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Question 1.
Mark Drstribution for this question : 10 + 10 = 20 marks

(a) Consider the system

Pu(D)[z] + P2(D)[y] + Pia(D)[2] = fu(t)
Par(D)[z] + Paa(D)[y] + Pas(D)[z] = falt) (1)
P3y(D)[z] + Pea(D)[y} + Pas(D)[z] = fs(t)

of differential equations wherein each P, (2,7 = 1,2, 3) are polynomials in a single variable,
and f;, f2, fa are differentiable functions of ¢.

Suppose the system in (1) is reduced to the following triangular system:

P (D)la] = ;a(t)
Py, (D)la] + P(D)ly] = 92(2)- (2)
P5,(D)[z] + Pap(D)y] + Pss(D)[2] = gs(1)

Explain clearly, if possible with an example, the meaning of reducing the system in (1) to a
triangular form in (2), and how does it help in solving the system (1).

(b) Solve the following system of differential equations.

E4+z+4f5 -4y =4
T—z+y+9% =0

Question 2.
Mark Distribution for this question . 10 + 10 = 20 marks

(a) Given the system:

£ =anz+ a2y + a3z
¥ =anx+ axny+ a3z
Z = a3 + azy + agsz

where a,, (for all i, 3 = 1,2, 3) are fixed real numbers, let A be an exgen-value of the coefficient

matrix:
a1 Gz 413
A=lan an azp
a3 Q32 Qas3z
with multiphcity 2.
Show that A produces two linearly independent solutions of the system.
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Sticky Note
1.	Retain the eqtn in which the order of  P(D) is lowest
2.	Perform row operations on another to reduce the order of the co-efficient polynomial of z to 1
3.	Solve for z in terms of x and y, and substitute into another equation, getting a diff eqtn in terms of only x and y
4.	Perform row operations on this eqtn to reduce the order of the coefficient polynomial of y to 1
5.	Solve for y in terms of x
6.	Substittute the solution for z in terms of and and y, as well as trhe solution for y in terms of x, into the eqtn which was initially retained in order to get a single deferential equation in only x
7.	Solve this the usual way and substitute the soln into the remaining two to solve for y and z

Advantages:

Immediately leads to the correct number of constants in the general solution.
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(b) Find the general solution of the system-

T=y
y=2z
z=-2r-5y—4z

Question 3.
Mark Dstribution for this question - 10 + 10 = 20 marks

(a) Prove : if F(t) is continuous and ® is a normalized fundamental matrix of X = AX at
to = 0, then

¢
X,(t) = / B(t— s)F(s)ds
0
is a particular solution of X = AX + F.
(b) Use the result in 3(a) to find a particular solution of

: -1 1 1
X = [—2 1] X+ [cott] ’
where {o = §
(Recall : [ cosecud u = In|cosecu + cot ul.)

Question 4.
Mark Distribution for this question : 5+ 5+ 5+ 5 = 20 marks.

(a) I [a,b] %R and [a,] & R are two real valued continuous functions with f differentiable
and f(z) < f(x)g(x), = € [a, b] then show that for each z € [a,b]

f(z) < fla)ele o0,

[Hint: Show that the function A(t) = f(t)e~Ja (=)= 15 non-increasing on [, b] ]
(b) State the Inequality of Gronwall.

(¢) Show that the only non-negative contiuous function [a, 5] LR satisfying:

0< f(t) < ftf(:c)da:, for ¢ € [a, b]

is identically the zero function.
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(d) Find the solution of the imtial value problem on the mterval [a, }]:
z=g(t)z, z(a)=0,
where [a,b] & R is continuous.
Question 5.
Mark Distribution for this question : 4 + 16 = 20 marks.
Consider the differential equation:
d%y )
Frel + 4y =sin 3t (4)

(a) Construct the companion matrix and hence the companion system of (4).

(b) Solve the system completely
[Recall: 2sinacos 8 = sin(a + 8) + cos(a — ) |
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