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1. List all non-isomorphic connected graphs with 4 vertices. (5)

Solution:

2. Suppose there are six people − J, M, R, S, T and W − who pass rumours among themselves. Each
day J talks with M and W; M talks with J, R and S; R talks with M, S, and T; S talks with M, R, T and
W; T talks with R, S and W; and W talks with J, S and T. Whatever people hear one day they pass on
to others the next day.

(a) Model this rumour-passing situation with a graph. (3)
Solution:

J

M

R

W

T

S

(b) How many days does it take to pass a rumour from J to S? Who will tell it to S? (3)
Solution:
It takes two days to pass a rumour from J to S. Both M and W will pass it to S.

(c) Is there any way that if two people stopped talking to each other, then it must take three days to
pass a rumour from one person to all the others?
Solution:
If J and M stop talking to each other, it will take three days to pass a rumour from J to M, i.e.
three days before everybody knows the rumour.
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3. (a) List all non-isomorphic graphs with six vertices where each vertex has degree two. (Hint: there
is more than one.) (2)
Solution:
There are two such graphs: The two graphs are non-isomorphic since the first graph is connected

and

while the second one is not.

(b) Determine the complements of the graphs in (a). (2)
Solution:
The complements are given by

and

(c) How many non-isomorphic graphs are there with six vertices where each vertex has degree three?
Prove your answer. (4)
Solution:
Consider any graph G with 6 vertices and each of degree 3. Then its complement G still has 6
vertices, but now each degree is 2 (since there are in total 5 possible neighbours for a vertex). In
(a) we found all such graphs. So to find the graphs with constant degree 3 we just have to take
the complements again (since the complement of the complement of G is just G again). Thus the
only possible such graphs are the two graphs in (b).
So the answer to the question is: 2.

4. For each of the following statements, say whether it is true or false, and give a reason for your answer.
Assume for each of the statements that if person A knows person B, then B also knows A.

(a) The number of people at a party that know an odd number of other people at the party must
always be even. (2)
Solution:
TRUE: we can model the people as vertices of a graph, with two people who know each other
modelled as an edge. Then the number of other people that a person knows is exactly the degree
of the vertex corresponding to the person. Now the statement immediately follows from the
corollary of theorem 1 in Section 1.3 of Tucker.
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(b) The number of people at a party for which the number of other people at the party that they don’t
know is odd, must always be even. (2)
Solution:
TRUE: The graph of this problem is just the complement of the graph of the previous problem!
This complement is stull a graph, so we may still apply the corollary of Theorem 1 in Section 1.3
of Tucker, and the statement follows.

(c) The number of people at a party that know an even number of other people at the party must
always be even. (2)
Solution:
FALSE, for example, there could be exactly five persons at the party with everybody knowing
one another.

(d) It is possible that no two persons at a party know the same number of other people at the party.
(5)
Solution:
FALSE: we show that the statement leads to a contradiction.
Assume then that we have a graph with the property that no two vertices have the same degree.
Let the number of vertices be n. Then the possible values for the degrees are 0, 1, 2, . . . , n − 1.
Since there are n possible values, and all the degrees are distinct, we must have that each of the
possible values must occur. In other words, there must be a vertex of degree 0, a vertex of degree
1, of degree 2, . . ., and of degree n− 1. The vertex of degree n− 1 must clearly be joined to all
the other vertices in the graph. So it must also be joined to the vertex of degree 0, a contradiction.
This contradiction shows that the following, quite remarkable, statement is true:
In any graph, there are always some two vertices with the same degree.
Or when applied to parties: At any party some two persons know the same number of people.

5. LetG be a graph with twenty edges, and with all vertices of the same degree. Determine al the possible
values for the number of vertices of G, and give an example of such a graph for each possible value.

(5)

Solution:

Let n be the number of vertices and d the degree of each vertex. By theorem 1, the sum of the degrees

nd = 2× the number of edges = 2× 20 = 40.

Thus n is a factor of 40. The factors are 1, 2, 4, 5, 8, 10, 20, 40. In each case we must have d = 40
n

.

We therefore have the following possibilities for n and d:

n 1 2 4 5 8 10 20 40
d 40 20 10 8 5 4 2 1

Keeping in mind that d < n the four possibilities that remain are

n = 8, d = 5 and n = 10, d = 4 and n = 20, d = 2 and n = 40, d = 1.

(Note that in some instances there are many examples for such graphs - for example there are 49 graphs
on 10 vertices each having degree 4!) Here is an example for each of the four cases above:
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n = 8, d = 5 n = 10, d = 4

n = 20, d = 2
n = 40, d = 1

6. For which values of m ≥ 1 and n ≥ 1 is the complete bipartite graph Km,n planar? Explain your
answer. (4)

Solution:
We know that a graph is planar if and only if it does not contain a K3,3 or K5 configuration. Hence the
bipartite graph Km,n will be planar in the case where at least one of m and n is less than three, i.e. if
we assume that m ≤ n, then for Km,n, 1 ≤ m ≤ 3, n ≥ m.

7. (a) Prove that if G is a graph with the property that each vertex has degree at least six, then G is not
planar. (3)
Solution
Let the number of vertices be v and the number of edges e. Each vertex has degree≥ 6. Thus the
sum of the degrees is ≥ 6v. Then sum of the degrees equals 2e. Hence 2e ≥ 6v so e ≥ 3v.
However, such a graph cannot be planar: Euler’s formula gives for a planar graph e ≤ 3v − 6
which implies that e < 3v. But in our case we have e ≥ 2e.

(b) Explain why the following is true: If G is a planar graph then G must have a vertex of degree at
most five. (2)
Solution
We give a proof by contradiction, i.e. we assume that the conclusion is false, and derive a contra-
diction.
We are given that G is planar. The conclusion (that we have to prove) is that G has a vertex of
degree ≤ 5. Assume that this is false, i.e. no vertex has degree ≤ 5, in other words, each vertex
has degree ≥ 6. Then (a) gives that G is not planar. However, this contradicts what is given.
So our assumption has to be false, i.e. there must be a vertex of degree ≤ 5 in any planar graph.
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8. Do graphs exist with the following degree sequences? (If the answer is yes, sketch such a graph. If the
answer is no, give a reason.)

(a) 1, 2, 2, 3, 5, 5.

Solution
No such graph exists, for suppose G were such a graph. Then G has six vertices, one of them,
say v of degree one, and two of degree five. When we remove v from G, as well as the single
edge incident with v, we are left with the graph G − v which has five vertices and at least one
vertex of degree five, which is impossible. (Each vertex is adjacent to at most four others.)

(b) 0, 1, 2, 3.

Solution:
There is no such graph, because in a 4-vertex graph, a vertex of degree 3 is adjacent to all other
vertices, so there cannot be a vertex of degree 0.

(c) 1, 2, 3, 3.

Solution
Since there is an odd number of vertices of odd degree it follows by the Corollary to Theorem 1
on p.24 of Tucker, that no such graph exists.

(d) 1, 1, 2, 2, 3, 3.
Solution
Yes:

(e) 0, 1, 1, 2, 2, 2.
Solution
Yes:

9. (a) Is it possible to draw each of the following figures without lifting your pen and without retracing
any lines already drawn? Give a reason in each case.

(i) (ii) (iii)

(6)
Solution
If we consider the figure to be a graph, the question is whether there is an Euler path or Euler
cycle.
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(i) This can be considered to be the complete graph K4. There are four vertices of odd degree,
so it does not contain an Euler path or Euler cycle. So the answer here is no. (You can also
consider it to be a graph with 5 vertices: the 4 corners and the midpoint. You will get the
same answer.)

(ii) We consider this to be a graph on 5 vertices. Again there are 4 vertices of odd degree, so the
answer is again no.

(iii) In this case the graph has exactly two vertices of odd degree (bottom centre and bottom
right), so there exists an Euler path. So the answer is yes, and you have to start and end at
the vertices of odd degree.

(b) In the centre of a city there are four streets going north-south and five streets going east-west,
crossing the four north-south streets. On each of the twenty corners there is a postal box. Is it
possible for the mail collector to go to all twenty boxes, without passing any box twice, so that
he ends up where he started? Explain your answer. (3)
Solution
If we consider the mail boxes to be vertices of a graph, and the four sides of a block in the city
to be four edges, we end up with the following graph: Since each of the vertices (postal boxes)

A B C D

E F G H

I J K L

M N O P

Q R S T

have to be visited once, the question asks for a Hamiltonian circuit. It is very easy to find one,
e.g. ABCDHLPTSOKGFJNRQMIEA. So the answer is yes, it is possible.

(c) Repeat question (b) with three north-south streets and five east-west streets. (6)
Solution
Again we have to find a Hamiltonian circuit in the following graph: Some experimentation will
convince you that it is impossible. O prove impossibility, there are two methods, either use Rules
1 to 3, or use the Grinberg Theorem because the graph is planar. We do both, so that you can see
both methods in action (but remember, one proof is enough!)
Rules 1 to 3
By Rule 1, the edges incident with A, C, M and O must be part of a Hamiltonian circuit. By Rule
3, we must remove BE and KN. Now we cannot apply any further rule directly. So we split up
into two cases, depending on what the second edge at D can be:
Case 1 Use edge DE:
We have to remove DG by Rule 3, and EF by Rule 2. So then the second edge at E must be EH,
and by Rule 1 the edges at G must be GH and GJ. By Rule 3, remove JK, HI and HK. But now
there is no way for K to be part of the Hamiltonian circuit. So in this case there is none.
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A B C

D E F

G H I

J K L

M N O

Case 2 Use edge DG:
Now we have to remove DE by Rule 3. Then by Rule 1, the two remaining edges at E, EF and
EH, must be used. By Rule 3, FI must be removed. By Rule 1, IH and IK must then be used. By
Rule 3, HG and HK must then be removed. By Rule 1, we must use KJ and KL. But this gives a
subcircuit, contradicting Rule 2. So in this case there is also no Hamiltonian circuit.
Grinberg’s Theorem
We may use Gringberg’s Theorem, since the graph is planar. There are 9 regions, 8 of which
are bounded by 4 edges, and one, (the outside region) by 12 edges. In the notation of Grinberg’s
Theorem we then have

r4 + r′4 = 8

and
r12 + r′12 = 1.

Applying Grinberg’s Theorem we obtain the equation

2(r4 − r′4) + 10(r12 − r′12) = 0.

Thus 2(r4 − r′4) = −10(r12 − r′12), and by taking absolute values and dividing by two

|r4 − r′4| = 5|r12 − r′12|.

However, because r12 + r′12 = 1, with both r12, r′12 ≥ 0, we must have either r12 = 1, r′12 = 0 or
r12 = 0, r′12 = 1, both cases giving |r12 − r′12| = 1. Therefore, |r4 − r′4| = 5. So one of r4 and r′4
must be odd, and the other even. But then their sum r4 + r′4, must also be odd, contradicting that
it is 8.
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10. For each of the following pairs of graphs determine whether they are isomorphic or not. If they are,
give a vertex correspondence. If they are not, give a reason why.

(a)

8 3

7 4

1 2

6 5

h c

g d

a b

f e

(5)
Solution:
The two graphs are isomorphic. The following gives a vertex correspondence between the ver-
tices of the two graphs:

1 2 3 4 5 6 7 8
f a d e h c b g

(b)
1

2

34

5
6

7

89

10

a

b

cd

e

f

g

hi

j

(5)
Solution:
The two graphs are not isomorphic since the first graph contains 4-circuits (e.g. 12761), while
the second graph does not contain 4-circuits.
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11. Find a Hamilton path in the graph below and prove that no Hamilton circuit exists.

a b c

n o p

ed f

g j

lk m

h i

(6)

Solution:

This graph in fact does have a Hamilton circuit: adhk`mifebcjponga and therefore a Hamilton path
adhk`mifebcjpong.

12. Use the circle-chord method to determine whether the following graph is planar. If it is, give a planar
drawing. It if is not, find a K3,3- or K5-configuration.

ba c

ji k

fe g

d h

(8)

Solution:
We use the Hamilton circuit abefghckjida. By inside-outside symmetry we choose the edge af to be
drawn inside. Then the edge bc has to be drawn outside. Now the edge de cannot be drawn inside or
outside. Hence the graph is not planar:

b

e

c

g

h

j

i

a

f

k

d

The following is a K3,3 configuration of the graph,

a e c

f d b

k
e

j

i

g

h
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13. Determine the chromatic number of each of the following graphs. Give a minimal colouring and a
proof that a smaller number of colours cannot be used.

(a)

ba c d

fe g (5)
Solution:

Since the graph contains triangles χ(G) ≥ 3. We now attempt a 3-colouring of the vertices of
the graph. Since the vertices a, b and e lie on a triangle, they have to coloured differently. So let
us colour a blue, b red and e green. Now f is forced to be blue, c is forced to be green and g is
forced to be red. But d is now adjacent to a blue, red and green vertex and cannot be coloured.
So three colours are not enough to colour the graph. So χ(G) ≥ 4. If we colour vertex d with a
fourth colour, say yellow we have obtained a 4-colouring of the vertices of G:

blue red green yellow
a, f b, g c, e d

Hence χ(G) = 4.

(b)

ba c d

f
e

g
h

nm o p

j
i

k
l

(5)
Solution:
Since the graph has edges, χ(G) ≥ 2. Since the graph is bipartite, χ(G) ≤ 2. Hence χ(G) = 2.
The following is a 2-colouring of the vertices of G:

blue red
a, c, f, h, i, k, n, p b, d, e, g, j, `,m, o
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(c)

a

b

c
d

e

f

g

hi

j

(5)
Solution:
Since the graph contains odd circuits (for example the 5-circuit a, b, c, d, e), χ(G) ≥ 3. We now
attempt a 3-colouring of the vertices of the graph. By the symmetry of the graph we can colour
the vertices of the 5-circuit as follows:

blue red green
a, c b, d e

But now f is forced to be blue, since it is adjacent to a red and green vertex. Similarly the vertex
i is adjacent to a blue and green vertex and is forced to be red and the vertex j is adjacent to a
blue and red vertex and is forced to be green. But now vertex k is adjacent to a blue, red and
green vertex and cannot be coloured. Hence 3 colours are not enough. So χ(G) ≥ 4. If we colour
vertex k with a fourth colour, say yellow we can easily obtain the following 4-colouring of the
vertices of G:

blue red green yellow
a, c, f, h b, d, g, i e, j k

Hence χ(G) = 4.

14. Sketch all the non-isomorphic, rooted, ternary trees on 13 vertices. Prove that, up to isomorphism,
these are the only such trees. (8)

Solution:

There are four such trees:

T
1

T
2

T
3 T

4
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We now give a proof to show that these are the only such trees and that they are non-isomorphic.

Consider the three children, say a, b and c of the root vertex. There are three possibilities to consider:

Case 1 each of a, b and c has three children;

Case 2 only two of a, b and c have three children (say a and b);

Case 3 exactly one of a, b and c has three children (say a).

Case 1 Case 2 Case 3

d

a b c a b c a b c

e f g h i d e f

Case 1 immediately gives us tree T1.

In Case 2 the tree already has 10 vertices so the only possibility as that one of d, e, f, g, h, i has three
children. This gives us tree T2.

In Case 3 we have 7 vertices so two more vertices can have children. There are two subcases to con-
sider:

Subcase 3.1 two of d, e and f have three children (say d and f );

Subcase 3.2 exactly one of d, e and f has three children (say d).

Subcase 3.1

a b c

d
e f

Subcase 3.2

a b c

d
e f

Subcase 3.1 gives us tree T3.

The tree we have obtained in Subcase 3.2 already has 10 vertices so the only possibility is for one of
the children of d to have three children. This then gives us tree T4.

Finally we need to show that these four trees are non-isomorphic. In T1 the vertex of degree three is
adjacent with three vertices of degree four. In T2 the vertex of degree three is adjacent with two vertices
of degree four and in T3 and T4 the vertices of degree three each have only one neighbour of degree
four. So T1 and T2 are not adjacent to each other or to any of the other two trees. Now we consider T3
and T4: if we delete the vertices of degree 1 from T3 and T4 we see that the remaining graphs are not
isomorphic:
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and

Hence it follows that the original two trees T2and T3 are also not isomorphic.

15. (a) Sketch a rooted, balanced, binary tree on 19 vertices. (3)
Solution:

(b) Sketch a rooted, balanced, binary tree with
(i) 6 leaves (3)

Solution:

(ii) 10 leaves. (3)
Solution:

(c) Use the Corollary of Theorem 3 to determine the number of vertices of a ternary tree with 101
leaves. (3)
Solution:
By (b) of the Corollary of Theorem 3 it follows that

n =
m`− 1

m− 1
=

3(101)− 1

3− 1
=

302

2
= 151.

Hence a ternary tree with 101 leaves has 151 vertices.
(d) Use Theorem 4 to determine the height of a balanced ternary tree with 97 leaves. (3)

Solution:
By Theorem 4 (b) it follows that the height of a balanced ternary tree with 97 leaves is given by

h = dlogm `e = dlog3 97e = d4.164e = 5.
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16. In the graph below,

b c d

e f g

a

ih

determine

(a) a depth-first spanning tree with c as root. (4)
Solution:

c

a b

e

h f

g

di

(b) a breadth-first spanning tree with c as root. (4)
Solution:

c

a d

ee g

f

b

h i
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17. Find a minimal spanning tree of the weighted graph below using

(a) Kruskal’s algorithm. (4)

(b) Prim’s algorithm. (4)
In each spanning tree show the order in which the edges have been selected by numbering them
accordingly (i.e. do not give the weights).

a e i m

b f j n

c g k o

d h l p

1 1 5 4

3 3 1

4 3 2

1 5 2

3 2 2

3 4 2 1

2 3 3 4

(a) Kruskal’s algorithm: We start with an empty T , and at each step add to T a shortest edge that does
not form a circuit with edges already in T . (Note that there can be more than one such shortest
edge. You can choose any one of them. So it is possible to obtain different minimal spanning
trees depending on your choice, but they will all have the same total weight.)
In the spanning tree below we show the order in which the edges have been selected (not the
weights).
Solution:

a
e i

m

b f
j n

c
g k o

d
h l p

2

11 112

13 6

5

15

9 10

14 7 4

8

3

The total cost is 30.
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(b) Prim’s algorithm: We start with T consisting of any shortest edge, and at each step, add to T a
shortest edge between T and a vertex not in T . (Again there is more than one choice. Choose
anyone.)
In the spanning tree below we show the order in which the edges have been selected (not the
weights).
Solution:

a
e i

m

b f
j n

c
g k o

d
h l p

9

8 12

4 5

11

13

14 15

10 7 6

12

3

The total cost is 30.

17




