——
’~‘(/
university
of south africa

UNISA

MAT261 1 LlN EAR ALG EBRA October/November 2015

SOLUTIONS

Please note: any fundamental error is grounds for no marks being awarded for an answer.
For some questions, different methods may be used to obtain a correct answer (unless the question specifies the

method to be used). Some questions do not have a unique solution. In both cases, full marks will be awarded for
answers which answer the given question and are mathematically correct.

QUESTION 1

This question is a multiple choice question and should be answered in the green answer book. Any rough work
should be clearly marked and appear on the last pages of the answer book.

(1.1) Consider the set (2)
X = {4}
and the operations (for all k € R and a,b € X)
G Rx X — X, k-a:=®,
+: X xX - X, a+b:=6e.

The set X with these definitions of - and + forms a vector space. Which one of the following statements
is true in X 7

1.0=0
2.0=64
3. 0=(0,0)
4. 0= (M, W)
5. None of the above.
Answer: 2
(1.2) Which of the following are subspaces of Mss with the usual operations ? (2)

{11
{5 )

C. {{a b} :a,b,c,dER,ad}
c d

Select from the following:

1. Only A.



2. Only A and B.
3. Only B and C.
4. All of A, B and C.
5. None of the above.

Answer: 4

(1.3) Which of the following sets are linearly independent?

A. {(1,0,1), (0,0,0) } in R3
B. {(1,0,1), (0,1,0), (1,1,1) } in R3
C. {1—35, 1—332} in P

Select from the following:
1. Only A.
2. Only B.
3. Only A and B.
4. Only C.

5. None of the above.

Answer: 4

(1.4) Which of the following sets are a basis for the following vector subspace of Mas:

X—{ {a b} :a,meR}.
b ¢
A oo o Bal B
0 0/”/0 O|”|1 0/"]0 1
s AL Lo B )
Select from the following:
1. Only A.
2. Only B.
3. Both A and B.
4. None of the above.
Answer: 2
(1.5) Which of the following statements are true:
A. dim (span{(1,0,1), (0,1,0), (1,1,1) }) = 3 in R?
B. dim ({(1,0,1), (0,1,0), (1,1,1)}) =3 in R3

C. dim (span{ B _OJ }) =11in Moo

Select from the following;:

1. Only A.
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2. Only B.
3. Only C.
4. Both A and C.

5. None of the above.

Answer: 3

(1.6) Which of the following sets are a basis for the row space of

o O =

O = =
[
~
—
[N}
—

A {[t 1 —-1],[0 1 1],[0 0 0]}
B. {[1 1 —1],[0 1 1]}
c.{[t 0o —2],[0 1 1]}
Select from the following:
1. Only A.
2. Only B.
3. Both A and B.
4. Both B and C.

5. None of the above.
Answer: 4

(1.7) Which of the following sets are a basis for the column space of

OO =
O~ =
—
~
—
[\
—

C. 0f, (1

o
s}

Select from the following:
1. Only A.
2. Only B.
3. Both B and C.
4. All of A, B and C.

5. None of the above.
Answer: 3

(2)

(1.8) Which one of the following statements is true for the matrix A =

o O =

O = =
—
~
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1. rank(A) = 2, nullity(A4) = 1.

2. rank(A) = 2, nullity(A) =0

3. rank(A) = 1, nullity(A) = 2.

4. rank(A) = 3, nullity(A) =0

5. None of the above.

Answer: 1
[16]
QUESTION 2

Consider the vector space Ps.
(2.1) Show that (12)

(p(x),q(x)) = poqo + P1q1 + P2q2 + 3p3q3,

where
p(x) = po + prx + paa® + psa® and q(z) = qo + Q7 + qa® + gsa?,
is an inner product on Pj.

We have for k € R and

p(z) = po + p1x + paz? +p3$3,(J($) =qo + Q17 + q2a” + %58377“(96) = 1o + iz + rox? + raa’

2
1. (p(x),q(x)) = pogo + P11 + P22 + 3p3qs = Gopo + @p1 + qap2 + 3asps = (g(x), p(x)) V'

2. (p(x) +r(x),q(x)) = (pPo +70)q0 + (P1 +71)q1 + (P2 + 72)q2 + 3(p3 + 73)q3
= poqo + Toqo + P1q1 + 1141 + P2ge + raq2 + 3p3q3 + 3r3q3
= poqo + P1q1 + P2q2 + 3p3q3 + roqo + r1q1 + T2q2 + 31393

= (p(x), q(x)) + {r(x). q(x)) V"
3. (kp(x),q(x)) = (kpo)go + (kp1)q1 + (kp2)g2 + 3(kp3)gs = k(pogo + pra1 + p2g2 + 3p3q3) =

k(p(x), g(2))v 2

4. (p(z),p(x)) = p3 + p? + p3 + 3p3 > 0v'? so that {p(x),p(x)) >0 and (p(x),p(z)) = 0 if and only
. . 2 .
if po = p1 = pa = ps = 0 (since p3, p?,p3,p3 > OV 7, i.e. p(x) = 0.

(2.2) Prove that if p(x),q(z) € P3, where p(x),q(z) # 0, are orthogonal to each other with respect to the (6)
inner product defined in 2.1 above, then { p(x), ¢(z) } is a linearly independent set.

Suppose c,p(x) + cqq(x) = 0 where ¢p, ¢, € R. Since p(x) and g(x) are orthogonal to each other we
have (p(z), q(x)) = (a(x), p(z)) = 0.V

cpp(@) + cqq(x) = 0= (p(2), cpp(x) + cqq(x)) = (p(x),0)v
= ¢(p(),p(2)) + cq(p(x), g(x)) = OV
= ¢p(p(x),p(x)) = OV
= cp= oV’
since (p(z),p(x)) # 0. Similarly
epp(2) + cqq(z) = 0 = (q(z), cpp(z) + cqq(2)) = (q(2),0)

écqzo.\/
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Thus { p(x),q(z) } is a linearly independent set.

(2.3) Apply the Gram-Schmidt process to the following subset of Ps:
{1—1—953, —1+x3, —1+x+a:3}

to find an orthogonal basis with respect to the inner product defined in 2.1 above for the span of this

subset.

Let
up(z) :=1+2° ug(x) :=—-1+2° wuz(z):=—-1+2+2>

Then the Gram-Schmidt process provides
vi(z) i =u =1 + 23V
(v1(x),01(2)) =124+ 02+ 02 +3-12 =4V
(ug(z),v1(z)) = =1-140-040-0+3-1-1=2V
(uz(2), v1(z)) (:C)\/

val) = wal) = ey S )

= (1427 - T(1+2%) = 5(-3+ %)V
(v3().va(@) = (=37 +0 +0-0+5:1%) = 3¢/
(uz(z),v1(z)) =—1-141-0+0-0+3-1-1=2V
(us(@),v2(2)) = —1- <§>+1~0+0~0+3.1~1—3\/

(sl @) (ua(e) (@)

v3(x) = uz(x) — (o1 (2), 01 (@) v — (02(2). 02(2))
= (lhetat) - F1+aY) - (342

=z.v

Thus we have the orthogonal basis

{1+x3, ;(—3+x3),x}.\/2

[30]
QUESTION 3
Consider the matrix
1 0 1
A=1{0 0 O
1 01
(3.1) Determine the nullity of A. (2)
Row reduction of A yields
1 01 1 0 1
0 0 0Of-1{0 0 O (Rs < R3 — Ry)
1 01 0 00

[TURN OVER]
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which is in upper triangular form, with one nonzero row. Hence the rank is 1, and the nullity is

3-1=2v"
(3.2) Show that the characteristic equation for the eigenvalues A of A is given by (3)
M(A—2)=0.
The characteristic equation is
1 0 0 1 01 A—-1 0 -1
det [A]0 1 0o —]0 0 0f ]V =[]0 A o0
0 0 1 1 01 -1 0 A-1

SAA-12 -1 =AM - - (A1) +1)

— 2\ —2)=0v %

(3.3) Find bases for the eigenspaces of A. (18)

From the characteristic equation we obtain the eigenvalues 0 (twice), and e 2. For the eigenspace
corresponding to the eigenvalue 0 we solve

-1 0 —-1] [= 0] )
0 0 0l |yl=1|0]V
-1 0 -1 z 0_

for x,y,z € R. Clearly z = —x. We find the 2-dimensional eigenspace

T [1 [0
y | rx,yeRP=< x| 0| +y|l] : z€R .\/4
—x -1 10
Thus a basis is given by
1] [o
ol, 1] V.v?
-1 10

For the eigenspace corresponding to the eigenvalue 2 we solve

1 0 —-1] |z 0 5
0 2 0l |y|l=1l0o]V
-1 0 1 z 0
for x,y,z € R. Row reduction yields
1 0 -1 10 -1
0 2 0|—1]0 2 0 (R3 + R3+ Ry)
-1 0 1 0 0 O
so that y = 0 and x = z. The corresponding eigenspace is
x 1 4
0| :x2eRy=%z|0] :2eR $.V
T 1
Thus a basis is given by
1
o $.v?2
1
(3.4) Prove or disprove: (2)

[TURN OVER]
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Let T :

(4.1)

(4.2)
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If B is a 2 X 2 non-singular matrix, then B is diagonalizable.

. R . . .
The statement is false, for example the matrix {O 1] is non-singular but not d1agonal1zab]e.\/ 2

Let B be an n x n non-singular matrix. Prove that:

B is diagonalizable if and only if B~ is diagonalizable.

Assume B is diagonalizable, then there exists an invertible n x n matrix P such that P~'BP is diagonal
and non—singu]ar,\/ It follows that

(P'BP)"'=pP B (P ) ' =P 'B PV

is diagonal (since the inverse of a non-singular diagonal matrix is diagonal).\/ Hence B! is diagonal-
izable.v’

Similarly, if B! is diagonalizable then there exists invertible ) such that Q~'B~'Q is diagonal. Then
(Q 1B~1Q)~! = Q' BQ is diagonal.v
[30]

QUESTION 4
Mas — Moy be defined by T(A) = A + AT where A7 is the transpose of A.

Show that T is a linear transformation.
Let k € R and A, B € Msy,. Using the definition of Mo and T we find

e T(A+B)=(A+B)+(A+B)T = A+ B+ AT+ BT = (A+ A")+(B+BT) = T(A)+T(B).\/2

o T(kA) = (kA) + (kA)T = kA + kAT = k(A + AT) = kT(A).V 2

Find the matrix representation [T']p of T relative to the basis

=il b AL

in Mss ordered from left to right.

0
-1

)

From
0 I ) P PR P
I R R N N O RS
IERE oy Yooy Ao Yool e
o5 l= sl oo ol afeolh ]

the coefficients of the basis elements in each equation provide the columns of the matrix representation:

Ve

O O oW
o oo
o N OO
o O o o

[TURN OVER]



8 MAT2611
October/November 2015

(4.3) Determine the range R(T) of T. Is T onto? In other words, is it true that R(T) = Map? (4)
The range of T is

R(T):{T[z 2} : a,b,c,deR}/2

_ 2 b+c| .
_{[b—Fc Zd] .a,b,c,dER}

{[g ﬂ :a,ﬁ,fyG]R}\/ (setting o = 2a, f =b+ ¢ and v = 2d)
which is the vector space of 2 x 2 symmetric matrices. Since [J}] € Mag but [§3] ¢ R(T), T is not
onto.v
(4.4) Determine ker(T") and the nullity of T (4)

ker(T):{AeMgg P A+ AT = {8 8]}
={Ae My : AT:*A}‘/Q

i.e. the vector space of 2 X 2 skew-symmetric matrices. Since

keI‘(T)Z{AEMQQ : AT:—A}

{ {a b} :a,b,c,deR,aO,bc,dO}
c d

{[8 g vex)
:span{[ol é]}

we have a one-dimensional space and the nullity of T is 1. v 2

(4.5) Is T one-to-one? Motivate your answer. (2)
No, since (for example)
b yerl y-p o
[24]
TOTAL MARKS: [100]
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