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STUDY GUIDE: CHAPTERS 3, 4 and 5

SOLUTIONS TO ASSIGNMENT 02

Question 1 Solve the following initial value problem

Ẋ =

2 1 6
0 2 5
0 0 2

X, X(0) =

 2
−3
1

 .

Solution

Since the matrix is an Upper Triangular Matrix the eigenvalues are diagonal elements. So λ = 2 with
multiplicity 3 XX.
For λ = 2: 0 1 6

0 0 5
0 0 0

u1u2
u3

 = 0 =⇒

u1u2
u3

 =

1
0
0

 ,X
i.e., X1(t) = c1

1
0
0

 e2t are one set of solutions corresponding to λ = 2.X

To find a second solution, we solve:0 1 6
0 0 5
0 0 0

w1

w2

w3

 =

1
0
0

 =⇒

w1

w2

w3

 =

0
1
0

 ,XX

i.e., X2(t) = c2

[0
1
0

 + t

1
0
0

]e2t are another set of solutions corresponding to λ = 2.XXTo find a

third solution, we solve: 0 1 6
0 0 5
0 0 0

v1v2
v3

 =

0
1
0

 =⇒

w1

w2

w3

 =

 0
−1

5
1
5

 ,XX

i.e., X3(t) = c3

[ 0
−1

5
1
5

 + t

0
1
0

 + t2

2

1
0
0

]e2t are another set of solutions corresponding to λ =

2.XXHence the solutions are:

X(t) = X1(t)+X2(t)+X3(t) = c1

1
0
0

 e2t+c2[
0

1
0

+t

1
0
0

]e2t+c3[
 0
−1

5
1
5

+t

0
1
0

+
t2

2

1
0
0

]e2t,XX

where c1, c2, c3 are arbitrary constants.X
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Also:

X(0) =

 2
−3
1

 = c1

1
0
0

+ c2

0
1
0

+ c3

 0
−1

5
1
5

X⇒


c1 = 2,

c2 − c3
5

= −3,
c3
5

= 1

,X⇒


c1 = 2,

c3 = 5,

c2 = −2

,X

yielding:

X(t) = 2

1
0
0

 e2t − 2

[0
1
0

+ t

1
0
0

]e2t + 5

[ 0
−1

5
1
5

+ t

0
1
0

+
t2

2

1
0
0

]e2t,=
2− 2t+ 5

2
t2

−3 + t
1

 e2t.XX

[20 marks]

Question 2 If φ is a normalized fundamental matrix Ẋ = AX at t0 = 0 and if F is continuous
in t, then

Xp(t) =

∫ t

0

φ(t− s)F(s) ds,

is a particular solution of Ẋ = AX + F. Use the result above to find a general solution of

Ẋ =

(
2 1
−4 2

)
X +

(
t e2t

−e2t
)
.

Solution

The characteristic function of the matrix is c(λ) = det

[
2− λ 1
−4 2− λ

]
= (2− λ)2 + 4 = λ2− 4λ+ 8X,

so that the eigenvalues are λ = 2± 2iXX;
For λ = 2 + 2i, the associated eigenvector is obtained from the solution of :(

−2i 1
−4 −2i

)(
v1
v2

)
=

(
0
0

)
X⇒

{
−2iv1 + v2 = 0 (1)

−4v1 − 2iv2 = 0 (2)
X

The equation (2) is equivalent equation (1) [−2i× (1) = (2)]. So from (1) we have −2iv1 + v2 = 0→

v2 = 2iv1. We take v1 = 1 so that V =

[
1
2i

]
=

[
1
0

]
+ i

[
0
2

]
.Xis an eigenvector. So in view of Theorem

2.19 page 32 of S.G. we have
X1(t) = e2t

((1

0

)
cos 2t−

(
0

2

)
sin t

)
= e2t

(
cos 2t

−2 sin 2t

)

X2(t) = e2t
((1

0

)
sin 2t+

(
0

2

)
cos 2t

)
= e2t

(
sin 2t

2 cos 2t

) ,X

Two real solutions are

[
cos 2t
−2 sin 2t

]
e2tXXand

[
sin 2t

2 cos 2t

]
e2t,XXwhile a fundamental matrix is :

Φ(t) =

[
cos 2t sin 2t
−2 sin 2t 2 cos 2t

]
e2t,XX
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with Φ(0) =

[
1 0
0 2

]
,XΦ−1(0) = 1

2

[
2 0
0 1

]
.X

Normalised fundamental matrix is :

Ψ(t) = Φ(t)Φ−1(0) =
e2t

2

[
2 cos 2t sin 2t
−4 sin 2t 2 cos 2t

]
.XX

Then :

Xp(t) =

∫ t

0

Ψ(t− s)F (s)dsX

=

∫ t

0

e2(t−s)

2

[
2 cos 2(t− s) sin 2(t− s)
−4 sin 2(t− s) 2 cos 2(t− s)

] [
se2s

−e2s
]

dsXX

=

∫ t

0

e2t

2

[
2s cos 2(t− s)− sin 2(t− s)
−4s sin 2(t− s)− 2 cos 2(t− s)

]
dsX

=


1
2
se2t sin(2(s− t))

∣∣∣∣t
0

s (−e2t) cos(2(s− t))
∣∣∣∣t
0

X

=

[
0
−te2t

]
.XX

Hence the general solution is X(t) = c1X1(t)+c2X2(t)+Xp(t) = c1

[
cos 2t
−2 sin 2t

]
e2t +c2

[
sin 2t

2 cos 2t

]
e2t +[

0
−te2t

]
where c1, c2 arbitrary constant X

[25 marks]

Question 3 Use Corollary 4.39 with t0 = 0 of the study guide to solve the inhomogeneous initial
value problem

Ẋ =

(
0 2
−1 3

)
X +

(
2
e−3t

)
, X =

(
2
4

)
.

Solution

The characteristic function of the matrix is c(λ) = det

[
0− λ 2
−1 3− λ

]
= −λ(3−λ) + 2 = λ2− 3λ+ 2,

so that the eigenvalues are λ = 1Xand λ = 2X;
For λ = 1, the associated eigenvector is obtained from the solution of :(

1 2
−1 2

)(
v1
v2

)
=

(
0
0

)
⇒

{
−v1 + 2v2 = 0 (1)

−v1 + 2v2 = 0 (2)

The equation (2) is equivalent equation (1). From (1) we have −v1 + 2v2 = 0 → v1 = 2v2. We take

v2 = 1 so that V =

[
2
1

]
. is an eigenvector. i.e., X1(t) = c1

[
2
1

]
et are the solutions corresponding to
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λ = 1.X
For λ = 2: [

−2 2
−1 1

] [
u1
u2

]
= 0 =⇒

[
u1
u2

]
=

[
1
1

]
,X

i.e., X2(t) = c2

[
1
1

]
e2t are the solutions corresponding to λ = 2.Xa fundamental matrix is :

Φ(t) =

[
2et e2t

et e2t

]
e2t,X

with Φ(0) =

[
2 2
2 2

]
,XΦ−1(0) =

[
1 −1
−1 2

]
.X

Normalised fundamental matrix is :

Ψ(t) = Φ(t)Φ−1(0) =

[
2et − e2t −2et + 2e2t

et − e2t −et + 2e2t

]
.XX

Then from (4.39) a particular solution is :

Xp(t) =

∫ t

0

Ψ(t− s)F (s)dsX

=

∫ t

0

[
2et−s − e2(t−s) −2et−s + 2e2(t−s)

et−s − e2(t−s) −et−s + 2e2(t−s)

] [
2
e−3s

]
dsX

=

∫ t

0

[
−2et−4s + 4et−s − 2e2(t−s) + 2e2(t−s)−3s

−et−4s + 2et−s − 2e2(t−s) + 2e2(t−s)−3s

]
dsX

=

−
1
10
et−5s (−10e3s+t − 5es + 40e4s + 4et)

∣∣∣∣t
0

− 1
20
et−5s (−20e3s+t − 5es + 40e4s + 8et)

∣∣∣∣t
0

X

=

[
−3 + e−3t

10
+ 7et

2
− 3e2t

5

−1− 3e−3t

20
+ 7et

4
− 3e2t

5

]
X

Hence the general solution is

X(t) = c1X1(t) + c2X2(t) + Xp(t) = c1

[
2
1

]
et + c2

[
1
1

]
e2t +

[
−3 + e−3t

10
+ 7et

2
− 3e2t

5

−1− 3e−3t

20
+ 7et

4
− 3e2t

5

]
where c1, c2

arbitrary constant X.
Also:

X(0) =

[
2
4

]
= c1

[
2
1

]
+ c2

[
1
1

]
+

[
0
0

]
X⇒

{
2c1 + c2 = 2,

c1 + c2 = 4,
,X⇒ c1 = −2, c2 = 6,X

yielding:

X(t) = −2

[
2
1

]
+ 6

[
1
1

]
+

[
−3 + e−3t

10
+ 7et

2
− 3e2t

5

−1− 3e−3t

20
+ 7et

4
− 3e2t

5

]
=

[
e−3t

10
− et

2
+ 27e2t

5
− 3

−1− 3e−3t

20
− et

4
+ 27e2t

5

]
.X

[20 marks]
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Question 4 Write the companion system for the equations given below.

a) y(3) − y sin t = f(t), b) ÿ−y = 0.

Solution

(a) From y(3) − y sin t = f(t) we have y(3) = y sin t + f(t)X. Let X =

 y
y(1)

y(2)

 then Ẋ =

y(1)y(2)

y(3)

X. So

that

Ẋ =

y(1)y(2)

y(3)

 =

 0 1 0
0 0 1

sin t 0 0

 y
y(1)

y(2)

+

 0
0
f(t)

XXX

(b) From ÿ − y = 0 we have ÿ = yX. Let X =

[
y
ẏ

]
then Ẋ =

[
ẏ
ÿ

]
X. So that

Ẋ =

[
ẏ
ÿ

]
=

(
0 1
1 0

)[
y
ẏ

]
+

[
0
0

]
XXX

[10 marks]

Question 5 Use the power series method to find a series solution for

Ẋ =

1 2 −1
0 1 1
0 0 2

X, X =

2
1
1

 .

Write the final answer in term of the appropriate exponential function.

Solution

Since all the entries are constants, the matrix A =

1 2 −1
0 1 1
0 0 2

 is analytic at t = 0.X

The sum
∑∞

k=0Ak(t− t0)k can yield the constant matrix only if A1, A2, . . . are all zero matrix. Hence
A0 = A and Ak = 0 for k ≥ 1.XFurthermore :

Xn =
1

n

1 2 −1
0 1 1
0 0 2

Xn−1 =
1

n!

1 2 −1
0 1 1
0 0 2

n

X0, for n = 1, 2, . . . .XX

Now X(t) = X0 +
∑∞

k=1
1
k!
AkX0t

k,Xwhere we note from :

AX0 =

1 2 −1
0 1 1
0 0 2

 2
−3
1

 =

3
2
2

 ,X
A2X0 =

1 2 −1
0 1 1
0 0 2

3
2
3

 =

5
4
4

 ,X
A3X0 =

1 2 −1
0 1 1
0 0 2

5
4
4

 =

9
8
8

 ,X

6
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yielding the pattern :

AkX0 =

1 2 −1
0 1 1
0 0 2

 2
−3
1

 =

2k + 1
2k

2k

 , for k = 0, 1, 2, . . . . XX

Hence :

X(t) =
∞∑
k=0

tk

k!

2k + 1
2k

2k

 ; XX

but :
∞∑
k=0

2k + 1

k!
tk =

∞∑
k=0

(
(2t)k

k!
+
tk

k!

)
= e2t + et,X

yielding :

X(t) =

e2t + et

e2t

e2t

 . XX

[15 marks]

Question 6 Classify the critical points of the plane autonomous system corresponding to the
second order non-linear differential equation:

ẍ+ ν(x2 − 1)ẋ+ x = 0.

Solution

Let y = ẋ and then ẏ = −x− ν(x2 − 1)y.XX
Observe ẋ = 0⇒ y = 0 and ẋ = ẍ = 0⇒ x = 0, yielding the critical points (0, 0) X.
Then :

J =

[
0 1

−1− 2νxy −ν(x2 − 1)

]
X⇒ J(0, 0) =

[
0 1
−1 ν

]
X

Since at (0, 0) τ = ν,∆ = 1X,

• τ = ν

{
ν > 0unstable,

ν < 0stable,
,X

• τ 2 − 4∆


< 0 Spiral⇒ ν < 0− 2 < ν < 2,

> 0 Node⇒

{
ν < −2

ν > 2

X

ν > 2:unstable node.
0 < ν < 2:unstable spiral.X
−2 < ν < 0:Stable spiral.
ν < −2:Stable node.
ν = 2: degenerate unstable node.X
ν = −2: degenerate stable node.

[10 marks]
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