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STUDY GUIDE: CHAPTERS 1, 2 and 3

[SOLUTIONS TO ASSIGNMENT 02|

Question 1 Cnsider the following system of differential equations:

P (D)[z] + P1a(D)[y] = f2(1),
Por(D)[z] + P (D)[y] = falt).

(i) How do we determine the correct number of arbitrary constants in a general solution of the above

system. (5 marks)

(i1) Explain briefly the difference between the operator method and the method of triangularization

when used for solving the above system. (15 marks)
Solution

_ [Pu(D) Pua(D)

) A=1p, (D) Pwu(D)

the number of arbitrary constant is equal to the degree of A.

(5 marks)

(ii) When using the operator method, either = or y is immediately eliminated by either using the
operations
P2 (D)[1] = P11(D)[2]

to eliminate x or

Py (D)[1] — P12(D)[2]

to eliminate y yielding nly in x or y which is then solved in the usual way.

When using the method of triangularization, we consider all the polynomials P(D) and retain the
equation in which the order of P(D) is the lowest, say for example eq.(2). Instead of eliminating
x or y all together in one step, we reduce in each step the order of the coefficient polynomial
P11(D) of x (for example) by one until the coefficient polynomial of s is a constant.

This equation is then used to find an expression of = in terms of y which is then substituted into
the 2nd equation to find an equation only in y. This leads to the triangular system which consists
of one equation in y and another in x and y where the order of the coefficient polynomial of x
has been reduced to a constant. Becuse of this special triangular form , this method of solution
immediately leads to the correct number of constants in the general solution of the system of
ODEs. (15 marks)

[20 marks|
Question 2 Determine whether the system
T+Tr—yY—y= 65,
20 —x — 2y +y=5e "

has no solution or infinitely solution. If it has no solution, explain why, else solve y(t) in term of
x(t), where x(t) is an arbitrary function of t.
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Solution
[20 marks]

Question 3 Solve the system:

(D? + 1)[z1] = 2Dlas] = 2,
(2D — 1)[x1] — (2 — D)[zs] = 5,

by using the elimination method (operator method).

Solution

Given the system:

(2) (2D = D)[z1] = (2= D)[xs] =5

Eliminating [z] first, we calculate (2 — D) x (1) — (2D)[(2)]v v to get:
(3) (=D —2D*+ D +2)[x1] = 4t — 2; v

From (3) we solve for z;. The auxiliary equation is m® +2m? —m —2 = (m — 1)(m + 1)(m + 2) =
0 & m = £1, -2,V yielding the complimentary function:

(4) Tiop(t) = e + et ezt vV

where ¢, ¢ and c3 are arbitrary constants.
The particular integral is given by: ( Note: You can also use the method of undetermined coefficients
to find particular solutions)

o 4t — 2
ner) = T DT D 1Y)
:(D+2)1<D_1){1—D+D2—D3+...](4t—2)
1
R A R R R TR
:DLH[HDJFDM...}(@—@
:D12<4t_6+4>zp_j2(4t_2): 54t -2)
:%{1——+Df— ](415—2)
— 4t —2-2) = (4t —4) =202,
(5) Tipp(f) =2t — 2.0V



Hence x1 = x1cp + x1p. yields the general solution for x; to be:
(6) z1(t) = cre™* 4+ cpe ™t +ezet + 2t — 2.
Now we find z5(t). From (1) we have ;
1

(7) lﬂmk:?D2+Uuﬂ—t/
Now substitute (6) in the above equation (7) yields

]' 2 1 2 —2t —t t 5 —2t —t t
(8) D[.CI]Q] = Q(D +1>[I’1]—t = §<D +1)[61€ +coe "+c3e —|—2t—2]—t = 5616 +co€ "HcC3e —-1.vVv

So by integrating of the above equation we can obtain x4 (t) = —gcle_% —coe ' 4 czet —tv v Thus the
solution is:

11(t) = cre™® 4 cpe ™t + czel + 2t — 2,

and

[15 marks]
Question 4 Consider the system of linear differential equations:
X = AX.

(i) Suppose X is an eigen value of A of multiplicity k > 1. Define a root vector corresponding to the
eigen value .

(i1) Show that each eigen value A of A of multiplicity k has k linearly independent root vectors.

(111) Suppose that X is an eigen value of A of multiplicity k and Uy, Uy, ..., Uy are root vectors
corresponding to X of orders 1, 2, ..., k, respectively. Further, let:
t2 ti*l
Xz(t) = eAt [U)\@' + tU)\’i_l + EU)\J_Q + ... mU)\’l}, fO’I"i =1,2,... k.

Show that < Xy(t),Xa(t),...,Xe(t) p is a set of linearly independent solutions of the system

of linear differential equations and every solution of the system is a linear combination of the
solutions in this set.

Solution

(i) Definitions 3.1 or 3.2 (5 marks)

(ii)) Lemma 3.10 (8 marks)
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(iii) It is a combination of Theorem 3.8 and Lemma 3.11. (12 marks)

25 marks]

Question 5 Solve the system:

N Ot &~

completely.
Find the unique solution that passes through the point (4,5, —9) when t = 0.

Solution

5—X 4 2
45— 2 |=-N+I122-21A+10=0= A3 —12X2421A—10 = (A—1)(A2—11A+10) =
2 2 2-)

0,/ vie., A =10 or A = 1 with multiplicity 2.v v v

For A = 10:
-5 4 2 (51 U1l 2
4 -5 2 Uy | =0 = |us| = |2 ,\/\/
2 2 =8| |us U3 1
2
i.e., Xi(t) =c; | 2] €' are the solutions corresponding to A = 10.v/
1
For A =1 we solve:
4 4 2 U1
4 4 2| || =0v
2 2 1| |vs

which is equivalent to the equation 4v; + 4vy + 2v3 = 0V
Since we have only one equations with 3 unknowns, two of the unknowns can be chosen arbitrarily
and we can solve the third unknown in term of two chosen ones.v’

We therefore choose (for example) to solve v — 1 in terms of v — 2 and vs. Then vy = —vy — 4.
%] [1] [
Hence Vg =wv | 1| 4+wv3| 0 |v. Since v — 2 and v3 can be chosen arbitrarily we chose
(%R} 0 1
v —2 = ¢y and v3 = c3v' so that two linearly independent solution corresponding to A = 1 are
-1 1
2
Xo(t)=co | 1 | e vand X3(t) =c3 | 0 | ' v'where ¢z and czare arbitrarily constants.
0 1
Hence the solutions are:
2 -1 _%
X(t) = Xit) + Xo(t) + Xs(t) = e |2]e” 4 | 1| + oes| 0 ]eLV
1 0 1

where c1, ¢, c3 are arbitrary constants.v’



4 2 -1 -1 200~ — G =4, =1,
XO0)=|5]|=c|2|+ea| 1| +e| 0|V =<{24c=35, V=L =-10, V
-9 1 0 1 Cl+03:—9 Co = 9,
yielding:
2 -1 -3 2e'% + ge!
X(t)=|2]e®+3 |1 | —10| 0 |e = |2 —3et| ./
1 0 1 et — 10et

[20 marks]



