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ANSWER ALL QUESTIONS

QUESTION 1: 25 Marks
Let V be a vector space and B = {b},bs,...,b,} T V.
(1.1) (a) B is linearly independent if for any scalars ¢;, ¢, . .., cn, the vector equation
c1by + cabg + - - - + cpbp =0,

has only the trivial solution i.e. we have ¢; = ¢ =--- =¢, =0. (2)

(b) B spens V if every vector in V can be expressed as a linear combination of

vectors from B i.e. for each v € V there are scalars ky,ks,...,k, such that

v= k]_b]_ + k2b2 i knbn- (2)

(1.2) V is finite-dimensional if it contains a finite set of vectors {vy,ve,...,vn} that forms
a basis for V. (1)

(1.3) B is a subspace of V if

(a) B is non-empty,
(b} B is closed under addition i.e. if u,v € B then v +v € B and

(c) B is closed under scalar multiplication i.e. if k is any scalar and v € B then
kv € B.

(3)

o



(1.4)

(1.5) (a)

(a) Let a,c and ¢ be any scalars. Then

ap(x) + bg(z) + cr(z) =0
= a(l—z)+b5+3z-22%)+c(1+3z—2%) =0
= (@a+5b+c)+(—a+3b+3c)z+(-2b-c)z> =0
a + 5 4+ ¢ =0
= —a + 3b + 3 =0
-2 - ¢ =0

1 5 1 a 0
= -1 3 3 bl =10
0 -2 -1} |e 0

We may then solve the augmented matrix to get

1 5 1 : 0] e~ 1 5 1 0 ~ 1 5 1 : 0
-1 3 3 : O|R:+R1 {0 8 4 : O|3R2]0 2 1 : 0
0 -2 -1 : 0 0 -2 -1 : 0 0 —2 -1 : 0| Rs+Re

from which we obtain non-trivial solutions for a,b and ¢ as

[ T~ o =
It
h
[y
~+
m
2=

Thus, the equation (*) has non-trivial solutions.

Alternatively, we may use Theorem 2.3.8. Since

1 5 1
det [—1 3 31] = —(—2)det [g ;] + (—1)det [_11 :] =2(12)-8=16 #0,

6o -2

the equation (x) has non-trivial solutions.

Hence, B is a linearly dependent subset of Ps.

(b) A basis is a linearly independent spanning set. Since B is not linearly indepen-

dent, B cannot be a basis for F;.

bership in § (with z = 0 € R). Thus § is a nonempty subset of R3.
(ii) Let u = (z,—x,0) and v = (y, —y,0) be members of S. Then

(i) Clearly Ogs = (0,0,0) € S since it is of the defining form describing mem-

Ut+v= (11:, _E1O)+(y1 —y,O) = ($+y:*$“ya0+0) = (3:+y,—(m'+y),0)

Since z +y € R, we see that u + v € 5. Thus S is closed under vector
addition.



(iil) Let k € R and u = (2, —z,0) € S. Then
ku = k(zx, —x,0) = (kx, k(—2z), &k 0) = (kx, —kz,0).

Since kx € R, we have that kv € S. Thus S is closed under scalar multipli-

cation.
Hence, S is a subspace of R3. (6)
(b) For any u = (z,-z,0) € S, v = z(1,-1,0). Thus, {(1,-1,0)} spans S.
Of course, by Theorem 4.3.2(c), {{1,—1,0)} is linearly independent. Hence,
{(1,—1,0)} is a basis for S. (2)
(¢} The dimension of a vector space V is the number of vectors in a basis for V.
Thus, dim(S) = 1 since the basis for S consists of just one vector as shown in

(b). (2)

(25]

QUESTION 2: 25 Marks

(2.1) (a) The nullspace of A is the solution space of the homogeneous system Ax = 0 i.e.
Nullspace(A4) = {x € R® : Ax =0.}.

For x € Nullspace(A), the augmented matrix for the system Ax = 0 is solved

accordingly.
13 -2 0 2 0 0 ~ 13 -2 0 2 0 0
2 6 -5 -2 4 -3 : O|R-2R: |0 0 -1 -2 0 -3 : 0 ~
00 5 10 0 15 0f] 2Rz JO O 1 2 0 3 0| Rs+ Rz
26 0 8 4 18 0| Ra—2R: |0 © 8 0 18 0] Ra+4Rz
13 -2 0 2 0 0 13 2020 :0
00 -1 -2 0 -3 : 0[-R |00 1 2 0 3 : O|R;—3Rs
00 0 0 0 O 0|l ~ |00 0 000 :0 ~
00 0 0 0 6 : 0JjRa|OO O 001 :0
13 -2 0 2 0 Ol Ri+2R: 1 3 0 4 2 0 : 0
00 1 200 0 ~ 001 200 :0
00 0 00O : O|R<Ri|0 00O 01 o’
00 0 001 0 000000 :0
From the above we get
T = —3r—4s-—-2
Xz = r
T3 = —25
ra = 8
xs = ¢

s = 0.
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Thus _ . R -
-3 —4 2
1 0 0
0 -2 0
X=r 0 +s o +1 0
0 0 1
L 0] | O ] [ 0 |
s0 that a basis for the nullspace of A is
([-3] [-4] [-2])
1 0 1]
0 2 a
\ of'|1t’|o (-
0 0 1
L] o 0 0
L - - - e - 7

(20)
(b) From (a), nullity(A) = 3. Since A is a 4 x 6 matrix (n = 6), by the Dimension
Theorem for Matrices (Theorem 4.8.2),

rank(A) + nullity(A4) = 6
so that rank(4) = 3. (3)

1 2
(2.2) Let u; = . and ug = [2] Then ||u; || = v10. By the Gram-Schmidt process

(including normalization):

1
Step 1: Letv1=u1=[ 3] and ||v1]|| = V10

Step 2: Let
V3 = U ~ PIOj,, Uy = uz—(u%vl) 1
b INAAIE
g — 2 V1,
= Ww-T—="Vi
v |2
= u +gv
= Wt

Then {q1,q2} is an orthonormal basis where

Vi

B R 0 b N N - BN S
W= T Vo -3 ©=80 T Vi |

(8)



(2.3) P is orthogonal if and only if PPT = I. Since

1 1 L 3 3
w AR b B Uy $ 03 Moo
PPT 0 10/|0 1 o|=|010|#]|01 0],
% 006f[1 0 0 3 03 001
P is not orthogonal. (4)

(25]

QUESTION 3: 22 Marks

(3.1) (a) The algebraic rultiplicity of A is the number of factors & — A in det(AJ — A).(2)

(b) The geometric multiplicity of X is the dimension of the eigenspace associated with

Aie. dim(E)). (2)

(3.2) The geometric multiplicity. (1)
(3.3)

A =0 is an eigenvlaue of A < det{0-I— A)=10
& (—1)"det{A) =10
& det(d) =0

< A is not invertible,

(6)

3 -1
(3.4) We find the eigenvalues of A = L 0 }:

- -1
det(4— A1) =0 = det[32’\ ]=0

(-0NE-A-(-12)=0
AM—-32+2=0
(A—=1}A—-2)=0

A=1 or A=2

L

The eigenvalues are then Ay = 1 and Ay = 2.

We next find the bases for the eigenspaces E, and E), corresponding to the eigen-
values Ay and As.

-g



E,: We solve the associated homogeneous system

(A-—MDx=0

for x = [mll and get the augmented system

T2
2 -1 :0 ~ 2 -1 :0
2 -1 : O|Re—R1 |0 0 : O
r I 1
1 1
E) = tx €ERY =
. . 1
A basis for E), is thus { [2] }

E),: We solve the associated homogeneous system

This gives

so that

(A-—/\QI)XZO

for x = {Tl] and get the angmented system
x

2
1 -1 : 0 ~ 1 -1 : 0
2 -2 : 0}Ry—2R; |0 0O : O

This gives

so that

1
1
. . 1
A basis for E), is thus { L] }

1 10
Then P = [; 1] diagonalizes A and the diagonal matrix is D = [O ] . (11)

[22]
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QUESTION 4: 12 Marks

(4.1) Let p(z) = a+bx,q(z) =c+dzx € P, and k € R. Then

Tlp(z} + q(=)] Tf(a+c) +(b+d)z]

4 a+c
b+d

= A ( + [Z]) ... matrix addition
_ A [a c
b

+A 4
= T(p(z)) + T(g(z))

a
b

... left matrix multiplication

and

1

Tlkp(z)] T((ka) + (kb)z]

— 4 ka-
kb

()

= ET(p(z)).

Hence, T is a linear transformation. (5)

(4.2) (a) We apply Theorem 8.2.2.
p(x) =a+ bz € ker(T)

& Th) = m

3]

<
1

e (%= 0 ... by Theorem 2.3.8 since det bl =1#0
b 0 1 2

< a=b=0

A p(iﬂ)=0p1.

Thus ker(T) = {Op, } so that by Theorem 8.2.2, T is one-to-one. (3)



(b)

pz)=a+breT! (

ED * T [2]

1 1] |a 2
=14 —
1 2 1|b 3
ol 1 1] ' [2
a
& = cdet(A)=1#£0
e [Y=12%2 HI? ... Theorem 1.4.5
u -1 1|3
-a -1
=1 =
-b- -1}
& plz)=1+z.
1 f 12
Hence T 5l )= {1+ =} (4}
[12]
QUESTION 5: 16 Marks
(5.1) Let P = Pg:.g. Then Pg_pg = Pl Now,
1 =1 0 : 10 O0]Ri+Re[1 0 —2 : 1 1 0]R+2R3[1 0 0
0 1 -2 :010 ~ 01 -2 : 01 0|Rs+2R3|0 1 0
0 1 : 00 1] 00 1 0 01 ~ 0 01
1 1 2
so that Pg—gr =P 1= |0 1 2 (3)
0 0 1
a+b
(5.2) Since PB"—B[p(x)]B = [p(:]:)]Br and [p(x)lp = 0 we have that
c
1 -1 0 a+b a+b
p@))p=1{0 1 -2 0 [=1]-2¢
0 0 1 c c

so that p(z) = (@ + b) + (—2c)(1 + z) + c(1 + )2 (3)

(=Rl

[ S
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(5.3) Since [T]Bf = P—I[T]BP with P = Pgr._pg and p1l= Pgp._ g we have that

Tz = P[TpP!

(1 -1 o0]1J2 2 2711 2
= (0o 1 -2]|-2 -1 —-1| 0o 1 2
o o0 1fJ|1 1 2001
4 3 3711 2
= |-4 -3 =50 1 2
1 1 2]|oo01
(4 7 17
= |-4 -7 -19
1 2 6
(6)
(5.4) Since [T)glp(z)]s = [T(p(z))]5, for p(z) = a + bz + cx?,
[T(a+bz+ct?)p = [T|alp(z)s
a7 171 |a
= |-4 -7 ~19| |b
|1 2 6 c
[ 4a + Th+ 17¢
= |—4a-7b-19c
| a+2b+6e
(3)
(5.5) T(a+ bz + cx®) = (da + b+ 17) + (—4a — Tb — 19c)z + (a + 2b + 6¢)z>. (1)
{16]

[Total: 100 Marks]
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