaches the
Assignment Section by 10 March 2016 if you are registered for Semester 1, or by 18
August 2016 if you are registered for Semester 2.

Note that exam admission does not depend on the mark you obtain for Assignment 01.

Semester Exam and Semester Mark
Your semester mark for MAT3707 is calculated as follows:

Semester mark = 0.5× Assignment 1 mark (in %) + 0.5× Assignment 2 mark (in %)

The final mark for the module as a whole will then be calculated according to the following formula:

Final Mark = 0.8 (Exam mark) + 0.2 (Semester mark) .

So the semester mark will contribute 20% to the final mark and the exam mark 80%.

8.2 General assignment numbers

The assignments for this module are Assignment 01, Assignment 02, etc.

8.2.1 Unique assignment numbers

Please note that each assignment has a unique assignment number which must be written on the cover of
your assignment.

8.3 Submission of assignments

You may submit written assignments either by post or electronically via myUnisa. Assignments may not be
submitted by fax or e-mail.

For detailed information on assignments, please refer to the my Studies @ Unisa brochure
which you received with your study package.

Please make a copy of your assignment before you submit!

To submit an assignment via myUnisa:

• Go to myUnisa.

• Log in with your student number and password.

• Select the module.

• Click on “Assignments” in the menu on the left-hand side of the screen.

• Click on the assignment number you wish to submit.

• Follow the instructions.
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8.4 Assignments

Please make sure that you submit the correct assignments for the 1st semester, 2nd semester or year module
for which you have registered. For each assignment there is a fixed closing date, the date at which the as-
signment must reach the University. When appropriate, solutions for each assignment will be dispatched, as
Tutorial Letter 201 (solutions to Assignment 01) and Tutorial Letter 202 (solutions to Assignment 02) etc., a
few days after the closing date. They will also be made available on myUnisa. Late assignments will not be
marked!

Note that Assignment 01 is the compulsory assignment for admission to the examination and must
reach us by the due date.

9 OTHER ASSESSMENT METHODS

There are no other assessment methods for this module.

10 EXAMINATIONS

During the relevant semester, the Examination Section will provide you with information regarding the exam-
ination in general, examination venues, examination dates and examination times. For general information
and requirements as far as examinations are concerned, see the brochure my Studies @ Unisa which you
received with your study material.

Registered for . . . Examination period Supplementary examination period
1st semester module May/June 2016 October/November 2016
2nd semester module October/November 2016 May/June 2017
Year module January/February 2017 May/June 2017

11 FREQUENTLY ASKED QUESTIONS

The my Studies @ Unisa brochure contains an A–Z guide of the most relevant study information.

12 CONCLUSION

We hope that you will enjoy MAT3707 and we wish you all the best in your studies at Unisa!
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ADDENDUM A: ASSIGNMENTS

ONLY FOR SEMESTER 1 STUDENTS
ASSIGNMENT 01 (Units 1 – 7)

Unique Nr.: 888175
Compulsory Assignment for Exam Admission

Closing date: 10 March 2016

The answers to only some of the questions will be marked.

1. List all non-isomorphic graphs with 3 vertices. (4)

2. Suppose four teams, teams A, B, C and D, play each other once. Team A beats all three
opponents except team B. Team B loses to all opponents except team A. Team D beats team
C.

(a) Represent the results of these games with a directed graph. (3)

(b) Use the graph of (a) to list, for each of the teams, which teams were beaten by them. (3)

3. Use edge-counting to decide whether it is possible for a group of 9 people to be such that 5 of
the group are friends with exactly 5 others. (4)

4. How many vertices can a graph with 30 edges have if each vertex has the same degree? (4)

5. If a graph has 50 edges, what is the least number of vertices it can have? (3)

6. The list of degrees of the vertices of a graph, arranged in non-decreasing order, is called the
degree sequence of the graph. If two graphs have the same degree sequence, are they necessarily
isomorphic to each other? If so, prove it. If not, give a counter example. (5)

7. Do graphs exist with the following degree sequences? (If the answer is yes, sketch such a graph.
If the answer is no, give a reason.)

(a) 1, 2, 3, 4, 5, 5.

(b) 0, 1, 2, 3, 4.

(c) 1, 1, 2, 3.

(d) 1, 1, 2, 3, 3.

(e) 0, 1, 1, 2, 2, 2.

8. (a) What is the smallest number of vertices that a bipartite planar graph with 10 edges can
have? Give an example of a bipartite planar graph attaining this number of vertices. (4)

(b) If a connected planar graph with n vertices, all of degree 3 has 8 regions, determine n.
Sketch an example of such a connected planar graph. (4)
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9. For each of the following pairs of graphs, determine whether they are isomorphic or not. If they
are, give a vertex correspondence. If they are not, give a reason why.

(a)

2

5

4

3

6

1

a b

d f

c e

(5)

(b)

a

b
c

d

e

f

g
h

i

j

1

5

10

7

6

9 8

2 3

4

(5)

10. Determine whether the following graph has

(a) an Euler trail (2)

(b) an Euler cycle (2)

(c) a Hamilton path (2)

(d) a Hamilton circuit (2)
a b

g h

c e fd
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11. Find a Hamilton path in the graph below and prove that no Hamilton circuit exists.

(Hint: Due to the symmetry of the graph we only have to consider the four cases where we use
the edges ef and eb, or ef and ec, or ef and eg, or eb and ec.)

a b c d

e

f g

h

i
(8)

12. Use the circle-chord method to determine whether the following graph is planar. If it is, give a
planar drawing. If it is not, find a K3,3- or K5- configuration.

a

b

c

d

e

f

g

h

(8)

13. Determine the chromatic number of each of the following graphs. Give a minimal colouring and
a proof that a smaller number of colours cannot be used.

(a)

a b c d

e f g h

(5)
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(b) a b c

d e f

(5)

(c)

c
d e

f

a

b

g
(5)

14. Sketch all the non-isomorphic, rooted, binary trees on 9 vertices. Prove that, up to isomorphism,
these are the only such trees. (8)

15. (a) Sketch a rooted, balanced, ternary tree on 22 vertices. (3)

(b) Sketch a rooted, balanced, ternary tree with

(i) 19 leaves. (3)

(ii) 23 leaves. (3)

(c) Use the Corollary of Theorem 3 to determine the number of vertices of a binary tree with
100 leaves. (3)

(d) Use Theorem 4 to determine the height of a balanced ternary tree with 99 leaves. (3)

16. In the graph below, determine

(a) a depth-first spanning tree with b as root. (4)

(b) a breadth-first spanning tree with b as root. (4)

b c d

e f g

a

h
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17. Find a minimal spanning tree of the weighted graph below, using

a e i m

b f j n

c g k o

d h l p

2 4 1 5

2 3 1

2 3 2

3 6 3

3 2 2

3 4 2 1

1 5 3 3

(a) Kruskal’s algorithm (4)

(b) Prim’s algorithm. (4)

In each spanning tree show the order in which the edges have been selected by numbering
them accordingly (i.e. do not give the weights).
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ONLY FOR SEMESTER 1 STUDENTS
ASSIGNMENT 02 (Units 8 – 13)

Unique Nr.: 791051
Closing date: 12 April 2016

The answers to only some of the questions will be marked.

1. How many ways are there of answering a 50-question multiple choice test if 20 questions have
three choices and 30 questions have five choices? (2)

2. There are ten Mathematics books, eleven Chemistry books, twelve Physics books, and twenty
Philosophy books in a bookshelf.

(a) How many ways are there of choosing three books, each in a different subject? (4)

(b) How many ways are there of choosing three books of the same subject? (4)

3. In a certain country there is a state lottery that works as follows. There are twenty different
balls, labeled from 1 to 20. Five of them are drawn. The five numbers so obtained are ordered
from small to large, giving the lottery number. If I buy ten lottery tickets, each with a different
lottery number, what is my chance of winning? (4)

4. (a) How many ten-digit binary sequences are there with five 0’s and five 1’s? (2)

(b) How many ten-digit binary sequences are there with at most four 0’s? (4)

5. How many ten-digit ternary sequences (sequences of 0, 1, 2) are there with five 0’s? (4)

6. How many nine-digit telephone numbers are there which have one or more repeated digits? (4)

7. (a) How many arrangements are there of the 12 letters of ANTANANARIVO? (2)

(b) How many arrangements are there if the vowels have to be in alphabetical order? (3)

8. How many ways are there to put

(a) three different objects into three different containers? (1)

(b) three different objects into three different containers with only one object in each container?

(1)

(c) three identical objects into three different containers? (2)

(d) three different objects into three identical containers? (2)

(e) three identical objects into three identical containers? (2)

9. How many ways are there to choose twelve balls from a pile of red, blue, yellow and green balls

(a) if there have to be at least two balls of each colour? (3)

(b) if there have to be at most three balls of each colour? (1)
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10. (a) Find all integer solutions to the equation

x + y + z = 20

under the constraints x, y, z ≥ 6. (5)

(b) Determine the number of integer solutions to the inequality

x + y + z ≤ 30

under the constraints x, y, z ≥ 8. (7)

11. Find generating functions for each of the following counting problems:

(a) The number of ways in which a throw of seven distinct dice gives a sum of r if the first
three dice are odd and the last three are even. (3)

(b) The number of ways in which twenty successive coin tosses give r heads. (3)

(c) The number of ways of distributing r identical objects into ten distinct boxes. (3)

(d) The number of integer solutions to the equation

x1 + x2 + x3 + x4 = r,

with constraints i ≤ xi ≤ 2i for each i = 1, 2, 3, 4. (3)

12. Use generating functions to solve the following counting problems:

(a) Find the probability that three distinct dice will give a sum of ten. (5)

(b) Find the number of ways of distributing 101 identical objects into three distinct containers
if there must be an even number of objects in the first two containers, and an odd number
in the third container. (5)

13. Use generating functions to solve the following counting problems:

(a) Find the number of ways of placing r different objects into three different containers. (3)

(b) Find the number of r-digit sequences of the numbers 0, 1, 2, 3 with each of the numbers
0, 1, 2, 3 occurring at least once. (5)

14. Mary orders take-out for lunch every day. She always orders one of the following: a salad, a
sandwich or a muffin. Find a recurrence relation (with initial conditions) for the number of ways
for her to order lunch for n days if she never orders a muffin three days in a row. (6)

15. Find a recurrence relation for the number of n-digit ternary sequences (sequences of {0, 1, 2})
in which no 1 appears anywhere to the right of any 2. (6)

16. Solve the recurrence relation
an = 2an−1 + n, a0 = 1.

(5)

17. How many arrangements of the digits 0, 1 . . . , 9 are there that do not end with an 8 and do not
begin with a 3? (4)
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18. How many ways are there to assign 20 different people to three different rooms with at least one
person in each room? (4)

19. Find the number of ways to arrange the six numbers 1,2,3,4,5,6 such that either 1 is immediately
followed by 2, or 3 is immediately followed by 4, or 5 is immediately followed by 6. (4)

20. How many ways are there to distribute 25 identical balls into six distinct boxes with at most 6
balls in any of the first three boxes? (6)
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ONLY FOR SEMESTER 2 STUDENTS
ASSIGNMENT 01 (Units 1 – 7)

Unique Nr.: 786072
Compulsory Assignment for Exam Admission

Closing date: 18 August 2016

The answers to only some of the questions will be marked.

1. List all non-isomorphic connected graphs with 4 vertices. (5)

2. Suppose there are six people − J, M, R, S, T and W − who pass rumours among themselves.
Each day J talks with M and W; M talks with J, R and S; R talks with M, S, and T; S talks
with M, R, T and W; T talks with R, S and W; and W talks with J, S and T. Whatever people
hear one day they pass on to others the next day.

(a) Model this rumour-passing situation with a graph. (3)

(b) How many days does it take to pass a rumour from J to S? Who will tell it to S? (3)

(c) Is there any way that if two people stopped talking to each other, then it must take three
days to pass a rumour from one person to all the others?

3. (a) List all non-isomorphic graphs with six vertices where each vertex has degree two. (Hint:
there is more than one.) (2)

(b) Determine the complements of the graphs in (a). (2)

(c) How many non-isomorphic graphs are there with six vertices where each vertex has degree
three? Prove your answer. (4)

4. For each of the following statements, say whether it is true or false, and give a reason for your
answer. Assume for each of the statements that if person A knows person B, then B also knows
A.

(a) The number of people at a party that know an odd number of other people at the party
must always be even. (2)

(b) The number of people at a party for which the number of other people at the party that
they don’t know is odd, must always be even. (2)

(c) The number of people at a party that know an even number of other people at the party
must always be even. (2)

(d) It is possible that no two persons at a party know the same number of other people at the
party. (5)

5. Let G be a graph with twenty edges, and with all vertices of the same degree. Determine al the
possible values for the number of vertices of G, and give an example of such a graph for each
possible value. (5)

6. For which values of m ≥ 1 and n ≥ 1 is the complete bipartite graph Km,n planar? Explain
your answer. (4)
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7. (a) Prove that if G is a graph with the property that each vertex has degree at least six, then
G s not planar. (3)

(b) Explain why the following is true: If G is a planar graph then G must have a vertex of
degree at most five. (2)

8. Do graphs exist with the following degree sequences? (If the answer is yes, sketch such a graph.
If the answer is no, give a reason.)

(a) 1, 2, 2, 3, 5, 5.

(b) 0, 1, 2, 3.

(c) 1, 2, 3, 3.

(d) 1, 1, 2, 2, 3, 3.

(e) 0, 1, 1, 2, 2, 2.

9. (a) Is it possible to draw each of the following figures without lifting your pen and without
retracing any lines already drawn? Give a reason in each case.

(i) (ii) (iii)

(6)

(b) In the centre of a city there are four streets going north-south and five streets going east-
west, crossing the four north-south streets. On each of the twenty corners there is a postal
box. Is it possible for the mail collector to go to all twenty boxes, without passing any box
twice, so that he ends up where he started? Explain your answer. (3)

(c) Repeat question (b) with three north-south streets and five east-west streets. (6)

10. For each of the following pairs of graphs determine whether they are isomorphic or not. If they
are, give a vertex correspondence. If they are not, give a reason why.

(a)

8 3

7 4

1 2

6 5

h c

g d

a b

f e

(5)

18
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(b)
1

2

34

5
6

7

89

10

a

b

cd

e

f

g

hi

j

(5)

11. Find a Hamilton path in the graph below and prove that no Hamilton circuit exists.

a b c

n o p

ed f

g j

lk m

h i

(6)

12. Use the circle-chord method to determine whether the following graph is planar. If it is, give a
planar drawing. It if is not, find a K3,3- or K5-configuration.

ba c

ji k

fe g
d h

(8)

13. Determine the chromatic number of each of the following graphs. Give a minimal colouring and
a proof that a smaller number of colours cannot be used.

(a)

ba c d

fe g (5)
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(b)

ba c d

fe
g

h

nm o p

j
i

k
l

(5)

(c)

a

b

d
d

e

f

g

hi

j
k

(5)

14. Sketch all the non-isomorphic, rooted, ternary trees on 13 vertices. Prove that, up to isomor-
phism, these are the only such trees. (8)

15. (a) Sketch a rooted, balanced, binary tree on 19 vertices. (3)

(b) Sketch a rooted, balanced, binary tree with

(i) 6 leaves (3)

(ii) 10 leaves. (3)

(c) Use the Corollary of Theorem 3 to determine the number of vertices of a ternary tree with
101 leaves. (3)

(d) Use Theorem 4 to determine the height of a balanced ternary tree with 97 leaves. (3)
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16. In the graph below, determine

(a) a depth-first spanning tree with c as root. (4)

(b) a breadth-first spanning tree with c as root. (4)

b c d

e f g

a

ih

17. Find a minimal spanning tree of the weighted graph below using

(a) Kruskal’s algorithm. (4)

(b) Prim’s algorithm. (4)

In each spanning tree show the order in which the edges have been selected by numbering
them accordingly (i.e. do not give the weights).

a e i m

b f j n

c g k o

d h l p

1 1 5 4

3 3 1

4 3 2

1 5 2

3 2 2

3 4 2 1

2 3 3 4
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ONLY FOR SEMESTER 2 STUDENTS
ASSIGNMENT 02 (Units 8 – 13)

Unique Nr.: 738004
Closing date: 22 September 2016

The answers to only some of the questions will be marked.

1. How many ways are there of filling in a multiple-choice questionnaire of 20 questions with 5
choices for each question? (2)

2. Determine the number of 64-digit binary sequences with at most five 0’s. (4)

3. How many five-digit sequences of the digits 0 to 9 are there

(a) containing no 5? (3)

(b) containing a 5? (4)

4. How many ways are there to choose 20 balls from a pile of red, blue, yellow and green balls (that
are identical apart from their colour)

(a) if there must be at least three balls of each colour? (4)

(b) if there must be at least five balls of each colour? (4)

5. How many ways are there to put

(a) five different objects into six different containers? (4)

(b) five different objects into six different containers with at most one object in each container?
(4)

(c) five identical objects into six different containers (4)

(d) five identical objects into six identical containers? (4)

6. (a) How many ways are there to arrange the letters of the word NGORONGORO? (3)

(b) How many arrangements are there with the constants in alphabetical order? (5)

7. (a) Find the number of integer solutions to the equations

a + b + c + d = 20

with constraints a > 2, b ≥ 6, c ≥ 3, d > 5. (4)

(b) Find all the integer solutions of the equation with constraints in (a). (3)

8. Find the number of integer solutions to

x + y + z ≤ 10, x, y, z ≥ 1.

(4)
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9. Build a generating function for ar, the number of

(a) integer solutions to
e1 + e2 + e3 + e4 = r

with constraints
0 < e1 < 4, e2 ≥ 3, 1 ≤ e3 < 3, 0 ≤ e4 ≤ 1. (6)

(b) selections of r balls from a pile of 3 red, 10 blue and an unlimited supply of yellow balls.(4)

(c) distributions of r identical objects into 10 boxes with at most 2 in each box. (4)

10. Find the number of ways of distributing 20 identical objects into 5 boxes if there may be at
most two objects in the first box, and at least two objects in the second box. (8)

11. How many ways are here to get a sum of 26 when 10 dice are rolled? (8)

12. Find the number of ways of placing 20 persons into three rooms with at most 2 persons in the
first room. (8)

13. (a) How many 9-digit sequences of the digits 1, 2, 3, 4, 5, 6 are there with each even digit
occurring an even number of times and simultaneously each odd digit an odd number of
times? (8)

(b) Repeat questions (a) with 10-digit sequences. Discuss your answer. (4)

14. Let an be the number of ternary sequences of length n with no two consecutive 1’s.

(a) Find a recurrence relation for an. (4)

(b) Determine a6.

15. Find a recurrence relation (with initial conditions) for the number of sequences of the digits 1,
2, 3 and 4 that sum to n. (4)

16. Determine the number of ways that a 2 cm × 8 cm rectangle can be filled by non-overlapping
1 cm× 2 cm rectangles. (5)

17. Solve the following recurrence relations:

(a) an = 3an−1 + an−2, a0 = 2, a1 = 4. (5)

(b) an = an−1 + n(n + 1), a1 = 1. (5)

18. How many five-digit sequences of the digits 0 to 9 are there containing a 4 and a 5? (4)

19. How many ways are there to choose 20 balls from a pile of red, blue, yellow and green balls (that
are identical apart from their colour)

(a) if there must be at most six balls of each colour? (4)

(b) if there must be at least five balls of each colour? (2)

20. Find the number of 10-letter sequences of a, b, c, d with each letter occurring at least once,
using

(a) exponential generating functions; (6)

(b) inclusion-exclusion. (6)
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