
GIVEN:  𝑋𝑝(𝑡) = ∫ Φ(𝑡 − 𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
 

  With Φ a normalized fundamental matrix of 𝑋̇ = 𝐴𝑋 at 𝑡 = 0 

TO PROVE: 𝑋̇𝑝(𝑡) = 𝐴𝑋𝑝(𝑡) + 𝐹(𝑡) 

 

𝑋𝑝(𝑡) = Φ(𝑡) ∫ Φ(−𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
      …by Theorem 4.27 

= Φ(𝑡) ∫ Φ−1(𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
     …by Corollary 4.29 

𝑋̇𝑝(𝑡) = Φ̇(𝑡) ∫ Φ−1(𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
+Φ(𝑡)

𝑑

𝑑𝑥
(∫ Φ−1(𝑠)𝐹(𝑠)𝑑𝑠

𝑡

0
)  …by Product rule 

 = Φ̇(𝑡) ∫ Φ−1(𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
+Φ(𝑡)Φ−1(𝑡)𝐹(𝑡) 

 = Φ̇(𝑡) ∫ Φ−1(𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
+ 𝐹(𝑡) 

But since the column vectors of Φ(𝑡) are solutions to 𝑋̇ = 𝐴𝑋 it must be that Φ̇(𝑡) = 𝐴Φ(𝑡) thus: 

𝑋̇𝑝(𝑡) = 𝐴Φ(𝑡)∫Φ−1(𝑠)𝐹(𝑠)𝑑𝑠

𝑡

0

+ 𝐹(𝑡) 

 = 𝐴Φ(𝑡) ∫ Φ(−𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
+ 𝐹(𝑡)    …by Corollary 4.29 

 = 𝐴∫ Φ(𝑡 − 𝑠)𝐹(𝑠)𝑑𝑠
𝑡

0
+ 𝐹(𝑡)     …by Theorem 4.27 

 = 𝐴𝑋𝑝(𝑡) + 𝐹(𝑡) 


