MAT2611 October/November 2010 Exam Solutions

Q1 From the characteristic polynomial p(\) = A3 — XA = A(A — 1)(X + 1) we find that A has
the eigenvalues 0, 1 and —1.
(a) The order of A is 3 (degree of p(\)).
(b) No, since 0 is an eigenvalue of A.
(¢) Yes, since the eigenvalues are all different.
)
)

d) The eigenvalues of A? are 0> =0, 12 =1 and (—1)* = 1.

(
(

Q2 (a) The characteristic polynomial of A in A is
A+3 -1 0
detOAM—A)=] 6 A=2 0/l=A+3)A=2)A+61=X\+1)
3 -1 A

so that the eigenvalues of A are 0 (twice) and -1.

(b) First we consider the eigenvalue 0. Thus we solve

T 3 —1 0| |z 0
0ol —Aly|l =16 =2 0| |y| =10
z 3 —1 0 z 0

for z,y, z € R. Row reduction of the augmented matrix yields
3 =1 0 : 0 ~ 3 =1 0 : 0
6 -2 0 : 0| R,—2R; |0 O O : O
3 -1 0 : 0] Rs—R, |0 O O : O
so that 3z = y. Thus the eigenspace is

T 1
3| cx,ze€R)=<qx 3| +2
z 0

cr,z€eR

—_— o O

A basis for the eigenspace corresponding to the eigenvalue 0 is given by

17 o
3, |0
ol |1

Don’t forget to verify that these vectors are linearly independent. If they are not,
use row reduction of the matrix with these vectors as rows and the non-zero rows
of the matrix will form a basis (i.e. rewrite the non-zero rows as column vectors).

(c) We found 3 linearly independent eigenvectors of A.

(d) We construct P directly from the eigenvectors we found:

1 01
3 0 2
011

then the eigenvalues in D appear in the same order as the corresponding eigenvectors

00 O
0 0 O
0 0 -1

Now check that P~'AP = D (exercise).
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(e) From P~'AP = D we find

0% 0 0 00 0
PIAYP=D%=|0 0% 0 =100 0|=D
0 0 (-1)¥ 00 —1

so that P~'AYP = D and A% = PDP~! = A.
Q3 (a) Let x = (a,b),y = (o, 8) € R? with k,a,b,a, 3 € R. Now

T(kx) = T(ka, kb) = (ka) + (kb) = k(a + b) = kT (a,b) = kT (x)
Tx+y)=T(a+a,b+5)=(a+a)+(b+5)=(a+0b)+ (a+ P)
T(a,b) +T(a,B) =T(x)+T(y)

so that T is linear.
(b) Let x = (a,b) € R? with k,a,b € R. Now

T(kx) = T(ka, kb) = (ka)(kb) = k*(ab) = k*T(a,b) = k*T(x).

Now consider a = b =1 and k = 2, then T'(kx) = 4 and k7T'(x) = 2. This provides a
counterexample for T'(kx) = kT'(x). Thus 7' is not linear.

Q4 (a) Applying T to the basis B we find

T(1) =1 =1=1-14+0-2+0-27
r—xr—1

T(r)=x =r—1=-1-1+1-24+0-2°
r—xr—1

T(2?) = 2° =(r—-1)P=2"-20+1=1-1-2-2+1-2°
r—x—1

and writing the coefficients of the basis vectors for each equation as the column
vectors in the matrix representation we find

1 -1 1
Tlg= (0 1 =2
0 0 1
(b) We have
T(q(z)) = cot+crz+eaa® = cotcr(z—1)+ca(z—1)* = (cg—c1+c2)+(c1—2¢)w+cpa?
r—r—
so that
Co— C1 + Co
[T(q(x))]p=| c1—2¢c
Co
We also have
Co
[Q(ZU)]B = |C1
C2
so that
1 -1 1 Co Cop — C1 + C
Tlslg(x)ls= [0 1 =2 |a|=| a—2c | =[T(qx)]s
0 0 1 C2 C2



(¢c) We must express each element of B’ in terms of the elements of B, i.e. set b(z) =
a-1+ B -x+v-2? and solve for a, 3,7 € R for each b(x) € B’. In this case the
calculation is straightforward:

l4+z+22=1-14+1-2+1-2°
2r+a2=0-142-2+1-22
r+22=0-14+1-2+1-22

Each equation’s coefficients provides the columns for the transition matrix
100
P=11 21
1 11

(d) To calculate T in the basis B’ we first convert B’ to B using P, then we apply [Tz
in B, and then convert back from B to B’ using P~!:
[T)p = Pprep[T)pPpep = P '[T|pP.

We apply row-reduction to the matrix P augmented with the identity to find P~

100 :100] ~ 100: 1 00
121 :010{R-R|[021:-110
111:001R-R |01 1: -101
~ [100: 1 0 0
Rz—RgOlOZOl—l
~ 01 1:-10 1
~ [1too0o: 1 0 0
Rg—RQ()lOOl—l
~ 001 : -1 -1 2
Thus (exercise: check that P~'P = PP~! =)
1 0 0
Pl'=10 1 -1
-1 -1 2
Now
1 0 0]t -1 1][t 00
Tl =P 'T)gP=1]0 1 —1[]0 1 =2|1 2 1
-1 -1 2|0 0 1/]]1 11
1 -1 1][1 00 1 -1 0
=10 1 =3[|1 2 1|=]-2 -1 =2
-1 0 3| |1 11 2 3 3

Q5 (a) * W must be non-empty
x For all x,y € W, x+y € W (closure under vector addition)
« For all k € R and x € W, kx € W (closure under scalar multiplication)

(b) Let Oy be the zero vector in V' and Oy be the zero vector in W.



(i) The kernel of T is
ker(T) :={veV :T(v)=0y}.

(ii) - Since T is linear and 0x = Oy for all x € W we have
T(0y) =T(0y) = 0T(y) = Ow

for all y € V. Thus Oy € ker(T), and ker(7") is non-empty.
- Let k € R and a € ker(7T"). Then T'(ka) = kT (a) = kOy = Oy .
Thus ka € ker(T).
- Let a,b € ker(T'). Then T'(a+b) =T(a) + T(b) = O + Oy = Oy .
Thus a+ b € ker(T).
(iii) T is one-to-one
if and only if
Vx,y e V: T(x)=T(y) ©&x=y
if and only if
Vx,y e V: T(x) —T(y) =0y & x—y =0y
if and only if
Vx,y e V: T(x—y)=0py ©x—y =0y
if and only if
VzeV: T(z) =0y <z =0y
if and only if
ker(T') = { Oy }; where we used the linearity of 7" and substituted z := x —y.

Q6 (a) We solve

a 1 1 1f |a 0
Albl =11 0 1] [b] =10
c 2 =2 2| |c 0
for a,b,c € R. Applying row-reduction we find
1 1 1 Ol R —R, |0 1 0 0 Ry 1 01 0
1 0 1 :0 ~ 1 0 1 0 Ry 010 0
2 =2 2 Ol Rs—2R, |0 =2 0 0| Rs+2R; |0 0 O 0
so that ¢ = —a and b = 0. Thus
a 1
nullspace(A) = 0|l:aeRp=<a|0f|:aeR
—a -1

Since there is only one free parameter we easily find the basis

1
0
—1

for nullspace(A).
(b) Since rank(A) + nullity(A) = 3 (the number of columns of A) we find

rank(A) = 3 — nullity(A) =3 -1 = 2.



Q7 (a) We solve
w1 = avy + bvsy, Wy = cvy + dvy

for a,b,c,d € R to find a=b=d =1 and ¢ = 2. We have
a c 1 2
PS“T:L} d}:{l 1]'

vi = aw; + fwy, Vo = YW1 + Wy

for a, 8,7, 0 e Rtofinda=—-1,=1,v=2and d = —1. We have
o -1 2

Notice that Qr.g = Px, iT which provides another way to find Q7. s.
(c) We have

(b) We solve

Q8 (a) Let k e R and p = p(z),q = q(x),r =r(z) € P;.
« (q,p) = q(0)p(0) + ¢ E%) p g%g +q(1)p(1)
=p(0)q(0) +p (3) ¢ (3) +p(1)g(1) = (p,q)
x (kp,q) = (kp)(0)q(0) + (kp) (5) ¢ (3) + (kp)(1)q(1)
=k (p(0)g(0) +p (3) q (3) + p(1)g(1)) = k(p,q)
« (p+aq,r)={p+O0)r0)+p+q (3)r )+ @+aD)rd)
= p(0)r(0) + q(0)r(0) +p (3)r (3) +q(3) r (3) +p(1)r(1) + q(1)r(1)
=p(0)r(0)+p(3) 7 (3) +pQ)r(1) +q(0)r(0) + ¢ (3) r (5) +a(1)r(1)

« (p,p) = p(0)p(0) +p (1) p (2) +p(Wp(1) = p(0)% +p (2)” + p(1)? > 0
Now let p = p(x) = pg + p1x + pox? € P, where pg, p1, p2 € R.
Then (p,p) = p2 + (po+ % +2)" + (po + p1 +p2)* = 0
if and only if po = po + &5 + 5 =po +p1 +p2 =0
if and only if pg =0,2p1 +po=0,p1 +p2 =0
if and only if pg =0,p; = 0,p, =0
where we subtracted the last equation from the middle equation.

(b) We apply the Gram-Schmidt process

Vi = (O, 1, 2)
(v1,(0,1,2))
(Vi,v1)

—(-1,-2 12 —1(5 2,1)
- 7575 _5 I ) )

Normalizing v; and vs we find the orthonormal basis

Vi Vo . ﬁ & B L L_ -
{\/<V17V1>’\/<V2,v2>}_{\/5’@}_{\/5(071’2)7 30( 9, 2,1)},

2
vy = (—1,0,1) — vlz(—l,O,l)—g(O,l,Q)




