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Instructions

e The notation 1s the same as in the Study Guide

e Answer all questions

e All calculations must be shown

o Pages 1-8 contain the four questions for this examination

e Pages 9 - 18 contain all the defimtions and statements of theorems necessary for this exami-
nation You are allowed to refer to this matenal only and no other external material for
this examination

¢ Quesion 1 consists of multiple-choice questions and should be answered on the multiple choice
answer sheet

¢ Answer Questions 2-4 in your answer book
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Question 1.

This question consists entirely of multiple chowce questions and should be answered wn the MCQ
sheet

Each question has only one correct answer Write only the number for your answer (1¢, 1, 2,
3,40r5)

11 On the set of real numbers R, define two operations & (addition) and o (multiphcation)
as follows

a@b=a+b-1 foralabelR,
and

aob=ab—a+1 forallabelR

Then R 1s a vector space over 1itself with respect to @ and o

Which statement about the zero z of R{(¢, ) 1n the following 1s true

1 z=1{
2 z=1
3 z=4
4 7 =2
5  None of the above
[3 marks]
12 Which of the following are subspaces of P,
A span {1,1:}
B {2+%}
C {a+azx® a€R}
D span {1+ 2%}
Select from the following
1 Aonly
2 AandB
3 AandC
4 CandD
5  None of the above
[3 marks]
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1 3. Which of the following sets of vectors are linearly independent

A {(1,2,0),(1,0,1),(1,0,0)} CR®
B {(a,20,0),(1,0,1),(1,0,0)} CR* a #0

100 11 0 -1
o {f 3l a5
Select from the following

Only A
Only C
A and B only
B and C only

None of the above

[3 marks]
1.4. Let X be the subspace of M;; defined as:

x={[2 -asex)

Which of the following sets form a basis for X:
1 0] [-1 0
A { 1 1§’ 2 —1]}
o]

1
1 [0 0
2 {[s I.[2 o}
2
0

-

[

e {3 %)

Select from the following:

Aand B
Aand C
C only
Band C

None of the above

A

{3 marks]
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15 Which of the following statements are true

A dimspan{(1,1,-1),(1,0,1)} =2m R®
B dmspan{l —z,z?+z} =2m P,

-1 0 1 2
C dlmspan{[l 1],[1 1]}—21nM22

Select from the following

1 Aonly
2 A and C only
3 AandB
4 A BandC
5  None of the above
[3 marks]
16 It 1s given that the rank of
a 1 -1
1 0 1
11 1
15 not equal to 3
Then the value of o 1s
1 2
2
3 4
4 -1
5  None of the above
[3 marks]

2 3
17 Which of the following sets form a basis for the column space of ’: 0 0 } ?
-1 -1

A {[2:0’—1]T= [“3%0! l]T}
B {(2:3)1(070)’(_1!“1)}
C {[210!_1]T}

D {[-4,0,2]%,[3,0,-1]T}

Select from the following
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1 A and D only
2. Aonly
3 A andBonly
4. Conly
5  None of the above.
[3 marks]
1.8 Whch of the following sets are a basis for the row space of:
2 11
-1 11
0 3 3
A {(-1,1,1),(0,1,1)}
B {(1,1,1),(0,1,1)}
c. {(21,1),(0,3,3)}
Select from the following:
1. Aonly
2. A and B only
3. A and C only
4 Conly
5 None of the above
[3 marks]

19. Which of the following sets are a basis for the null space of

i

i

_ N
QO =

—

o
w

A {[0,1,-1]%,[0,0,0}"}
B. {[0,1,-1T}

C {[0: 2: - ]T}

D. {[2,-1,0]%,[0,1,-1]T}
Select from the following

1. B and C only
2. Aonly
3 Bonly
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4 B,C and D

None of the above

[3 marks]
110 Which one of the following statements 1s true for the matrix
2 11
A=1]-1 11
0 3 3
1 rankA = 3 and nullityA =0
2  rankA =2 and nulityA =1
3 rankA =1 and nulityA =2
4 rankA = 2 and nullity4 =0
5  None of the above
[3 marks]

[Total for Question 1 10 x 3 = 30 marks|

Answer Questions 2-4 1n the answer book
Question 2.

Let B ={(1,-1,1),(-1,1,1)} and C = {(1, —1,0),(0,0,1}} be subsets of R®

(a) Show that both the sets B and C are hnearly independent sets of vectors with spanB =

spanC
(12 marks]

(b} Assuming the usual left to right ordering, find the transition matrix Pg_,c

[2 marks]
(c) Given a basis D of R?, find the transition matnix Pp_,p given

21

[3 marks]
(d) Use the transition matnx Pec_,p n (¢} to find D

[8 marks]

[Total for Question 2 25 marks]
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Question 3.
Let

2 3
2= (35);
and for x = (z,,%2),¥ = (11, 42) € R? define

(x,y) = xTAy = 25,31 + 37192 + 3z2y + 5oy (1)

(a) Show that the assignment (X,y) — (X,y) defined 1n (1} 1s an inner product
[10 marks]

{b) Ifa=(1,-1) and b = (1, 1), then show that the vectors a and b are hinearly independent
but they are not orthogonal with respect to the inner product 1 (1)

[3 marks]
(c) Given the vectors a and b 1n (b), the set {a, b} 15 hence a basis for R

Obtain an orthonormal basis for R? from {a, b} by means of the Gram-Schimdt orthonor-
malisation process with respect to the inner product defined 1n (1}

[12 marks;j

[Total for Question 3 25 marks]

Question 4.
Let T M22 — Pz be defined by

a b\ b—c .
T([c d])—cH- 5 T+ dz°,

(a) Show that ' My, — P 1s a linear transformation

where a,b,¢c,d € R

[4 marks]
(b) Find the matrix representation [T)g g of T relative to the basis
g [ 0] Joo] o1 o1
T ]jo of'[o 1’1 0|’|-1 O
in My, and the basis
B ={l+z,1-z73"}
i P, ordered from left to right
(12 marks|
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Vector spaces

Definition . Vector space.
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A wector space 15 a non-empty set V with vector addition + V x V — V and scalar multiplication
R x V — V obeying the axioms

VS1
VS2
V53
V54
V35
V56
VST
V58
VSa

u+veVioralluveV,
u+v=vituforaluveV,
u+(v+w)=(u+v)+wforaluv,weV,

there exists 0 € V such that u+0=uforallueV,

for all u € V there exists —u € V such that u+ (—u) =0,
a ueVforalae R, ueV,

a (u+v)=a u+ta viorallaeR,u,veV,

(a+b) u=a u+b uforalebeR ucV,

a (b uy=(ab) uforalla,bcR, ueV,

VS10 1 u=uforallueV

Theorem . VZ.
0=0 u=a Oforallac R and u € V 1 a vector space V

Theorem . VN.
(—1) u= —ufor all u € V n a vector space V

Definition Subspace.

A subset W C V of a vector space V 18 a subspace of V of W, with the same vector addition and scalar
multiphcation as V| 18 a vector space

Theorem . 88.

A subset W C V of a vector space V 1s a subspace of V, with the same vector addition + and scalar
multiplication as V', f and only if

1 W 1s not empty

[TURN OVER]




10 MAT2611
October/November 2017

I u+veWforalluveW,

l a ueWihrallaeR,ueV

Definition . Linear independence.

A subset {b;, ,b,} C V 1n a vector space V 1s hnearly tndependent 1f and only if

¢g b1+ ey bpy=0 <= = =¢,=0

Definition . Span.
The span of a subset {b;, ,bn} C V 1 a vector space V 1s the subspace of V given by

span{b;, ,bp}={a bi+ +cn ba c, ,cn€R}

Definition . Basis, dimension.

A subset {by, ,bn} C V 1o a vector space V 1s a basts for V' if and only if
1 {bj, ,bn} s hinearly independent,
2 span{b;, ,bp}=V

I {b;, ,bp} <€V 1sabasis for V then the dimension of V' 1s n, dim(V) = n

Definition . Coordinate matrix.

Let B={b;, ,b,}beabassfor V and let v € V Then there exists umque ¢, ,¢n € R such that
v=¢g b;j+ +¢ by, The column vector

€1
[vis =
Cn

18 the coordznate matriz of v relative to B
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Definition . Transition matrix, change of coordinate matrix.

Let By = {b;, ,by} be a basis for the vector space V, and By be another basis for V' The transition
matrur (change of coordinate matriz) P, p, from B; to B 1s given by

Pgpy.p, = “bllﬂz [bn]Bz]

Examples . Vector spaces.

s R"

o The vector space P, = {co+ 1T+ +enz® c¢o, ,cq €R} of polynomals of degree n or less

e The vector space Mpyn of m x n matrices

Inner products

Definition . Inner product.

An wnner product 1s a function (, ) V x V' — R on a vector space V which obeys the axioms
IP1 {u,v)={v,u) forallu,veV,

IP2 {(k u,v)=k{u,viforallkeR,uveV,

IP3 {(u,v+w)=(u,v)+{uw)foraluv,weV,

IP4 a) {(u,u} >0, forallueV,
a) {u,u) =01 and only f u=20

Definition . Orthogonality.

Let {, ) denote an nner product on a vector space V' If (u,v) = 0, then u and v are orthogonal to each
other
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Definition . Unit vector, normalized.

Let {, ) denote an mner product on a vector space V' If (u,u) =1, then u 1s a unit vector (normalized)

Theorem . Cauchy-Schwarz inequality.

Let {, } denote an inner product on a vector space V' Then

{u, v}l < Viu,u){v,v)

foralu,veV

Definition . Gram-8chmidt process.

Let {, ) denote an inner product on a vector space V and let {u;, ,u,;;} be a lnearly independent set
m V' The Gram-Schmadt process yields an orthogonal basis {vy, ,vp} for span{u;, ,un} as follows
V] =114,
Vo = g — (u21v1)
(V],V])
_ (um, v1) (Um, Vm—1)
Vi =l — ———— V] — — —————— V|
(vi,v1) (Vm—1,Vm-1)
v
An orthonormal basis {v], ,v},} 1s obtamed by setting v = d
(v3,v3}

Linear transformations

Definition . Linear transformation.

A function T V — W hetween vector spaces V and W 1s a linear transformation if and only if
1 T(k uy=k T(u)foralkeR,ueV
2 Tu+v)=T(u)+T(v)foralu,veV

Examples . Linear transformations.

e The trace operation on My, 15 a hinear transformation tr My, =+ R
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e The transpose operation on My, 1s a linear transformation

Definition . Kernel, nullity.

The kernel of a hinear transformation T V' — W bhetween vector spaces V and W 1s the subspace
ker(T) ={veV T(v)=0w}

of V, where Oy 18 the zero vector m W The nullity of T 1s the dimension of ker(7")

Deflnition . Range, rank.

The range of a linear transformation T ¥V — W between vector spaces V and W 1s the subspace
R(Ty={T(v) veV}
of W The rank of T 1s the dimension of R(T)

Definition . One-to-one, injective, inverse.

A linear transformation T V — W between vector spaces V and W 1s one-to-one if and only if
Ta)=T(v) <= u=v

A one-to-one hnear transformation T V — W has an inverse hnear transformation T-! R(T) - V
satisfymg T-}(T(u)) =uforallu e V

Definition . Onto, surjective.

A linear transformation T V — W between vector spaces V and W 1s onto if and only if R(T) =W

Theorem . TO.
If V and W are fimte dimensional vector spaces and T V' — W 1s a linear transformation, then T 18
one-to-one If and only if ker(T") = {0} If dim(V) = dim(W), then T 1s onto if and only if T 15 one-to-one

Definition . Isomorphism, bijection.

A one-to-one and onto linear transformation T V — W between vector spaces V and W 1s an tsomor-
phism (byection) If an 1somorphism between V and W exists, then V and W are wsomorphic
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Theorem . VI.
Every vector space V with dim(V) = n 15 1somorphic to R”

Definition . Matrix representation of a linear transformation.

Let By = {b;, ,by} be a basis for the vector space V, and Bw be a basis for the vector space W The
matriz representation [T)g,, B, of a lnear transformation T V — W 1s given by

[Tl = [[T(b1)lBw (T(bn)] 5w ]
When V = W and By = By, we wnite [T, = [T, By

Matrices

Definition . Column space, row space, rank.

ry
Let A be an m x n matrix with columns 4 = [e; cp] and rows A =
I'm
The column space of A 1s span{ci1, ,cn} and the row space of A 1s span{r;, ,rm} The rank of A s

the dimension of the column and row spaces, rank(A4) = dim(span{c,, ,c¢;}) = dim(span{r;, .rm})

Definition . Null space, nullity.

The null space of an m x n. matrix A 1s the subspace
N(A)={xeR" Ax=0}
The nulhty of T 1s the dimension of N(A})

Theorem . RN,
rank(A) + nulbity(A) = n for every m x n matnx A

Definition . Eigenvalue, eigenvector.

Let A be an n x » matrix If Ax = Ax, for A € C and x € C* with x # 0, then A 15 an ergenvalue of A
and x 1s an eigenvector of A corresponding to the eigenvalue A
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Definition . Eigenspace, geometric multiplicity.

Let A be an n X n matrix, and let A be an eigenvalue of A Then
E,\={xeC" AXZAX}

15 a vector space, called the eigenspace for the eigenvalue A of A The geometric multiphcity of A 18
dim(E,)

Definition . Characteristic equation, characteristic polynomial.
Let A be an n x n matrix Then A € C is an eigenvalue of A if and only if X satisfies the chamcterstic

equation det(Al, — A) = 0, where I, 1s the n x n 1dentaity matrix The polynomial det(zI, — A) 1s the
characteristic polynomaal 1n the vanable z

Definition . Algebraic multiplicity.

Let A be an n x n matrix with eigenvalue A The algebraic multiplicaty of A 1s the largest number a € N
such that (z — A)® 1s a factor of the characteristic polynomal det(zI, — A)

Definition . Diagonalizable.

An n x n matrix A 1s diagonalizable if and only if A 18 similar to some n x n diagonal matrnix D, 1 e
A= PDP! for some n x n diagonal matrix D and non-smgular n x n matrix P

Theorem . DI.
An n x n matrix A 1s diagonalizable if and only if A has n linearly independent eigenvectors
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Theorem . DD.
If an n X n matrix A has n distinct eigenvalues, then A 1s diagonahzable

Theorem . DS.
If an n x n matrix A 1s symmetric, then A 15 diagonahzable

Theorem . DM.
For a square matrix A, the algebraic and geometnc multiplicity are equal for each eigenvalue of 4 1f and
only tf A 1s diagonahzable

Definition . Trace.

The trace of a square matrix 1s the sum of its diagonal entries

@11 @12 Q1n
a1 22 Q2n

tr =aqay] + a2 + + Gnn
anl CGn2 Gnn

Theorem . CT
For all n x n matrices A, B and C we have tr{ABC) = tr{(CAB) Consequently tr{AB) = tr(BA}

Definition . Transpose.
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The transpose of a matrix 1s obtained by mterchanging corresponding rows and columns

T
ann a2 - ain a;y am am1
a1 Qagz Qzn a1z 4z Gm2
Am1 Qm2 Omn Qin G2n Gmn

Theorem . TT.
For all m x n matrices A we have (AT)T = A

Theorem . TI.
For all n x n matrices A we have tr(4) = tr(AT)

Determinants

For 2 x 2 and 3 x 3 matrices

a b c
a b a b
det e dl=le ¢ = ad — be, d e fil=aer+bfg+cdh —afh —bdi — ceg
g h 1
Cofactor expansion along the 3-th row.
an aiz a1,k—1 G1k+1 - GlIn
az1 an2 az k-1 a2 k41 a2n
an  a12 Q1in
a1 @xm - G id
—1)+(k—1
=Z:(—1)(J Dok lay1q ay-12 Qy-1k-1 G3—1k+1 a;-1n
k=1 a3+11 G412 Q+1,k—1 Gp+1k+1 - G+ln
Gnl On2 Qnn
Qn1 a2 an k-1 Gnk+1 Gnn
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MARK READING SHEET INSTRUCTIONS

Your mark reading sheet 1s marked by computer and should therefore be filled 1n thoroughly and
correctly

USE ONLY AN HB PENCIL TO COMPLETE YOUR MARK READING SHEET
PLEASE DO NOT FOLD OR DAMAGE YOUR MARK READING SHEET

Consult the 1llustratton of a mark reading sheet on the reverse of this page and follow the instructions step by
step when working on your sheet

[nstruction numbers 1) to D refer 10 spaces on your mark reading sheet which you should fill in as
follows

0 Write your paper code n these eight squares, for instance

PiIS|(Y[1[Of[Of-]X

®

The paper nember pertains only to first-level courses consisting of two papers

WRITE | 0 | 1 | forthe first paperand | 0 | 2 | for the second If only one paper, then leave blank

Fill in your 1nitials and sumame
Fill in the date of the examination

Fill in the name of the examination centre

@000

WRITE the digits of your student number HORIZONTALLY (from left to night) Begin by filling n the

first digit of your student number in the first square on the left, then fill in the other digits, each one ma
separate square

In each vertical column mark the digut that corresponds to the digit in your student number as follows
(-]
WRITE your umque paper number HORIZONTALLY

NB Your unique paper number appears at the top of your examination paper and consists only of digits
(e g 403326)

© In each vertical column mark the digit that corresponds to the digit number 1n your unique paper

®

number as follows [-]

@ Question numbers 1 to 140 indicate corresponding queshion numbers 1 your exarmination paper The

five spaces with digits 1 to 5 next to each question number indicate an alternative answer to each
question The spaces of which the number correspond to the answer you have chosen for each question
and should be marked as follows [-]

’ For official use by the invigilator Do not fill in any information here



