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ANSWER ALL THE QUESTIONS.
QUESTION 1
Suppose that A 1s a square matrix with characteristic polynomial p(2) = 7° = 4
(a) What s the order of 4? 0}
(b) Is 4 mvertible? 1))
(c) Is 4 diagonalizable? (2)
(d) Find the eigenvalues of 4° (1)
Justify your answers. [5]
QUESTION 2
Let
-3 10
A=|-6 2 0
-3 10
(a) Find the charactenistic polynomial of 4 and show that the eigenvalues of 4 are 0 and —1 {4)
(b) Fmnd a basis for each eigenspace of A4 (6)
(¢) Explain why 4 1s diagonalizable - (H
(d) Find an invertible matria P and a diagonal matria D such that P~' AP = D (3)
(e) Use (d) to calculate 4% (5)
[19]
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QUESTION 3

Explamn in each case whether T R? — R 1s a linear transformation If it 1s, supply a proof, if not, supply a
counterexample

(@ T@ab)=a+b (4)
(b) T(a,b) =ab 4)
8]
QUESTION 4
LetT P, — P, be the linear transformation defined by

r Pz e Pz
T(p(x)) = px=-1)

and let
B={l,x,x’} and B ={l+x+x%2x+x%x+x?}
(a) Find the matrix of T with respect to B 3)
(b) Verify that [T1s[g]s = [T(g)]s for each g(x) = ¢y + c1x + c2x% n Ps. 4
(c) Find the transition matrix P from B’ to B (2)
(d) Write down the formula for [7'] 1n terms of [T]5 and P, and use 1t to calculate [T] 5. ()]
(18]
QUESTION 5
(a) Let W be a subset of a vector space ¥ When 1s W a subspace of V? 3)
(b) Let T : ¥ —> W be a linear transformation

(1) Define ker{T), the kernel of T 8
(n) Show that ker(T’) 1s a subspace of ¥ %)

(1) Prove that T 15 one-to-one if and only if the kernel of 7 contains only the zero vectorz e ker(T) = {0}

(6)

[15]
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QUESTION 6
1 1 1
Letda=|1 0 1
2 =2 2
(a) Find a base for the nullspace of 4 (6)
(b) State and use an applicable theorem to determine the rank of A4 )
[10}
QUESTION 7
Consider the bases S = {v;, v;} and T = {wy, w3} for R? where
S V= (150)5"2 = (0’ 1)
T W) =(I,]),W2=(2, 1).
(a) Find the transition matrix Pg.—r from the T-base to the S-base. 4)
(b) Find the transition matrix Q7.5 from the S-base to the T-base @)
(c) Use your answer in (a) to find [v]s if [p]7 = [“53] v))
[10]
QUESTION 8
(a) Let p= p(x) and q = g(x) be polynomials in P;. Show that
1 1
(P, q) = p(0)q(0) + p(i)q (5) + p(Dg(l)
1s an inner product on P,. (8)

(b) Let R? have the Euclidean mner product. Find an orthonormal basis for the subspace spanned by
{(0, 1,2}, (-1,0, D} )

[15]
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