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SOLUTIONS

Please note: any fundamental error is grounds for no marks being awarded for an answer.
For some questions, different methods may be used to obtain a correct answer (unless the question specifies the

method to be used). Some questions do not have a unique solution. In both cases, full marks will be awarded for
answers which answer the given question and are mathematically correct.

QUESTION 1

This question is a multiple choice question and should be answered in the answer book. Any rough work should
be clearly marked and appear on the last pages of the answer book. Write only the number for your answer.

(1.1) Consider the set (2)
X = {4}
and the operations (for all k € R and a,b € X)
G Rx X — X, k-a:=®,
+: X xX - X, a+b:=6e.

The set X with these definitions of - and + forms a vector space. Which of the following statements
are true in X ?

A forallxe X: —x=6&
B. forallxe X: —x=x
C.0=0
D. 0= (0,0)

Choose from the following:
1. A
2. B
3. Aand B
4. Cor D
5. None of the above.

Answer: 3

(1.2) Which of the following are subspaces of Mao with the usual operations ? (2)
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Select from the following:
1. Only A.
2. Only A and B.
3. Only B and C.
4. All of A, B and C.
5. None of the above.

Answer: 1

(1.3) Which of the following sets are linearly independent?

Ao Al i ] o iy e

B. {(1,0,1), (0,1,0), (1,1,-1) } in R3

C. {1—33, 1— 22, l—x—|—1‘2} in Py
Select from the following:

1. Only A and C.

2. Only B and C.

3. Only B.

4. Only C.

5. None of the above.

Answer: 2

(1.4) Which of the following sets are a basis for the following vector subspace of Mas:

X:{[g I(j :a,b7ceR}.
SRR
a4l i) [ o] lo A}

Select from the following:
1. Both A and B.
2. Only A.
3. Only B.
4. None of the above.

Answer: 1

(1.5) Which of the following statements are true:
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B. dim (span{(1,0,1), (0,1,0), (1,1,-1)}) = 3 in R3

C. dlm(bpan{l—x 1—x2, $+l‘2}) 2 in P
Select from the following:

1. Only A.

2. Only B.

3. Only C.

4. Only A and B.

5. None of the above.

Answer: 4
1 1 -1
(1.6) Which of the following sets are a basis for the row space of (1) (1) _01 ? (2)
1 -2 2
A {1 1 —1],[0 1 =1],1 0 0]}
B.{[1 1 -1],[0 1 -1]}
c. {1t 1 -1,f0 1 -1],[1 0 0o],[t -2 2]}
Select from the following:
1. Only A.
2. Only B.
3. Both A and B.
4. Only C.
5. None of the above.
Answer: 2
1 1 -1
(1.7) Which of the following sets are a basis for the null space of (1) (1) 701 ? (2)
1 -2 2
[1] 0
A. 0], (1
10] -1
o
B. 1
_1_
o
C. 2
_2_

Select from the following:

1. Only A.
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2. Only B.
3. Both B and C.
4. All of A, B and C.

5. None of the above.
Answer: 3

(1.8) Which one of the following statements is true for the matrix A =

1. rank(A) = 3, nullity (A

rank(A

= 2, nullity (A

(4) (A)
rank(A) = 3, nullity(A)
(A) (4)
( (4)

- W

rank(A) = 2, nullity(A

5. None of the above.
Answer: 4

Consider the vector space Mao.

(2.1) Show that
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1 1 -1
0 1 -1
1o o’ (2)
1 -2 2
[16]
QUESTION 2
(12)

(A, B) = tr ([(2) ﬂ ABT)

is an inner product on Mas.

e For all A,B € Moy

(A,B) = tr (B (1)] ABT> —tr (BAT B ?D —tr ([g (1)] BAT> = (B, A\ *

where we used Theorem TI and Theorem CT.

e Forallk € R and A € Moy we have

= (i

(A, B)
since tr(kA) = ktr(A).
e Forall A,B,C € My,

(A,B+C)—tr(

I
o+
=
N
o o o

Il

-+

=
N

since tr(A + B) = tr(A4) + tr(B).

= O )—l©|>—lO

(k:A)BT> — ktr (B ﬂ ABT> — k(A B)V 2

o) = ([ T aven)
[ v er)

ABT>+tr(B ]A ) (A, B) + (4,00 "
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a b
o Let A= L d

2 12
<A,A>=tr(ﬁ ?]AAT>:tr([g 2] [a +b ac_kbd})=2a2+2b2+02+d2>0\/2

] . Then

ac+bd c*+ d?
and (A, A) = 0 if and only ifa =b=c=d = 0 (since a®,b? ¢, d*> > 0). V2

. Alternative:

: a; ap b1 b2 o 2 0 ay az bl b3 o
: Note that < |:(13 a4:| y |:b3 b4:| > = tr (|:0 1:| |:a3 a4:| |:b2 b4:|) = 2a1b1 + 2a2b2 + a3b3 + a4b4.

a; a2 b1 b2
e For all |:CL3 Cl4:| , |:b3 b4:| S M22

o a ; b bo)y 2a1b1 + 2a2bs + asbs + asby
by by

as Qa4
b1 bg ay asg
= 2byaq + 2bsas + bsasz + byay = bs byl las ay .

a

e For all k € R and { aQ] € Moo
4

a
as
k ayp az bl b2 . k:al k)ag bl bg

az Q4 ’ b3 b4 - kag ]{16L4 ’ b3 b4
= 2(ka1)b1 + Q(kag)bz + (k’ag)b3 + (ka4)b4

by b
= k;(2a1b1 + 2asbs + azbs + a4b4) =k < |:Z; Zi] s l:b; bz:| > .

a1 az| |b1 ba| |1 o
e For all LS a4] , |:b3 sz , [Cg CJ € Moo

ay Qg b1 bg + C1 Co o ay; a bl +c b2 + co
az aq|’ |b3 by ez ca]/  \l|las aa]’ |bs+cz bitca
= 2a1 (b1 + c1) + 2a2(bz + c2) + az(bs + c3) + as(bs + c4)
= (2@11)1 + 2a9bs + asbs + a4b4) + (2(1101 + 2asco + ages + a404)

(o] P el ) e 2]

ap a2

oLetA:[ :|.Th€ﬂ

as Qag
(A, A) =243 +2a3 +a3 +a3>0

and (A, A) = 0 if and only if a1 = az = a3 = a4 = 0 (since a?,a3,a3,a3 > 0).

(2.2) Prove that if A, B € Mo, where A, B # {8 8} , are orthogonal to each other with respect to the inner (6)
product defined in 2.1 above, then { A, B} is a linearly independent set.

Suppose ¢1A 4+ coB = 0 where c¢1,co € R. Since A and B are orthogonal to each other we have
(A,B) = (B,A) = 0.V

ClA 4+ cB=0= <A,01A + CQB> = <A,0>\/
= 1 (A, A) + c2(A, B) = 0V

= (A, A) =0V
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=c = ov’
since (A, A) # 0. Similarly
1A+ B =0= (B,c;A+ c2B) = (B,0)
= 9 = O.\/
Thus { A, B} is a linearly independent set.
Apply the Gram-Schmidt process to the following subset of Mas: (12)
o oo o b}
0 2/’]/0 0”0 1

to find an orthogonal basis with respect to the inner product defined in 2.1 above for the span of this

subset.
11 11 {01
Uy ‘= 0o 2|’ Ug = EE Uus = 0o 1|°

Let
Then the Gram-Schmidt process provides

w=u= o] v
e (Y
o= (0 5 o 3)) -

<u2’v1>vl(m)\/

(v1,v1)

1] 411
0o s[0 2 2

Vg2 = U2 —

Vg = ug — U3,U1>v _ <u3702>v2\/
<U1,Ul> <U2702>
7017é1179.111
{01 810 2 2 210 =2
1/-1 1
_2{0 0} v

Thus we have the orthogonal basis

(636 2 )

(2.4) Let V be a vector space with zero vector 0 and let (-,-) denote an inner product on V. Prove that (4)

(0,v)=0forallveV.
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Since 0= 0-0v > (Theorem VZ) we have (0,v) = (0-0,v) =0(0,v) = oV by IP2.

. Alternative:

 Since 0 = 040 (VS4) we have (0,v) = (0+0,v) = (0,v) +(0,v) by IP3 and IP1, so that (0,v) = 0.
. Alternative:

ESince the Cauchy-Schwarz inequality yields |[(0,v)| < 1/(0,0){(v,v) = 0 by IP4b, it follows that

:[(0,v)| = 0. Thus (0,v) = 0.

[34]
QUESTION 3
Consider the matrix
110
A=1(0 1 0
1 1 0
(3.1) Determine the nullity of A. (2)
Row reduction of A yields
1 1 0 1 1 0
01 0]—=10 1 O (Rg(*Rg*Rl)
1 1 0 0 0 O
which is in upper triangular form, with two nonzero rows. Hence the rank is 2, and the nullity is
3-2=1."
(3.2) Show that the characteristic equation for the eigenvalues A of A is given by (3)
AA=1)2=0.
The characteristic equation is
1 0 0 1 1 0 A—1 -1 0
det (A0 1 0l =f0 1 0]V =] 0 rx=10
0 0 1 110 -1 -1 A
—(A 12 =0V
(3.3) Find bases for the eigenspaces of A. (14)

From the characteristic equation we obtain the eigenvalues 0 (twice), and 1w 2. For the eigenspace
corresponding to the eigenvalue 0 we solve

-1 -1 0] [«] 0 )
0 -1 o] |y|=lo]V
-1 -1 0] |z 0

for z,y,z € R. Clearly x = —y = 0. We find the 1-dimensional eigenspace

0
0] : zeR .\/2
1

Ve

0
O] :zeRp=¢2
z
Thus a basis is given by
0
0
1
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For the eigenspace corresponding to the eigenvalue 1 we solve

0 -1 0] [z 0
0 0 oflyl=1olV
-1 -1 1| |z 0

for z,y,z € R. Obviously y = 0 and x = z. The corresponding eigenspace is

T 1

0] :zeR)=<¢z|0] :xzeR .\/2
x |1
Thus a basis is given by
1
0| .v?
1
(3.4) For each eigenvalue, determine the algebraic and geometric multiplicity. Is A diagonalizable? (5)

The algebraic multiplicity of A = 0 is 2,\/and the geometric multiplicity is 1.V Thus A is not diago-
nalizable (Theorem DM)\/ The algebraic multiplicity of A = 1 is 1,\/ and the geometric multiplicity

is 1.
(3.5) Prove or disprove: (2)

If B is a 2 x 2 matrix, then B is diagonalizable if and only if B? is diagonalizable.

1] is not diagonalizable, but B? = {O O} is

The statement is false, for example the matrix B = [8 0 0 0

diagonalizable (and diagona]).\/ 2

(3.6) Let B be an n x n matrix. Prove that B + BT is diagonalizable. (2)

Since (B + BT)T = BT + (BT)T = BT + B = B + BY, B + B is symmetricv and consequently
diagonalizable (Theorem DS).\/

[28]
QUESTION 4
Let T : R® — My be defined by T'(x,y, z) = [z ﬂ
(4.1) Show that T is a linear transformation. (4)
Let k € R and (x1,y1,21), (T2, Y2, 22) € R3.
A +
o T((x1,y1,21) + (22, Y2, 22)) = T(x1 + 22,51 + y2,21 + 22) = [21 + 222 iji + ZZ]
T x 2
= {211 gj + L,; ‘zj =T(z1,y1,21) + T(x2,y2,22).V
o T(k-(x1,y1,21)) = T(kx1, kyr, kz1) = Sl Y e KT (z1, 91 21)~\/2
’ ’ ’ ’ /{32’1 k‘l‘l z1 T ’ ’
(4.2) Find the matrix representation [T]p, g, of T relative to the basis (8)

B, ={(1,0,1), (0,1,0), (1,0,—-1) }

[TURN OVER]



in R3 and the basis

sl 3 b

in Mss, ordered from left to right.

From
T(1,0,1) = B ﬂ —1
7(0,1,0) = {8 (ﬂ ~0
T(1,0,—1) = [_11 g] —q

o o~ "o~

ON

0
1_
i
1
0
1

+0

+0

+0

o~ or o~

01
1 0|’

|

[t

+ 4+
= N = N =

0
-1 0

1

_ o = O = O

I}

O O O

_|_

+
N = N~ N
T 1T 1T 1
|
—_

o= o E O
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\/2
/2
/2

the coefficients of the basis elements in each equation provide the columns of the matrix representation:

(4.3) Determine the range R(T) of T. Is T onto? In other words, is it true that R(T")

The range of T is

R(T) ={T(z,y,2) :

(4.4) Determine ker(T") and the nullity of T

ker(T

=
g

== O O

ERB: {x

(0,0,0)}.v 2

2
0
-1
1

Ve

x,y,z €ER}

:{E ﬂ :x,y,zGR}.\/2

Since [(1) 8] € Mss but [1 0] ¢ R(T), T is not onto.v 2

z

z,y,2) €R® : T(x,y,2) = {0
z,y, 2

-

0

0 0
0 0

We have a zero-dimensional space and the nullity of T is 0. v 2

(4.5) Is T one-to-one? Motivate your answer.

Yes, since nullity (T') = 0 (or equivalently ker(T') =

©

UNISA 2016

0
0

I}
I}

{(0,0,0)}, Theorem TO).v >

= Mao?

[22]

TOTAL MARKS: [100]



