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PARTHA PRATIM GHOSH

1. Video Lecture 1

PrROBLEM 1. For each of the following show that they are indeed examples of a vector space:

(a) Given any n > 1 the set R" with the addition and scalar multiplication defined by:
(I’l,l'g,. e ,In) + (y17y27 s Jyn) = (xl TY, T2t Y2,..., Ty +yn)7
and

Ma1, Ty ) = (Ax, Azg, ., ATy,).

(b) Given any set X the set R¥ of all real valued functions on X with vector addition and
scalar multiplication defined by:

(f+9)(x)=f(x)+g(x), forallzelX,

and

(Af) () = Af (),

f
where X —Z R are two functions and A € R.

9

(c) The set C([0,1]) of all real valued continuous functions on [0, 1] with usual addition
and scalar multiplication of functions.

(d) The set C1([0,1]) of all real valued functions on [0,1] which are differentiable with
usual addition and scalar multiplication of functions.

(e) The set R[z] of all polynomial functions with real coefficients with usual addition and
scalar multiplication of polynomials.

(f) Given a natural number n > 1, the set R[2]geg<n, of polynomial functions of degree at
most n with usual addition and scalar multiplication of polynomials.

[6 x 10 = 60 marks|

SKETCHES OF SOLUTION 1. (a) The closure properties for the vector addition and scalar

multiplication for a vector space V' are not necessary to check, if you have already estab-
lished that the operations V xV 5>V and RxV — V are defined. It is exactly in this
statement that the statement of the closure axioms are encoded — for instance, if you
say that V' xV 5V is a function then you are actually saying that for each pair (u,v) of
vectors from V', +(u,v) =u+v €V, ie. is a vector from V, which is actually the closure
for vector addition.

Sometimes, the given formula for the addition or scalar multiplication may not be a
function — for instance in Problem , the scalar multiplication is just not defined!

Rx :
Thus, once you assert that V' x V' SV and V =5 are well defined functions then you
need not check the closure axioms.
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(b) Just the closure axioms are not enough to grant a vector space.

For instance, consider the set R of real numbers with R x R 5 R defined now by
(z,y) » = —y and scalar multiplication being the usual multiplication of real numbers.

Surely, with these operations the closure properties are satisfied, but the operation
(z,y) » x —y is not commutative, not associative and does not have an identity! So it is
not a vector space.

(c) One has to be careful with the subtle difference between a function and its values.

Recall that a function X Ly is a rule which assigns to each x € X a unique element
y €Y, and we write this unique y € X as f(x). The alternative notations are: y = f(x),

r— f(x), R f(x).... The element f(x) €Y is the value of the function f at the
element x € X and f is not any of its values.

f
If X —ZY are two functions between the same sets then, f = g, if and only if, for
g

each z € X, f(z) = g(x).

So, in the context of @ how do you show that f + g is commutative? You should
do something like — since f, g and f + g have the same domain and codomain, for each

reX, (f+g)(x)=f(x)+g(x)=g(z)+ f(z)=(g+ f)(x), it follows that f+g=g+ f.

(d) It is not necessary to always check for all the axioms, literally. Such brute force check
works, but should only be taken to when there is no other way left. It is much better to
use elegant reasoning, since not only it looks better, it takes lesser time to reproduce, is
much more relevant as it casts light on your understanding, and is actually the essence of
mathematics.

So, let us see how does one go about with the above problems using cute reasoning.
You would be astonished to see that they take not more than a couple of lines to express
what many of you wrote for pages — indeed I was delighted to see that there were some
of you who were indeed cute in this respect. At this point, let me tell you, that I have
penalised for not being cute, just to make you become better at being cute!

@ R is a vector space with its usual operations of addition as vector addition and mul-
tiplication as scalar multiplication.

The operations on R" is defined coordinatewise using the addition and multiplication
of real numbers. Hence, they satisfy all the axioms and R" is a vector space.

@ Since R is a vector space and the operations in R are defined using the addition
and multiplication of reals at each z € X, the axioms are satisfied, so that R” is a
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vector space.

the rest...: The rest of the problems depended on the simple observation: if V' is a
vector space, @ c S €V is a non-empty subset of V', u,v € S = Au+ pv € S, for every
A, i€ R, then S is indeed a vector space.

In other words, I was using these problems to motivate the notion of a vector sub-
space which is actually specified later.

Here C1[0,1] € C[0,1] € R, R[2]4egen € R[z] € C1(R) € C(R) ¢ RR, .. and you
should now be able to complete the rest, ...

PROBLEM 2. It is always important, in studying a mathematical structure, to be able to recognise
an example as a proper one, and to recognise a pretender as one that fails in some respects. In
each of the following, state with reasons which one is an example and which is a pretender.

(a) The set R of real numbers with usual addition of real numbers as vector addition and
scalar multiplication defined by (A, z) — A%z. E|

(b) The set R?* with vector addition being usual coordinate-wise addition and the scalar
multiplication being defined by (A, (z,v)) ~ (Az,0).

(¢) The set Q of rational numbers with usual addition of rational numbers as vector addi-
tion and the scalar multiplication being given by (A, z) — Az.

(d) The set R, of positive real numbers with usual multiplication of positive reals as the
vector addition and the scalar multiplication being given by (A, x) ~ z*.

[4 x 10 = 40 marks]

SKETCHES OF SOLUTION 2. I was expecting the reasons only.

In the scalar multiplication does not distribute over scalar addition, in @ the unit law fails, in
the scalar multiplication is not defined. Only @ is a vector space, and is due to the fact that
multiplication of real numbers is commutative, associative, has 1 as identity and every non-zero
real number has an inverse, and the properties of the scalar multiplication is exactly the laws of
indices.

IThis means that the scalar multiplication R x V/ SVonVis given by s(\, z) = A2z
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2. Video Lecture 2

PROBLEM 3. Which of the following are linear transformations and which are pretenders? Give
reasons for your answers.

a) R %, R where f(x) = 3z.

b) R? I R where flx,y) =22 +y%

c) R? 1, R? where f(z,y) = 3z + 4y, Ty — 4z, 2x).

d) R L, R where f(x)=3x+T.

e) [0,1] L, R where f(x) =2z,

f) VxW 2L v, where p1(v,w) = v with vector spaces V and W and the set V' x W made

into a vector space with vector addition defined by (v,w) + (v',w’) = (v +v',w + w') and
scalar multiplication defined by A(v,w) = (Av, Aw).

(
(
(
(
(
(

[5 x 6 = 30 marks]

SKETCHES OF SOLUTION 3. Recall the definition of a linear transformation: a function V' ER |14
from a vector space V to a vector space W is a linear transformation, if it satisfies two conditions,
namely:

flx+y)=f(x)+ f(y), for all x,y e V

and

fz) =Af(x), forall \eR and z € V.

The two conditions can be compressed into one equivalent condition, namely:

flx+uy)=f(x)+uf(y), forallz,yeV and peR.

However, except for these two explicitly stated conditions there is also a very tacit condition for
the function f to satisfy — the domain and the codomain of the function f must be both
vector spaces.

Thus, [(e)] falls short of this inexplicit condition — it is not specified nor well known how can one
consider [0, 1] to be a vector space, and hence is not an example of a linear transformation.

If V5 W is a linear transformation then f(0)=0— f(0)=f(0+0) = f(0)+ f(0) = f(0) =0.
Since in [(d)] f(0) = 7 it is not an example of a linear transformation.

The others are as can be well verified. For instance, in the case of the verification would run
as follows:
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given (v,w), (v, w") eV xW, AeR:
pl((v,w) + )\(v',w')) =p1(v + A\, w + )\w') =v+ M =pi(v,w) + Ap (v, w"),
implying the linearity of p;.

PROBLEM 4. Let V and W be vector spaces and hom (V, W) be the set of all linear transformations
from V to W, i.e.

hom (V, W) = {f : the function V L W is a linear transformation .

Define for f,g e hom(V,W), aeV and A e R:

(1) (f+9)(v) = f(v) +g(v),
(2) (Af)(v) = Af(v),
and

(3) hom (V, W) —22= W , where E,(f) = f(a).

(a) Show that hom(V, W) with the vector addition defined in (|1)) and scalar multiplication
defined in ({2)) is a vector space.

(b) Show also that the function hom(V, W) Lo W from the vector space hom (VW) to
the vector space W is a linear transformation.

Taking the special case of V' = R = W, show that the function hom(R,R) x R L R defined by
E(f,a) = f(a) is however not a linear transformation. Note that, using the result in Problem

hom (R, R) x R above is indeed a vector space.

[7+8+ 5 =20 marks]

SKETCHES OF SOLUTION 4. (a) This is very much similar to the proof of Problem [1j(b)]
where you used R, and here you need to use W.
More precisely, if W be a vector space then for any set X the set WX of all functions

X ER W is a vector space with pointwise definitions of addition and scalar multiplication,

asin&.

f
It is enough to show that given the linear transformations V —Z W and a scalar
g

A € R the function h = f + \g, defined pointwise is also a linear transformation. Given
this, it would follow that hom(V,W) ¢ WX (where X = V) with addition and scalar
multiplication exactly the same as in WV and hence is a vector space.

To show h is a linear transformation, consider x,y € V' and p € R and then:

h(z+ py) = (f +Ag)(z + py)

= f(x+py) + Ag(z + py)  (using
= f(z) +pnf(y) + Mg(x) + pg(y)) (using linearity of f&g)
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= (f(x) + /\g(a:)) + M(f(y) + )\g(y)) (rearranging the terms)
=h(x) + ph(y) (using(l] &

proves h to be linear.

(b) The function hom(V, W) Lo W is defined by E.(f) = f(a), and could be called the
evaluation of the linear transformation f at a e V.
Take f,g € hom(V, W) and any A € R; to show E,(f+Ag) = E,(f)+AE.(g) is just the

usage of [ & [2]

Note that the vector space hom (R, R) x R has operations: (f,x)+A(g,y) = (f + Ag,z+ Ay);. .. the
rest of finding the counter example should be simple.

Indeed, assuming that you have satisfied yourself about hom(R,R) x R ER being not a linear
transformation, one could go further to check that indeed it is bilinear — keep one coordinate

fixed, and then it is linear in the other variable. Also, it is clear to check that dimhom(R,R) =1,
so that what are the matrices for the linear transformations R 2> R and hom (R, R) e, R,

given any f € hom(R,R) and z € R?
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3. Video Lecture 3

PROBLEM 5. (a) Show that S ¢ W is a vector subspace of the vector space W, if and only
if, for all A, u e R and every s,t €S, As+ ut e S.

(b) Given the vector space R? of triples of real numbers with the usual addition and scalar
multiplication, which of the following subsets make a vector subspace:

(i) S:{(O,y,z):y,zeR}.
(i) S={(z,y,2):x=0o0ry=0}.
(it)) S={(2,y,2):z+y=0}.
(

iv) S:{(x,y,z):x+y:1}.

(c) Given the vector space R[x] of all polynomial functions with their usual addition and
scalar multiplication which of the following subsets make a vector subspace of R[z].

(i) S-= {p(:c) :degp(z) = 3}.

(i) S = {p(r): 20(0) = p(1)}.

(i) S={p(z):0<z<1= p(x)>0}.
(iv) S={p(x):p(x) =p(1-2)}.

In each of the cases also evaluate span[S].

[10 + 8 x (2 + 3) = 50 marks]

SKETCHES OF SOLUTION 5. (a) If S ¢V is a vector subspace of V' then it is trivial.

For the converse, observe that taking special choices of s, € S and A, 4 € R the two
conditions follow.

This is just a comprehension of the two conditions into one and a very simple checking
rule.

(b) Every vector subspace must contain the zero vector. Hence (iv) is not a vector subspace.

For (ii), since (2,0,3) +(0,2,3) = (2,2,6), the vectors on the left hand side are both
in S and the one right is not in S it follows that S is not a vector subspace.

The rest are vector subspaces.
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Regarding the span, let me illustrate with one, say the one in (iv). Clearly, in this
case, (x,y,z) € S < x+y =1 implies the vector is of the form (z,1 -, z) where z,z € R.
Hence:

(z,1-2,2)=(0,1,0) + (x,-z,0) + (0,0,2) = (0,1,0) + =(1,-1,0) + 2(0,0, 1),
implies that the vectors of S are precisely of the form:
S={(0,1,0) +2(1,-1,0) +2(0,0,1) : z, 2 e R}
In other words, they are translates of vectors from the two dimensional subspace

span[(1,-1,0),(0,0,1)] of R* by the vector (0,1,0).

Hence, a vector from the span[S] would be a sum of two vectors, one being a multi-
ple of (0,1,0) and other being a vector from span[(1,-1,0),(0,0,1)]. Hence span[S] =
span[(0,1,0),(1,-1,0),(0,0,1)].

Since {(O,1,0),(1,—1,0),(0,0,1)} is a linearly independent set, and dimR® = 3, it
follows that span[S] = R®.

(c) Since vector subspaces must:
e contain the zero vector, (i) is not a vector subspace,

e contain the negative of a vector, (iii) cannot be a vector subspace.
The rest should be simple.

PROBLEM 6. (a) Let S ={(1,0,0),(0,1,0),(0,0,1),(1,1,1)} c R®.

Show that S is a linearly dependent set, but any set of three vectors from S is linearly
independent.

What can you say about two element subsets or one element subsets of S — are they
linearly independent or linearly dependent subsets?

(b) True or false: if S = {:v, v, z} be a linearly independent set of vectors in a vector space
W then so also is the set T" = {x +Y,Y+2,2+ x}?

If it is true then prove it, else give an example to disprove it.

(¢) Show that a set of two vectors (21, 22, x3) and (y1,y2,y3) from R? is linearly dependent,
if and only if, the coordinates are in a constant ratio.

Can you provide a simpler condition (as above, in terms of the coordinates only) which
equivalently states that three vectors (1,22, %3), (Y1, v2,v3) and (21, 22, 23) of R® are lin-
early dependent?
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What can you say about a set of four vectors or more from R*?

(d) Find two bases B and C of R* such that no vector is common to both B and C, while
B contains the vectors (1,0,0,0) and (1,1,0,0) while C' contains (1,1,1,0) and (1,1,1,1).

[10 + 10 + 10 + 10 = 40 marks|

SKETCHES OF SOLUTION 6. (a) Since dimR? = 3 and S has four vectors, it must be a
linearly dependent set. You need not do any calculations at alll

There are four subsets of three vectors, namely:
S1={(1,0,0),(0,1,0),(0,0,1)}, S>={(1,0,0),(0,1,0),(1,1,1)},
Sy ={(1,0,0),(1,1,1),(0,0,1)}, Sy ={(1,1,1),(0,1,0),(0,0,1)}.

S; is a linearly independent set is immediate; the pattern suggests that proving one of
the rest to be linearly independent would be enough for the others would be similar.

To show S5 is linearly independent, use S;:

a(1,0,0) + 3(0,1,0) + v(1,1,1) = (0,0,0)
= (0,0,0) = a(1,0,0) + 8(0,1,0) +v((1,0,0) + (0,1,0) + (0,0, 1))...
=>a+y7=0+7=7=0
=a=[p=7=0,

proving the linear independence.

Every subset of a linearly independent set of vectors is linearly independent. Hence
the rest follows, without any calculation!

Note: if you took to the computation route, then you would have to compute for (ﬁ) =4

three element sets (which you reduced to two), (;1) = 6 two element subsets and (;1) =4

one element subsets. Thus, observation and reasoning helped in reducing the number of
computations from 14 to just 2.

(b) This was just used in the previous computation; now prove it in general.

(c) (z1,22,23) + Ay1,92,93) = (0,0,0) & A= -3 = -2 = -5 (if we could write it) and
hence the conclusion.

Reason it out in full. ...

Use this as a clue. ...
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PROBLEM 7. Let V' ER W be a linear transformation from the vector space V' to the vector space W.

(a) Show that the set Ker f = {v eV : f(v) =0} is a vector subspace of V.

(b) Show that the set f[V]={w e W :w = f(v) for some v € V} is a vector subspace of W.

[5+5 =10 marks]

SKETCHES OF SOLUTION 7. (a) If f(v) =0 = f(u) and X € R then f(u+ A\v) = f(u) +
Af(v)=...

(b) Similar....

ZKer f is said to be the kernel of f.
3f[V] is said to be the image of f.
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4. Video Lecture 4

PROBLEM 8. (a) Show that there exists a unique linear transformation R® EN R[%]deg<s
such that:

f(1,0,1) =1+2% f(1,1,0) =1+ and f(0,1,1) = 23 + 2.
Find Ker f, Im[ f] and their dimensions.

b) Show that there exists a unique linear transformation R|Z |gee<o ER R? such that:
( q g

f(l-x+2%) =(0,2) = f(22%) and f(1+2+2%)=(2,2).
Find Ker f, Im[ f] and their dimensions.

(¢) Does there exist a linear transformation R 7, R3 such that:

£(1,0,1) = (1,2,1), £(0,1,1) = (2,1,1) and f(-1,-1,-2) = (1,1,2)?
If it does, what is the formula for f(x1,z2,23)? what is Ker f and Im/[f]?

If it does not, then explain why does it not?

[5+5+5 =15 marks]

SKETCHES OF SOLUTION 8. (a) Using the principle in Problem |[f(b)| (see page (10| for so-
lution) it follows that B =((1,0,1),(1,1,0),(0,1,1)) is a basis of R".
Since:
(2.9.2) = =52 (10.1) + S5 (L 1,0) + = (0,1,),

it follows that coordp((z,y, 2)) = (F4=, =4=, —=54=).

Hence the principle of linear extension tells us:

1+ 22
f(a,b,c):(a_b+c a+b-c —a+b+c) Ls o
2 2 2 23+ ot
-b b- —a+b
SOTOTC ey O C(l+x)+¥(x3+x4)
:(a+b+c)+a+g—c$+a—;}+cx2+—a+2b+cx3+—a+2b+cx4‘

This describes the Im[ f].

For the kernel, f(a,b,c)=0<a-b+c=a+b-c=-a+b+c=0<a=b=c=0, so
that Kerf:{O}.
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Hence dim Ker f = 0 and hence dimIm[f] = dimR® = 3.
(b) Similar. ..

(c) Since:
(Loa 1) + (07 17 1) + (_17 _17 _2) = (07 070)
the set S = {(1,0, 1),(0,1,1), (—1,—1,—2)} is a linearly dependent set.

If there were a linear transformation as suggested then f(1,0,1)+f(0,1,1)+f(-1,-1,-2) =

(0,0,0), which is not the case; hence there does not exist any linear transformation with
the specified assignments.

PROBLEM 9. (a) Given the linear transformation R[%]geg<2 EN R? in Problem , find
the matrix presentation Matp_c(f) of f, given the basis B = (1-z,1+x,2?) of R[%]geg<2
and the basis C = ((1,2),(2,1)) of R*.

(b) It is easy to see that B’ = (1,z,22) and C" = ((1,0),(0,1)) are bases of R[z]geg<2 and
R?, respectively, and are possibly much more simpler.

Can you use change of basis matrices to give an elegant solution to the question in @7

[15 + 15 = 30 marks|

SKETCHES OF SOLUTION 9. (a) Just mere computation. .., complete it. ..
(b) Surely:
1 10
Pg_.p = (coordp(1-z) coordp(l+z) coordp(2?))=|-1 1 0},
0 01
and

P (12
C=er COOl"d(LQ)(C,) PC'—>2,1 \2 1)
Since PB»B’ = MatB%B/(lR[x]

is Matg_c(f), it follows that:
MatB_@(f) = Matcf_,c(IRQ)MathC,(f)MatB_,B,(lR[r]

. <2), Pocr = Matcﬂcz(lﬂy), and the required matrix
eg<

)

deg<2
1 2\ 1 10
= (2 1) (coordcf(f(l)) coorder (f(x)) Coord(;/(f(x?))) 110
0 01
i 1 10
= (coorder((1,2)) coorder((1,0)) coorder((0,1)))[-1 1 0
3073 0 01
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Y 1 10
3 3

= Lo -1 1 0]= a2x3 matrix, ....
2 2 01 0 0 1

1
3 3

!
PROBLEM 10. (a) Given the linear transformations V —Z W "~ P between finite di-
g

mensional vector spaces, where dimV =m, dimW =n and dim P = p, show that for any
given bases B, C', D of the vector spaces V', W, P respectively, and for any \ € R:

(4) Mathc(f + g) = Mathc(f) + Mathc(g)
(5) Mat g.c(Af) = AMat zo( f)
and
(6) MatB_,D(h o f) = Matc_,D(h)MatB_,C(f).
Hint:

Recall from Problem 4| equations & on page [6}
(f+9)() = f(v) +g(v),

and

(Af)(v) = Af (V).

(b) Show that the set GL,, ,(R) of all m x n matrices with the usual matrix addition and
scalar multiplication is a finite dimensional vector space with dimGL,, ,,(R) = mn.

Show that if V' and W be finite dimensional vector spaces with dimV = m and

. . . MatB»C(_)
dim W =n, B a basis for V' and C a basis for W then hom(V, W) ——— = GL,, ,(R)

is a bijective linear transformation.

Hence, or otherwise, obtain dimhom (V,W).
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Observe, in this context, something very interesting: there is a multiplication,
GL,n(R)xGL, (R) = GL,,»(R) which is the usual matrix multiplication
(A,B) » AB.

Alongside  there is  the  composition of linear  transformations
hom (W, P) x hom (V, W) = hom(V, P) given by (h, f) - ho f.

None of these maps — neither the multiplication of matrices nor the composition
of linear transformations, are linear transformations: say for matrices, it is
known that (A + C)(B + D) # AC + BD (check: this equation is exactly
the demand for linearity of matrix multiplication). However, @ on page
provides a connection between the bijective linear transformations Matg_p(-),
Matcop(-) and Matg_c(-).

In the special case when V' = W = P and thence m = n = p, one has the matrix
multiplication to be a binary operation on the vector space GL,, ,,(R) (which is
shortened to GL,(R)). This binary operation distributes over addition and scalar
multiplication:

(7) A(B+C)=AB+ AC (B+C)A=BA+CA
and
(8) A(AB) = X\(AB) (M)B = \(AB).

A vector space with an associative multiplication which distributes over
addition and scalar multiplication as in & and which also possesses
an identity is often called an real unital algebra, and GL,(R) as well as
hom(V, V) are examples of such. Furthermore, Matg_p(-) then shows that
hom(V, V) and GL,(R) are same as real unital algebras. However, we shall not
be discussing algebras any further, it just came up incidentally with this problem.

Furthermore, the operations of matrix multiplication or composition of linear
transformations are not very far from being linear transformations. For instance,
each of the following maps:

(i) for each fixed matrix A, the map B~ AB,
(ii) for each fixed matrix B, the map A~ AB,
(iii) for each fixed linear transformation h, the map f ~ ho f,
(iv) for each fixed linear transformation f, the map h— ho f,

are indeed linear transformations (check it...). Such maps are often called
bilinear maps and we shall come back to them later on.

If you continue with your studies with mathematics, you shall soon learn that
bilinear maps correspond to linear transformations, but not from the product
vector space, but from a vector space very closely related to it, called the tensor
product of the two vector spaces.

15
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(c) Given the finite dimensional vector space V with dimV = n and the bases P, @, R,
show that:

<9> PPHR:PQ%RPPQQ.

Hence, or otherwise, show that Pp_ is an invertible matrix and Pp_>gf1 = Py_p.

[5+5+5]+[5+3+2]+[8+2] =35 marks]

SKETCHES OF SOLUTION 10. (a) Clearly, if we take B = (vq,va,...,0,), C = (wy, ws, ..., wy)
and D = (uy, us, ..., up)
Matg_c(f) = (Coordc(f(vl)) coorde(f(v2)) ... coordc(f(vn))),
Matp-c(g) = (coorde(g(vi)) coorde(g(ve)) ... coorde(g(vn))),
and
Matcop(h) = (CoordD(h(wl)) coordp(h(ws)) ... coordD(h(wm))).
Since (f +g)(v;) = f(v;) + g(v;) and (Af)(v;) = Af(v;), for i=1,2,... n:
Matp.c(f +g) = (coorde((f +g)(v1)) coorde((f +9)(v2)) ... coorde((f+g)(va)))
=Matp.c(f) + Matp-c(g),
and
Matg.c(\f) = (coordc(()\f)(vl)) coorde((Af)(v2)) ... coordc(()\f)(vn)))

= )\MatBﬁc(f).
If coorde(f(v;)) = (a1,a9,...,ay) then h(f(v;)) = ath(wy) + ash(ws) + ... aynh(wy,),
for each i =1,2,...m. Hence:

MatB%D(h o f) = Matcﬁp(h)MatBéc(f).

(b) Let for i =1,2,...,m and j =1,2,...,n, A;; be the m x n matrix whose i-jth element
is 1 and the rest are all 0.

Show that:
B:{Aijzléigmandléjén}

is a basis for GL,, ,(R).

The fact that Matp_c (=) is a linear transformation is attested by () & (F).

The coordinatisation principle actually states in other words that this is actually a
bijection.

Since dimGL,,, ,(R) = mn, and bijective linear transformations preserve dimensions,
dim hom (V, W) = mn.

(c) Simple. ..
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5. (Video) Lecture 5

PrROBLEM 11 (Two Almost Missed, yet Essential Facts About Matrices). Given a matrix of order
m xn, say:

a1 a2 ... Q1 ... A1n
a921 oo ... Q25 ... QAon
S mn
A= = (aij). —
a1 a2 ... Qi ... Qin 1,5=1
Am1 Am2 .- Amj .. (mp
its rows are row;[A], for i = 1,2, ..., m are determined by elements of R" and columns are col;[A],
for j=1,2,...,n are determined by elements of R™, where:
n .
I'OWi[A]Z(CL“,CLQ,...,CLZ'”)ER 72:1,2,...,771

and

COlj[A] = (alj’a2j7' .- 7amj) € Rm,] =1,2,...,n.

As a convention we shall always denote an element of R™ by a nx 1 matrix, i.e., as a column vector.

(a) Show that for any x = (z1,29,...,2,) € R™

y = Ax = x1coli[A] + zocoly[A] + -+ + z,c0l, [ A] € span[col; [A], coly[A], ..., col, [ A]].

(b) Hence show that for any matrix B = (bm)jf: , of order n x p the columns of AB are
Acoli[B], Acoly[B],. .., Acol,[B].

PROBLEM 12 (Rank and Nullity for Matrices). Recall from Video Lecture 4 the finite dimen-
sional vector spaces are, under coordinatisation, precisely some R™ (n > 0) and from Problem

10(b)| (see page that the linear transformations R™ % R™ are precisely the m x n matrices
F = ¢ij);ﬂjf1 with real entries. The same problem also illustrates the near match between the

matrix operations and operations on linear transformations.

P



18 PARTHA PRATIM GHOSH

Thus, the linear transformation corresponding to a matrix F' of order mxn is R" I, R™ defined by

T
flxy,m0,...,2p) = F 2 , where the point (z1,xs,...,x,), in matrix form, shall be represented
Tn
Iy

by the n x 1 column matrix 2

T

(a) Given the m xn matrix F', show that the kernel of the associated linear transformation
is the vector subspace:

T

KF:{(xl,xQ,...,xn)eR”:F ng 20}

Tn

The vector subspace K is:

(i) The set of all solutions of the homogeneous system of linear
equations determined by the matrix F'.

(i) Often called the null space of F.

(iii) The dimension of K is often called the nullity of the matrix F.

(b) Given a m x n matrix show that the image of the associated linear transformation is:

a1
Rp = {F x:Q (21, 2,0, X) ER"}.

Un

The vector subspace Rp is:
(i) Often called the range space of F' or also the column space of F
(see Problem [11] for an explanation of this name).

(ii) The dimension of Ry is often called the rank of the matrix F.

(iii) Thus, we now know that the sum of the rank and nullity of a
matrix is equal to the number of columns of the matrix.

SKETCHES OF SOLUTION 11. Simple, ..., complete them yourself. ...
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PROBLEM 13 (Solutions of Linear Equations). Given V L W a linear transformation from the
vector space V' to the vector space W, a fixed vector b e W, the equation:

(10) f(x) =0b,
and the set S ={z eV : f(z) =b} of solutions of (I0).

(a) Show that S # @, if and only if, be f[V], the image of f.

(b) If 2y € S then z € S, if and only if, there exists a t € Ker f such that z =z + .

The special element z( € S is often called a particular solution of the
equation in ([10)).

Thus, the Moral is: solutions of linear equations, if they exist, are just
a translate of a particular solution of the kernel of the linear trans-
formation — observe the geometric language in use here, translations
meaning as if the kernel is pushed by the particular solution thereby
getting translated to the particular solution.

(c) Now suppose that both V' and W are finite dimensional vector spaces with dimV =n,
dim W = m; the linear transformation is then determined by a matrix F' of order m x n,
x1
and is given by (z1,xs,...,x,) » F T2
Tn
The linear equation in ([L0f) is then obtained on fixing an element b = (b1, b, ...,b,) €
R™ and trying to obtain the n-tuples x = (x1,Z2,...,2,) € R" such that F’x =b. The set
of solutions is then S = {x eR": Fx = b}.

(i) Show that S # @, if and only if, the rank of the matrix F' and the matrix A= (F b)
are equal, where A is a matrix of order m x (n+ 1) with the first n columns as F' and
the last column as b.

(ii) Show that if xg € S then x € S, if and only if, there exists a t € R" such that F't =0
and X = xXq + t.

Note how this provides a computational justification to the process of
solving linear systems of equations.

SKETCHES OF SOLUTION 12. Simple, ..., complete them yourself.. ..
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6. (Video) Lecture 6

This (video) lecture conveys the following:

(a)

First starts with the idea of an invariant subspace, an idea which is of paramount impor-
tance in the study of linear algebra.

To say it in brief: given a function X ER X on a set X (often such functions are called
colorblue endomaps or endomorphisms) it is interesting to find a fized point of such a
function, which is an element x € X, such that f(z) = x.

Every endomorphism on a set X ushers in a dynamical picture, a notion of a motion, in
which we say that f shiftsz € X toy e X, if y = f(x). This suggests the following diagram:

wherein you could think of possible orbits like x R Y TR z TR P R x which might

be finite, or which could carry on and on. .., and also loops like s R s, which are exactly
the fized points.

You could also have a subset U € X such that: for all uw € U, v = f(u) € U; in other
words, f[U] c U. Thus, once if we land up in such a set as U, we never come out of it —
such sets U are obviously called invariant subsets.

The situation in vector spaces is similar, but we consider linear transformations X — X
instead, and then we have invariant vector subspaces.

Every endomorphism of a vector space has at least the two trivial subspaces as its in-
variant subspaces. However, not every endomorphism of vector spaces have a non-trivial
invariant subspace. Starting with the existence of an invariant subspace of dimension one
of a finite dimensional vector space leads to the notion of an eigenvalue, eigenvector and



NOTES ON BONUS QUESTIONS FOR MAT2611 21

eigenspaces. The eigenspaces turn out to be invariant subspaces.

(b) The notion of an eigenvalue of a square matrix (= linear transformation on a finite di-
mensional vector space) is closely connected to the characteristic polynomial.

Since every odd degree polynomial function in R[x] has a root, every odd order square
matrix has an invariant subspace, while even order square matrices may or may not.

(c) The eigenvectors corresponding to distinct eigenvalues are linearly independent. This
gives rise to the notion of diagonalisation of a square matric, which is then completely
described in terms of its eigenvalues and eigenvectors.

(d) The notions of algebraic and geometric multiplicities are required in the complete formu-
lation of diagonalisability, which are also discussed.

PrROBLEM 14. Two square matrices A and B are said to be similar, if there exists an invertible
square matrix P such that B = P"1AP.

(a) Interprete the relation of similarity of matrices in terms of change of basis and deduce
that similar matrices represent the same linear transformation.

(b) Show that any two similar matrices A and B have the same characteristic polynomial,
and hence the same eigenvalues.

(c¢) If B=P~1AP for some invertible square matrix P, show that for any eigenvalue A of

A, E\[B] Le \[A] sets up a bijective linear transformation between the eigenspaces.

[5+5+5 =15 marks]

SKETCHES OF SOLUTION 13. You can now see that each matrix A of order m x n is actually
representing a linear transformation R"™ — R™ with respect to the standard basis on each side —
recall that the standard basis for R" is U = (e, €a, . .., €,), where e; € R" has 0 in every coordinate
except the ¢th one which is 1.

Hence, in this regard, each non-singular matrix A of order n x n is actually Pg_.y, where B =
(colu[1],cola[2],...,col[n]). Use this to interprete (a).

Regarding (b), the equation det(P*AP — A\I) = det P"'(A - AI[)P = det P~'det(A - Al )det P =
det(A — AI) should provide your answer.
Finally (c) is just a computation.

PROBLEM 15. Let A be a square matrix of order n and A € R be an eigenvalue of A of geometric
multiplicity k.
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Choose a basis By = (v1,Va,...,Vk) of Ex[A] and extend this to a basis B of R".

(a) Show that:

M, P
MatB_,B(A) = (0 _]I:k; Q)’

where P is a matrix of order kx (n-k), @ is a matrix of order (n—-k) x (n-k) and 0,

is the zero matrix of order (n - k) x k.

(b) Show that the characteristic polynomial of S = ( A P) is:

Opir @
xs(x) = (x = \)*xq(2),

where for any square matrix 7', yr € R[x] is the characteristic polynomial of the matrix 7.

(c¢) Hence, otherwise, deduce that the algebraic multiplicity of A is at least k its geometric
multiplicity.

Hint: Use Problem [I4]

[10 + 10 + 10 = 30 marks]

SKETCHES OF SOLUTION 14. Just use the definitions developed so far. . ..

The purpose of this is to show that: algebraic multiplicity of an eigenvalue is greater than or equal
to its geometric multiplicity.

Note: Hence, if the algebraic multiplicity of an eigenvalue is 1 then you need not do any further
computations regarding its geometric multilicity, since its eigenspace being non-trivial would have
to be one dimensional and hence its geometric multiplicity would automatically be 1. You need to
compute for only those eigenvalues which have algebraic multiplicity > 1.

PROBLEM 16. Given any polynomial function f(x) = ag + a1z + asa? + -+ + a,2" (a, # 0) in R[z]
and any square matrix A of order n, define:

f(A) =aol, + a1 A+ agA* +--- +a, A"

Obviously, f(A) is a square matrix of order n and hence a linear transformation on R".

(a) If f(x) =-1+2x+ 323, evaluate f(A), where:

()
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(b) Show that for any f € R[z], any eigenvalue A € R of a square matrix A and any

V € SA[A]
fCAv = f(N)v.

(c) Hence, or otherwise, show that if A be a diagonalisable square matrix and x4 € R[x]
be its characteristic polynomial then x4(A) = 0,,, the zero matrix of order n x n, i.e., the
zero linear transformation on R".

Hint: Use the fact that a linear transformation V' ER W on a finite dimensional vector
space V' is identically zero, if and only if, for any basis B if V, ve B = f(v) =0. (Can
you prove this using the Method of Linear Extension?)
(d) If A be a diagonalisable matrix, then compute f(A) for any f € R[x].

Can you give an algorithm to find A= in such a case?

[5+5+ 10+ (5+10) = 35 marks]

SKETCHES OF SOLUTION 15. Simple..., just use the definitions. ..and compute. ...
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