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STUDY GUIDE: CHAPTERS 1, 2 and 3

| SOLUTIONS TO ASSIGNMENT 02|

Question 1 Show that the system:

(D —2)[x] +2D[y] = 2 — 4e*
(2D —3)[x] + (3D —1)[y] =0

18 equivalent to both the following triangular systems:

{(02 + D —2)[z] = 2 + 20e*

(D*+ D —2)[y] = —6 — 4e*
Dlz] — 2y = 12e* — 6

r—(D+1)[y] =8* —4

Given the three systems above, separately, state (with complete justifications) your strategy in
solving them completely
Solution

(i) The system in operator notation is :

(1) (D — 2)[z] +2D[y] = 2 — 4e*
(2) (2D =3)[z] + (3D - 1)[y] =0

Multiplying the equation (2) by 2yields :

(3) (4D —6)[z] + (6D —2)[y] =0,V V
which when subtracted from 3x (1) yields :

(4) Dlx] — 2y = —6 + 12e*.v v

%D[x] + 3 — 6e* v Substituting it in the first equation (1) yields :

from (4) we have y =
(5) (D —2)[z] + 2D (1D[z] + 3 — 6e*) =2 — 4e* = (D> + D — 2)[z] = 2+ 20e*' v
from (4) and (5) we have the required triangular system :

(6) (D* 4+ D — 2)[z] = 2 + 20e*
(7) Dlx] — 2y = —6 + 12e*.v' v

(8 marks)
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(ii) The given system is :

(1) (D —2)[x] +2D[y] = 2 — 4e*
(2) (2D =3)[z]+ (3D —1)[y] =0

in which (1) is retained v and the second is replaced by (2) —2(1) v :
(3) r(t) — (D+1Dy] = -4+ 8%, v
which yields :

(4) z(t) = (D+1)[y] —4+8e*. v

Substituting (4) into (1) yields :
(5) (D—2)((D+1)[y] —4+8e”)+2D[y] =2 —4e” = (D*+ D —2)[y] = —6 —4e*, vV

so in view of (3) and (5) the required triangular system is :

(6) (D* + D —2)[y] = —6 — 4e*
(7) z—(D+ 1Dyl =—-4+8* vV
(8 marks)
D -2 2D

9D -3 —3D—1 =(—iD*+D)(D—-2—-D)=2—D—D*#0v,

so that the system in NOt degenerate and hence has a unique solution.v"In same procedure we can See

A # 0 for both triangular systems.v’

For solving the triangular system it is easier than the original system. From we can find x(t) then

substitute it into the we will obtain y(t) (The Calculation has 4 marks).

In same procedure we can find y(t) from then substitute it into the we will obtain x(t) (The Calculation

has 4 marks). (10 marks)
26 marks]

From (1) and (2) we have A = ‘

Question 2 Solve the system:

(D2 + 1)[z1] — 2D]zs] = 2t,
(2D — 1)[a] - (2 - D)[ws] =5,

by using the elimination method (operator method).
Solution

Given the system:

(1) (D? +1)[x1] — 2D|z5] = 2t
(2) (2D = 1D)[z1] = (2= D)[zs] =5



Eliminating [z] first, we calculate (2 — D) x (1) — (2D)[(2)]v" v to get:
(3) (=D —2D*+ D +2)[x1] = 4t — 2; v

From (3) we solve for z;. The auxiliary equation is m® +2m?* —m —2 = (m — 1)(m + 1)(m +2) =
0 < m = +1, -2,/ yielding the complimentary function:

(4) Tiop(t) = cre™ + et ez, vV

where ¢y, ¢ and c3 are arbitrary constants.
The particular integral is given by:

) 4t — 2
€T =
e (D —1)(D +1)(D +2)
1
= 1-D+D*—D*+...|(4—2
oo Joa—2
1 1
= 4t — 2 —4) = 4t — 6
(D+2)(D—1)( ) (D—|—2)(D—1)( )
1
=——|1+D+D*+...|(4t—
D+2{+ +D*+ }( 6)
-1 1
= ——(4t—6+4) = ——(4t—2) = —2-(4t -2
D+2< +4 D+2( ) g( )
1 D D?
=—1——=+—— ... |(4—2
2{ 2 + 4 ](t )
—1(4t—2—2)—1(4t—4)—2t—2
2 2 B ’
ie.,
(5) Tipr(t) =2t —2.vV
Hence x1 = 10 p + x1p; yields the general solution for x; to be:
(6) 11(t) = cre™® 4+ cpe” +cze + 2t — 2.V
Now we find x5(t). From (1) we have ;
1

Now substitute (6) in the above equation (7) yields

1 1 )
(8) D[l’g] = §(D2+1)[$1]—t = 5(D2+1)[01672t+0267t+03€t+2t—2]—t = §Clei2t+02€7t+03€t—1.\/
So by integrating of the above equation we can obtain z5(t) = —2cie™% — coe ™ 4 cze’ — tv'v Thus the
solution is:

11(t) = cre® 4 cpe ™!+ czet + 2t — 2,

and

5
1o(t) = —A—Lcle’% — e gt — ¢

[14 marks]
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Question 3 Consider the system of linear differential equations:
X = AX.

(i) Suppose X is an eigen value of A of multiplicity k > 1. Define a root vector corresponding to the
eigen value .

(ii) Show that each eigen value A of A of multiplicity k has k linearly independent root vectors.

(111) Suppose that X is an eigen value of A of multiplicity k and Uy, Uy, ..., Uy are root vectors
corresponding to X of orders 1, 2, ..., k, respectively. Further, let:
t2 ti*l
Xz(t) — Mt [U)\’Z‘ + tUA,i—l + EU)\7i_2 + ... MUA’IL fori=1,2,.. k.

Show that {Xl(t),Xz(t), . ,Xk(t)} is a set of linearly independent solutions of the system

of linear differential equations and every solution of the system is a linear combination of the
solutions in this set.

Solution

(i) Definitions 3.1 or 3.2 (5 marks)

(i) Lemma 3.10 (8 marks)

(iii) It is a combination of Theorem 3.8 and Lemma 3.11. (12 marks)
25 marks|
Question 4 Solve the system:
‘ 01 0 1
X=100 1]X, X(0)=1]0
2 1 =2 1
Why is there a unique solution to the above system?
Solution
0—Xx 1 0
0 0—2A\ 1 = -2+ 4+2=(1-A)(A+2)=0je, A=—-lorA=1lor A= -2V
2 1 —2—=A
For A = —1:
11 0 (%1 U1 1
0 1 1 vy =0= || = [—1 , v
2 1 —1]| |vs U3 1
1
e, Xy(t) =¢; |—1| e are the solutions corresponding to A = —1.v/
1



For A = 1:

-1 1 0] [w uy 1
0 -1 1 Uy =0 = |us| = |1 , v
2 1 =3 |us U3 1
1
i.e., Xy(t) = ¢y |1] € are the solutions corresponding to A = 1.v/
1
For A = —2:
2 10 w1 w1 1
0 21 w2:0:>w2—2,\/
21 0| |ws ws 4
1
i.e., X3(t) = c3 | —2| e are the solutions corresponding to A = —2.v/
4
Hence the solutions are:
1 1 1
X(t) = Xit) + Xot) + Xs(t) = e |-1|let + e |l|e + e |-2|eH v
1 1 4
where ¢y, ¢, c3 are arbitrary constants.v’
Also in view of the initial condition at ¢ = 0 we have:
1 1 1 1 c1+co+e3 =1, 1,
X(O): 0 =C —1 + Co 1 + c3 2| v = —Cl+02—20320, \/:>{1 8 2 v
c3 =0,
1 1 1 4 c1+co+ 403 =1 3
yielding;:
1 1 1
Xt)y==|-1]et+= [1] eV
211 1

According to theorem 2.29, We have 3 real different eigenvalues then X = AX, X(0) = X, has a
unique solution.v’ [15 marks]

Question 5 Solve the system:

completely.
Find the unique solution that passes through the point (11,3, —7) when t = 0.

Solution

4—X 6 6
1 3-=A 2 = -XN+5N2 -8 +4=(1-MNA—-2?=0vVie, A =1or A =2 with
—1 -5 —2-A

multiplicity 2.v' v v
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For A =1:
3 6 6 U1 Uy 4
1 2 2 | =0= || =|1]|,vV
-1 =5 =3| |vs U3 -3
4
e, Xi(t)=c; | 1 | € are the solutions corresponding to A = 1.v/
-3
For A = 2:
2 6 6 Uy Uy 3
1 1 2 Uy | =0 = |uy| = 1 , vV
—1 =5 —4]| |us U3 -2
3
i.e., Xo(t) =cy | 1 | €% are one set of solutions corresponding to A = 2.v/
-2
To find a second solution, we solve:
2 6 6 w1 3 w1 3
1 1 2 wo | = 1 — |Wy| = 1 , v
—1 —5 —4| |ws -2 ws -3
3 3
e, X3(t) = c;;{ 11+t 1 }e% are another set of solutions corresponding to A = 2.v'v/
3
—= —2
2
Hence the solutions are:
4 3 3 3
X(t) = Xl(t) + Xg(t> -+ Xg(t) = (1 1 et + o 1 €2t —+ C3|: 1 + t 1 1€2t,/
-3 —2 -3 —2
where ¢y, ¢, c3 are arbitrary constants.v’
Also:
11 4 3 3 4c1 + 3¢ + 3e3 = 11, o =9
= = C3,
X(O): 3 = C1 1 —|—CQ 1 +03 1 \/:> Cl+02+03:3, \/ {1 3
=T -3 —2 -3 —3¢; — 205 — Bey = —T7 e=-1
1 2 7203
yielding:
1 0 0 0 8e! + (3 + 6t)e*
X(t)=3[0]e—]|1 €2t+3|: 1 +t]1 }th =] 2"+ (1+2t)e* | vV
0 -1 0 -1 —6e' — (1 + 4t)e*

[20 marks|

vV



