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STUDY GUIDE: CHAPTERS 3, 4 and 5

| SOLUTIONS TO ASSIGNMENT 02|

Question 1 Solve the following initial value problem

2
X, X(0)=|-3

) 2
X=10
0 1

N =
N Ot O

Solution

Since the matrix is an Upper Triangular Matrix the eigenvalues are diagonal elements. So A = 2 with
multiplicity 3 v’ v'.

01 6 U1 U1 1
0 0 5 | =0 = |us| = |0 ,\/
0 00 Uus Us 0
1
i.e., Xi(t) = c; |0 €* are one set of solutions corresponding to A = 2.v/
0
To find a second solution, we solve:
01 6 w1 1 w1 0
OO5@U2:0:>U)2:1,\/\/
0 0O W3 0 ws 0
0 1
ile., Xo(t) = 02{ 1{ +¢]0 ]th are another set of solutions corresponding to A = 2.v/v'To find a
0 0
third solution, we solve:
016 U1 0 w1 0
05@2:1:>w2:_%a‘/‘/
0 0 0] [vs 0 w3 %
0 0 1
e, X3(t) = c3 —% +t|1] + % 0 :|€2t are another set of solutions corresponding to A =
z 0 0
5
2.v'v'Hence the solutions are:
1 0 1 0 0 2 1
X(t) = X (1) +Xo(t)+X3(t) = ¢1 |0 e2t+c2[ 1+t |0 ]62t+03{ —5 |+t |1 +5 |0 e’ vV
0 0 0 1 0 0
5

where ¢y, ¢, c3 are arbitrary constants.v’
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Also:
2 1 0 0 ¢ =2, ¢ =2
X(0)=|-3| =1 |0 +e |1] +es ||V =>qe—2=-3 ,V=Lc=5
L 0 0 5 9 =] ey = —2
yielding:
1 0 1 0 0] [t 2 — 2t + 312
X(t) =210 62’5—2{1 +1 |0 }8%5{ L | 5 0]t = | Bt |y
0 0 0 z 0 0 1

[20 marks|

Question 2 If ¢ is a normalized fundamental matriz X = AX at to = 0 and if F is continuous
m t, then

X,(0) = [ ot = 9F(s) ds

15 a particular solution ofX = AX + F. Use the result above to find a general solution of

. 2 1 t et
(e (2)

2—-A 1
-4 2-A

Solution
The characteristic function of the matrix is ¢(\) = det { ] =(2-N)?+4=XN—4\+8/,

so that the eigenvalues are A = 2 + 2iv' v/
For A = 2 4 24, the associated eigenvector is obtained from the solution of :

(_2@' 1 > <U1) _ (0) yo l T2t n=0 1)
-4 =2i) \ v 0 —4v; —2iv, =0 (2)

The equation (2) is equivalent equation (1) [—2i x (1) = (2)]. So from (1) we have —2iv; + vy =0 —
U9 = 2iv;. We take v; = 1 so that V = [1} = B] +1 [g] .v'is an eigenvector. So in view of Theorem

21
2.19 page 32 of S.G. we have

0 2t
cos 2t — sint)  =e? COS.

2 —2sin 2t

0 in2t \ g
sin 2t + cOS 2t) 2t [ O

2 2 cos 2t

sin 2t
2 cos 2t

O = O =

cos 2t

2t
—2sin zz] ¢ and {

Two real solutions are l ] e?t v v while a fundamental matrix is :

cos 2t sin 2t

_ 2%
o(t) = {—2sin2t 20082t:| eV



with ®(0) = [é g],\/@‘l(o) =1 [(2] ﬂ/

Normalised fundamental matrix is :

\IJ(t):CI)(t)(I)l(O):%[QCOSQt sinZt]‘ Y

—4sin2t 2cos2t

Then :

t

X,(t) U(t—s)F(s)dsv

I
S— — —

2 |—4sin2(t—s) 2cos2(t —s)

! €_2t 2scos2(t — s) —sin2(t — s)
2 |—4ssin2(t — s) — 2cos2(t — s)
t

t 2(t—s) o : . 2s
e {2COS2(?§ s)  sin2(t s)} {3626} dsv v

} dsv’

sse*sin(2(s —t))

- 0, | v
s (~e)con(2(e )|
(8] e

Hence the general solution is X (t) = ¢; X 1(t) + 2 X2(t) + X, (t) = &1 {_(;ossiit%] e* +cy {28282;4 e+

0 .
[_ te%] where ¢y, ¢y arbitrary constant v’

25 marks]

Question 3 Use Corollary 4.39 with to = 0 of the study guide to solve the inhomogeneous initial

value problem
: 0 2 2 2
= (G () x=(0)

0—X 2
-1 3-A

Solution
The characteristic function of the matrix is ¢(\) = det [ } =-AB-N)+2=XA-3\+2,

so that the eigenvalues are A = 1vand A = 2/
For A = 1, the associated eigenvector is obtained from the solution of :

GAW-0-fmn e

The equation (2) is equivalent equation (1). From (1) we have —v; + 20y = 0 — v; = 20,. We take

2| . . . 2 . .
vy = 1 so that V = [1] is an eigenvector. i.e., Xi(t) = 4 [1} e! are the solutions corresponding to
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A=1.V
For A\ = 2:

o=l =1

. 1 . . ..
e, Xo(t) = o [1] e?! are the solutions corresponding to A = 2.v a fundamental matrix is :

2€t 621& o
q)(t) = |:€t €2t} e,V
) 12 2 PR S S |
with ¢(0) = [2 2] N OH0) = {_1 5 ].\/
Normalised fundamental matrix is :
B 2et — 2t —2¢t 4 2%
v =ome-o) = |2 75 0] v

Then from (4.39) a particular solution is :

X,(t) = /Ot U(t—s)F(s)dsv

B P [et=s _ o2(t=s) _9pt—s | 92(t=s) 9 Lev
= /0 |:et—s _Q2tms) gt 4 9p2(t—s) } {6—35} S
t —9pt—4s 4 det—s — 2e2(t—s) + 2p2(t—s)—3s7]
= /0 [ _el=4s 4 9pt=s _ 9p2(t=s) 4 9o2(t—s)=3s dsv’
‘o
—%et%’s (=103t — 5e° + 40e + 4et)
= 01 v
556" 7% (—20e3 T — 5et + 40e* 4 8e')

0_

Hence the general solution is

2 1 _3 + 673t + 7_€t _ 3e2t
X() = X)) + aXa) + X0 = o [f] ¢ e[ e | DA TR where e
T 720 4 5

arbitrary constant v'.
Also:

2 —9
X(0) = m = |:?:|+Cg H+[8}/;»{ AT =2 = 2 6=6

yielding:

2 1 _3 673t 7_6"‘ o 3€2t 673t _ e_t 2762t _ 3
B R e —1-

: N ze

20 4 5

[20 marks]



Question 4 Write the companion system for the equations given below.

a) y® —ysint = f(t),  b) j—y=0.
Solution
[y y(l)
(a) From y® —ysint = f(t) we have y® = ysint + f(t)v. Let X = |y | then X = |y@|v. So
(2) 3)
Y Y

that
y) 0 10 y 0
X=1y®] =0 01|y +1]0
y®) sint 0 0/ [y® f(t)

(b) From §j — y = 0 we have § = yv'.

< - - b

VY

Let X = Eﬂ then X = B} v'. So that

[10 marks]
Question 5 Use the power series method to find a series solution for
) 1 2 -1 2
X=101 1 ]X, X=|1
00 2 1
Write the final answer in term of the appropriate exponential function.
Solution
1 2 -1
Since all the entries are constants, the matrix A= [0 1 1 | is analytic at t = 0.V
00 2
The sum 7, Ag(t — to)* can yield the constant matrix only if A;, As, ...are all zero matrix. Hence
Ay = A and A, =0 for k > 1.v'Furthermore :
L[t 2 1 L[tz 1"
X,=—|(0 1 1 Xn_lz—' 01 1| Xy, forn=12...vV
"loo 2 1o 0 2]
Now X (t) = Xo + Yoy 5 AFXot", v where we note from
12 —=1][27] [3]
AXp=10 1 1| |=-3|=]2|.v
00 2 1 12
1 2 —1] [3] [5]
A’X,=10 1 1 21 = 4| ,v
00 2] [3 14
[1 2 —1] [5] [9]
A3Xg=10 1 11| (4| = [8].v
00 2] [4 el
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yielding the pattern :

1 2 —1 2 2k 41
A*Xog=10 1 1| |=3|=| 28 |,fork=0,1,2,.... Va4
00 2 1 ok
Hence :
© 4k 2k +1
_ k .
‘mw_EZH i L VY
k=0 2
but :
—2F+1, (@) 2% | .t
I G e )
k=0 k=0
yielding :
et 4 et
Xty=| e |. vV
6215

[15 marks]

Question 6 Classify the critical points of the plane autonomous system corresponding to the
second order non-linear differential equation:

i+v@*—1i+z=0.

Solution

Let y = & and then ¢ = —z — v(2? — 1)y.v' vV
Observe 1 =0 =y =0and £ =% =0 = x = 0, yielding the critical points (0,0) v".
Then :

0 1 0 1
/= {—1 —2vzy —v(z?—1) v = J(0,0) = {—1 V:| v

Since at (0,0) T =v,A =1V,

)

v > OQunstable,
o T =
v < Ostable,

<0 Spiral=rv<0-2<v<2,
v< =2 v
v>2

o 72— 4A
>0 Node =

v > 2:unstable node.
0 < v < 2:unstable spiral.v’
—2 < v < 0:Stable spiral.
v < —2:Stable node.
v = 2: degenerate unstable node.v’
v = —2: degenerate stable node.
[10 marks]



