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Instructions
e The notation is the same as in the Assignments/Study Gude
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Question 1. {a} Consider the linear space Py of all polynomals of degree at most 4 with 1ts
usual operations

Show that the subset, /% of all polynomals of degree at most 2 1s a lincar subspace of P,

[4 marks]
(b) Explain with reasons the truth/falsity of the statement
The set S = {(z,y) € R* y = 2z} 15 a hnear subspace of R? but the
set T = {(:1:, yER? y= 1;2} 15 not a linear subspace of R?
[4 marks]

(c) Consider the hinear space My, of all 2 x 3 matrices with real entries

Show that the subset

5={(00 )0 00} (o 60) 50

15 a linearly independent subset of My
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(4 marks]|

(d) Show that the subset B = {1,1+2,1+z + z*}, ordered from left to right, 15 a bass for
the linear space P

[4 marks]

(e) Given the basis B = {1,1+7,1+z+x?} (ordered from left to right) obtain the coordmnates
of the polynomal p(z} = 272 — 5x + 6 with respect to the basis B

(2 marks]

(f) Explain without any computation whether the subset C' = {i,z,1 - 2,1+ z + ?} of P,
15 & hnearly independent set or a linearly dependent set

[3 marks|
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(g) Show that the null space of the matix A = 15 spanned by the vector

— o= O

(0,1,1)
Hence or otherwise find the dimension of the subspace

Rz{A:z: :cERa}:{($+yﬁz,1;~z,a:,n—2y+2::) a,,y,zER}gR‘l

of R*
{4 marks]
1 -1 1
(h) Show that the matx A= [0 1 —1] 1s not diagonalisable
1 0 0
Hint Show that 0 15 an eigenvalue of multiphaty > 1
(5 marks|

{Total Marks for 1 30 marks]

Question 2. Let T Py — My, be defined by

2 o fa—c a—d
Tla+br+cu —?—d:::)—(b_d b—c)

For instance T(1 + 47 4 252 ~ 37%) = (-:['1 ;)

Let B = {1,$,$2,933} be the standard basis of P5 (ordered from left to right} and consider the
10 0 0 01 0 0

o ! =

given basis BB { (0 O) . (1 0) , (0 0) , (0 1)} (o1dered from left to nght) for Aoy

Show that T 1s a Inear transformation and find the matrix representation [T] g g Of the lnear

transformation with respect to the bases 3 for P and B’ for My,

[Total Marks for Question 2 15 marks]
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Question 3. Consider the basis B = {(0,1),(1,0)} (ordered from left to nght) of R?

Find the basis D of R? if [P] BoD (_:,32 _32)

[Total Marks for Question 3 5 marks]

Question 4. Consider the lincar space R and let x = (21,22, 23),y = (31,2, y3) € R® Define

<X, y> = 711 + 2may2 + 3L3y3 {1)

0 -1 1
LetB={ 1), o}, -1 }§R3

-1 1 0
{a} Show that <x, y> m equation (1) 1s an nner product on R*

[10 marks]

(b) Show that B 15 a lmearly independent set of vectors in R® but 1s not an orthogonal set
with respect to the inner product defined in equation (1)

[4 marks]

{¢) Use the Gram-Schimdt orthogonalisation process to B to obtain an orthonormal basis
with respect to the mner product defined in equation (1)

[16 marks]

[Total Marks for Question 4 30 marks|

Question 5. (a) Let C be a3 x 3 matrix and P be an mvertible 3 x 3 matrnx whose columns
are the vectors p qand r

(1) Show that the matrix C'f has columns Cp, Cq and Cr

[5 marks]
a 00

(u) Show that for any diagonal matnix D = [0 & 0|, the matrix PD has columns ap
00 ¢

bq and cr (3 marks|
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Show that the matrix P7'CP 15 a diagonal matnix, if and only 1if, there exist scalars @ b
and ¢ such that a, b, ¢ are eigenvalucs of A p 15 an eigem ector of A corresponding to a,
q 18 an eigenvector of A corresponding to b and r s an aigenvector of A correspondmng
to ¢

[8 marks]

(b) Show that if B s an nvertible inatiix, A an eigenvalue of B and v an eigenvector of B
corresponding to the eigenvalue A then A~' s an ergenvalue of A~ and v 15 an eigenvector
of A7! corresponding to the aigenvalue A~!

|6 marks]

3

(c) Let A be a square matrix whose charactetistic polynomial 1s p(z) = 2° — r

(1)

(1)

()

(1v)

What 1s the size of the matrix A? (Recall that the size of a matrix A with 7o rows and
n columns is m x n )

[2 marks]
Find the eigenvalues of A and their algebraic and geometrnie multiphcities

[6 marks]
Show that the matrnix A 1s diagonalisable

Hint. You mught consider eigenvectors for the eigenvalues and then use the results i

the parts (a) (1), (a) (n) & {a} ()

[8 marks|
Hence, or otherwise, obtain the characteristic polynonual of the matrix A2

[5 marks|

What can you say about the algebraic and geometric multiplicities of the eigenvalues of
A%?

Hint: You could use the result i pait (a) (i}

[15 marks]
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(v1) Is the matrix A invertible?
Hint. You could use the result in part (b)
[2 marks]

[Total Marks for Question 5 60 marks]|
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INFORMATION SHEET

Vector spaces

Definition . Vector space.
A vector space 15 a non-empty set V with vector additton + V x V' — V and scalar multiphication
R x V — V obeying the axioms

V51 ut+veVforalluveV

V82 u+v=v+uforalluveV,

V83 u+(v+w)=(u+v)+wiforalluv,welV,

V54 there exasts 0 € V such that u+0=u forall ue V,
VS5 for all u € V there exists —u € V such that u + (—u) =0,
V36 a ueViorallae R, ueV,

VST a (u+v)=c u+t+a vioralec R, u,veV,

V38 {a+bd) u=a n+b uforalae,beR uecV,

V89 a (b uy=(ab) uforalla,beR ueV,

VS10 1 u=uforallucV

Theorem . VZ. 0=0 u=a Oforalla € R and u € V 1n a vector space VV

Theorem . VN. {—1) u=—ufor all u € V n a vector space V

Definition . Subspace

A subset W C V of a vector space V 15 a subspace of V 1f W, with the same vector addition and scalar
multiplication as V', 15 a vector space

Theorem . SS.

A subset W C V of a vector space V 15 a subspace of V, with the same vector addition + and scalar
multiplication as V, if and only 1f

1 W 1s not empty,
1l u+veWilraluvelWW,
1l a ueWforallaeR,ueV

Defimition . Linear independence
A subset {b;, ,b,} €V in a vector space V 15 hinearly mdependent if and only if

¢t b+ +ec, by=0 <= ¢ = =c,=0

[TURN OVER]



Defimtion Span.

MAT2611
May/June 2018

The span of a subset {b;, ,b,} € V 1 a vector space V 1s the subspace of V given by

span{b;, ,bp}={c bi+ +c by ca, .o €R}

Definition Basis, dimension.
A subset {b;, ,br} C V in a vector space V 1s a basws for V if and only 1f

1 {bi, ,byp} s linearly independent,
2 span{by, ,b,}=V

If {b;, ,by}<C Vi1sabasisfor V then the dimension of Vis n, dim(V) =n
Definition . Coordinate matrix.

Let B={by, .,b,} beabasisfor V andlet v €V Then there exists unique ¢y,
v=c¢; b+ +cu b, The column vector

C1
[vlg =

Cn

1s the coordinate mairiz of v relative to B

,¢n € R such that
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Definition . Transition matrix, change of coordinate matrix
Let By = {by, ,b,} be a basis for the vector space V, and B, be another basis for V' The transition
matris (change of coordinate matriz) Pg g, from B to B 15 given by

Pp, 5, = [ (bi]&, [br]s, |

Examples . Vector spaces.

e R®

T

o The vector space P, = {co + ez 4+  +cpz™ ¢g,  ,¢n € R} of polynomials of degree n or less

¢ The vector space M,,, of m x n matrices

Inner products

Definition Inner product
An wmner product 1s a function {, } V x V — R on a vector space V which obeys the axioms

IP1 (u,v)={(v,u) forallu,veV,
IP2 (k v,v}I=k(u,v)foralkeR uveV
IP3 (u,v+w}={u,v)+{uw)foralluv,weV,

IP4 a) (u,u} >0, foraillueV,
a) {n,u) =0 and only f u=0

Definition Orthogonality.
Let {, ) denote an mnner product on a vector space V' If (u,v) = 0, then u and v arc orthogonal to each
other
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Definition . Unit vector, normalized

Let {, ) denote an inner product on a vector space V' If {u, u) = 1, then u 1s a unut vector (normalized)
Theorem Cauchy-Schwarz inequality.

Let {, ) denote an mner product on a vecter space V' Then

[(u, v} £ V{u, w)(v,v)

forallu,veV
Definition . Gram-Schmidt process.

Let {, ) denote an wnner product on a vector space V and let {uy, ,u,,} be a hinearly independent set
in V' The Gram-Schmudt process yields an orthogonal basis {v1, ,vn} forspan{u;, ,ug} as follows
Vi = up,
{ug, v1)
vy =uz — 1
{vi,v1}
{m, V1) (Um, Vin-1)
Vm =Wy —5——VI— 57— Vm-l
{(vi,v1) {(Vm—1,Vim-1)
v
An orthonormal basis {v{, ,v},,} 15 obtamned by setting v} = (vj"'v 8

Linear transformations

Definition Linear transformation.
A function T' V — W between vector spaces V and W 1s a hinear transformation if and only 1f

1 Tk u)=k T(u)forallkeR, ueV
2 Tlu+v)y=Tu)+T{v) forallu,veV

Examples . Linear transformations.

¢ The trace operation on My, 15 a hnear transformation tr M,, - R

o The transpose operation on M,,, 1s a linear transformation

Definition Kernel, nullity
The kernel of a linear transformation I V — W between vector spaces V and W 1s the subspace

ker(T) ={veV T(v)=0w}

of V, wherc Ow 1s the zero vector m W The nullity of T 1s the dimension of ker(T)
Defimition . Range, rank
The range of a hnear transformation T V' — IV between vector spaces V and W 1s the subspace

R(T)={T(v) veV}
of W The rank of T 15 the dimension of R(T)
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Definition . One-to-one, injective, inverse
A hnear transformation TV — W between vector spaces V' and W 1s one-fo-one 1if and only if

Tu)=T(v) <= u=v

A one-to-one linear transformation T V' — W has an mverse hinear transformation 77! R(T) - V
satisfymng T~ (T(u})) =uforalluc Vv

Definition . Onto, surjective

A linear transformation TV — W between vector spaces V and 1 1s onto 1f and only if R(T) = W
Theorem TO IfV and W are finite dimensional vector spaces and T V — W 1s a hinear transfor-
mation, then T 1s one-to-one if and only if ker(T") = {0} If dun(V) = dim(W), then 7T 1s onto if and only
if T" 18 one-to-one

Defimition . Isomorphism, bijection.

A one-to-one and onto linear transformation T' V' — W between vector spaces ¥V and W 1s an somor-
phism (byectzon) If an 1somorphism between V' and W exists, then V and W are 1somorphec

"
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Theorem . VI. Every vector space V with dim{V'} = n 15 1somorphic to R®
Definition . Matrix representation of a linear transformation.

Let By = {by, b} be a basis for the vector space V, and By be a basis for the vector space W The
matrir representation [T g, B, of a inear transformation TV — W 1s given by
[T]BW,BV = HT(bl)JBW [T(bn)]ﬂw]

When V = W and By = By, we write (15, = (T35, by

Matrices

Definition . Column space, row space, rank.
ry

Let A be an m x n matrix with columns A = [c1 cn] and rows A =

Tm
The column space of A 1s span{cy, ,cp} and the row space of A 1s span{r;, ,r,} The rank of 4 1s
the dimension of the column and row spaces, rank(A) = dim(span{c;, ,cn}) = dun(span{r;, ,r,})

Definition Null space, nullity.
The null space of an m x n matrix 4 15 the subspace

N(4)={x€R* Ax=0}

The nullzty of T 15 the dimension of N(A)
Theorem RN. rank(A} + nullity(A) = n for every m x n matrix A

Definition . Eigenvalue, eigenvector,
Let A be an n x n matnix If Ax = Ax, for A € C and x € C™ with x # 0, then A 1s an ewgenvalue of A
and x 1s an ergenvector of A corresponding to the eigenvalue A
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Defimition . Eigenspace, geometric multiphcity.
Let A be an n X n matrix, and let A be an eigenvalue of A Then

Ey={xcC® Ax=xx}

15 a vector space, called the ewgenspace for the eigenvalue A of A The geometric multiplcity of X 15
dim(E,)

Definition . Characteristic equation, characteristic polynomal

Let A be an n x n matrix Then A € € 1s an eigenvalue of A if and only 1f A satisfies the characteristic
equation det(Al, — A) = 0, where I, 1s the n x n identity matrix The polynomial det(zf, — A) 1s the
characteristic pelynomeal 1n the vanable z

Definition . Algebraic multiphcity

Let A be an n x n matnx with eigenvalue A The algebraic multiphcity of A 1s the largest number a € N
such that (z — A)® 15 a factor of the characteristic polynomual det{+7, — A)

Theorem . AG. Given any square matrix A and any eigen value A of A, the geometric multipheity
dim E of A 1s at most as the algebraic multiphicity of A, 1e, dim E) < algebraic multiphcity of A
Definition Diagonalizable.

An n x n matrix A 1s degonabizable 1f and only if A 1s similar to some n x n diagonal matrnix D 1e
A = PDP~! for some n x n diagonal matrix D and non-smgular . x n matrix P

Theorem DI. An n x n matnix A 1s diagonahzable if and only f A has n linearly independent
eigenvectors

Theorem DD If an n x n natnx A has n distinet eigenvalues, then 4 15 diagonalizable

Theorem . DS. If an n x n matnix A 1s symmetric, then A 18 diagonalizable

Theorem DM For a square matrix 4, the algebraic and geometric multiplicity are equal for each
eigenvalue of A if and only if A 1s diagonalizable

Definition . Trace.
The trace of a square matrix 1s the sum of its diagonal entries

a1y a2 T1n
a1 @an an

tr =an taxn+ +au,
Ant Qn2 Ann

Theorem  CT. For all n x n matnces A, B and C we have tr(ABC) = tr(CAB) Consequently
tr{AB) = tr(BA)

Definition . Transpose.

The transpose of a matrix 1s obtamned by interchanging corresponding rows and columns

T
a1 a2 in apn a2 ml
asz  az Q2n aiz a2 Am2
Aml  2m2 Umn 1y A2n Omn

‘Theorem . TT. For all m x n matrices 4 we have (AT)T = 4
Theorem . TI For all n x n matrices 4 we have tr(A4) = tr(A7T)
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Determinants

For 2 x 2 and 3 x 3 matrices

a b a b a boc
det[C d]: d‘zad—bc, d e fl=aee+bfg+cdh—afh—bd—ceg
c
g h 1
Cofactor expansion along the j-th row
ar a2 ay k-1 a1 k+t Q1n
an a2 az,k—1 a2.k+1 a2n
ajy a2 Qin
a1 Qg0 Uzn =
— —1)+{k—1
= Z(—l)(" I+ )O-Jk Gy—-1,1 @3-12 Qy—1k—1t Qy—1k+1 d3—1,n
k=1 Q11 Gy4l,2 Qytlk—1  CGy41,k+1 y+1n
Q1 An2 Qpn
anl any Qr k—1 n k+1 Qnn
Cofactor expansion along the A-th column
a1 a2 apk—1 ayk+1 Ain
azy a22 az k—1 as g+1 azn
an 12 Qin
22 asn i
—1}(k—1
= Z(rl)(:' H )agk Q;-11 @9-1,2 Qy—1,k-1 A3—1k+1 Qy—in
J= Q3411 G412 Qa4 1,k-1  Oyplktl Q341
Unl Un? Gnn
Qn1 L% Qpk—1 Qp k41 Ann
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