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Jowever, in this case these factors are additive rather
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‘L. Suppose that the time series yy, ¥, ... ¥, has -'
- slowly changing over time but has no trend or seasonal pattern.
estimate €, for the level (or mean) of the time series in time period
given by the smoothing equation

€= oy, +(1 - o),

where « is a smoothing constant between 0 and 1, and €7 is the
estimate of the level (or mean) of the time series in time period ' —

2. A point forecast made in time period T for yz, is
¥ ol T) =€ &= L 2ol

3 Hrt=1, then:

95% prediction interval computed in time period T for yry

vl e e S Y

€, :I,lL"ﬂS]

——
‘
L
|
’
Yo
S

% prediction interval computed in time period T for y

£

¥ 2
€1 £ 2 0p5p5V1 + a"]

In general for any . a 95% prediction interval computed in time
period T for y;, . 1s

prt—

€r 2 2p0utyl + (5~ l)all

where the standard error s at time 7 18

[T [T
i -5 ~DF (S = 6P
g = e = 1 ; - = 1'§ '..-_... _.’_.....__
et ) ¥ Yo o e

Note: There is not general agreement on dividing the SSE by (7'~ number ' %
smoothing constants). However, we use this divisor because it agrees with the

nential smoothing with a. = 034 to forecast future monthly cod catches. Fro
we see that £,, = 354.5438 is the estimate made in month 24 of the leve
. thecodcatch data. it follows that the pont forecast made in month 2
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_ /(362 - 360 66677 + (381 360.7125F +---+ (365 - 3
_ [28089.14

o, S

= 3495

Now, we can compute prediction intervals as follows:
e A 95% prediction interval made in month 24 for y;s is

(3545438 + 7 o,q5] = [354.5438 + 1.96(34.95)]
- [286.04, 423.05)

e A 95% prediction interval made in month 24 for yg is

(354 5438 + 7, s V1 + a3] - {354.5438 +£1.96(34.95\1+ (.034)2]
— [286.00, 423.09]

e A 95% prediction interval made in month 24 for yy; is

(3545438 £ 2 51 + '2'{12] x [354.5433 +1.96(34.951 + 2(.034)2]
' — [285.96, 423.12)

Notice that since the smoothing constant o, is small, the increase in the length of the pre-

diction intervai is very smali. :
Now assume that we observe a cod catch in January of year 3 of y,5 = 384, Computers

have become 5o fast with quick access to such a large storage capacity that one t:@u[d
develop 3 forecasting system, even for thousands of itemns, that would repeat the process
in Example 8.1 to find 2 new and s when a new observation is obtained. However, one
of the wradinonal advantages of exponential smoothing is that we need only our |
mate to find new point forecasts. For the cod catch data, we can update €4 10 €55 by

the smoothing equation
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Furthermore, it follows that a 95% prediction interval made in m
[355.5453 % 7 ,qs] = [355.5453 + 1.96(34.95)]
= [287.04, 424.05] :
and a 95% prediction interval made in month 25 for ys; is

[355 5453 £ 7, 5V1 + u?] [355 5453 + 1.96(34.95)\1+ (03
= [287.00, 424.09]

In general, note that the smoothing equation
€, = oy +(1 =),
implies
Cra =y, +(L-a)p,
Substitution, therefore, gives us
tr=ayy +(1 - a)faye, + (1 —a)l, ,]
= ay; + (1 - way,, + (1 - a)?*€,,

substituting recursively for €;,, €.3,..., €, and €,, we obtain

vy + (1 =)oy, +-+-+ (1 - o) 'oy, + (1= a)’ €,
efficients measuring the mnmbuuon of the observations Yy, Y7i, Y2, -« . ¥y ase ;
ake, (1 —a)e,..., (1-a) ', respectively, and are decreasing exponenually'

" sges Borthis reason we refer to this procedure as simple exponential smoothing.
Since the coefhicients are decreasing exponentially, the most recent observation
~makes the largest contribution to the current estimate for the level (or mean). Older
servations make smaller and smaller contributions to this estimate. Thus, remote
Srervanions are “dampened out” of the current estimate of the level (or mean) as time
sdvances The rate at which remote observations are dampened out depends on the
smoothung constant «. For example, if o = .9 we obtain coefficients .9, .09, .009,
WL For values of anear 0, remote observations are dampened out more slowly.
The chowce of 2 smoothing constant « is usually made by simulated forecasting of a
hastorical data set as illustrated in Example 8. 1.
The smoothing equation may be written in what is called the “error correction
form” as follows.

A i e i o

JR—

e

ERRORCOIIRECHONFORM

The error correction form for the smoothing equatwnmsll!ple exponential
smoothing:

€T=€,u,+d(yr-*€§;§).?.' A
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8.3

tageous, when there is trend in the time series data, to use double

with one parameter instead of Holt's two- ling
; parameter smoothing (see Section
tracking signals for time series with trend were based on smoothing methods w
parameter. F“mmomﬂmmmwpmcedumbmedmmmodehfﬁ '
nential smoothing methods to aid in better identification of the correct smoott
method (see Hyndman et al., 2002). e

HOLT'S TREND CORRECTED
EXPONENTIAL SMOOTHING

Suppose that a time series displays a linear trend. If the time series is increasing or
decreasing at approximately a fixed rate, then the time series may be described by the
tinear trend model (see Section 6.1)

Yo = Bo + B+

The level (or mean) at ime T'is B, + B,7, and the level (or mean) attime 7 — 1is fig +
37 — 1. Thus, the increase or decrease in the level of the time series from time period
T — 1totume period T 1s

[Bu + B[T] = [[30 o B1(T -] = Bl

This fixed rate of increase or decrease §, is called the growth rate.

Holt's trend corrected exponential smoothing is appropriate when both the _level-anc_l
the growth rate are changing. A model different from the linear trend model is needed B
o d;scﬁbe the changing level and growth rate (see optional Section 8.6). To imPlem‘,’.'{tﬁi ;
Holt's trend corrected exponential smoothing, we let {7, denote the estimate of thelevel S
of the time series in time period T — 1, and we let by, denote the estimate of thegmwth,
rate of the time series in time 7' — 1. Then, if we observe a new u.me' senes-value Ir J
time period 7, we use two smoothing equations to update the estimates Cry and by
The estimate of the level in time period T uses the smoothing constant o and is

Er=ay + (= )€y +br_ 4]

This equation says that ¢ equals a fraction o of _the Pewly obseljved"ti};;e :
yr plus a fraction (1 — o) of [, + brl, wh:ch is the esﬁmatedo; e ley
time series in time period T, as calculated using esnmateeer_lan 71 €€
time period T — 1. The estimate of the growth rate of the time series
T uses the smoothing constant yandis _

S L +0-
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period 0. One way to do this is 1o fit a least squares trend line to pa
historical data and let the y-intercept be €, and the slope be by. For e

TABLE 8.1 Weekly Thermostat Sales

206 189 172 233
245 244 210 303
185 209 205 282
169 207 244 2901
162 211 218 280
177 210 182 255
207 173 206 312
216 194 211 296
193 234 273 307
230 156 248 281
212 206 262 308
192 188 258 280
162 162 233 345

Note: Read downward left to right.

Source: Reprinted from R. G. Brown (1962),
Smoothing, Forecasting, and Prediction of
Discrete Time Series, p. 431, by permission of
Prentice-Hall, Inc. Suggested by an example in
Abraham and Ledolter (1983).
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s it o .

) Saiver in Excel for finding a (alpha) and y (gamma) that minimize the SSE

: g kf;_'rm qamma SSE u;qugre _ ’-,«» st
52 0247 0095 38884 77768 2189,
Actual Forecast Squar 9.‘?.? .
Time Themostat Growth Made Last Forecast = Forecast

Period Saies (y) Level Rate  Penod ErTor Evor 28

0 202 6246 -0.3682 e

206 2031805 -0.2804 2022564 37436 14.0145)
o 2 245 2132921 07074 202.9001 42 0999 1772._49911,:
10 3 185 2068413 00270 2139995 -259996, 840.9751)
58 49 281 3010910 42475 3076757 -266757 7115940
50 3083059955  4.3100 3053386 26614.  7.0833)

51 280 3028248 35080 3103055 -303055 918.4226

52 345 3159460 45040 3064237 385763 1488.1288!

(b) Excel spreadsheet with the values for @, 7. 5. €55, and bg, when SSE is minimized

in Figure 8.6 and reoptimize (that Is, run Solver with different values) to seeif a minim""u |
SSE has been found in Figure 8.7. pan

To illus_trate the forecasting of thermostat sales, we use s, = 315.9460 and
4.5040 to find the point forecasts for ¥s3. ¥sa, and yss as follows:

Y5352) = €, + by, = 3159460 4 4.5040 = 320.45
Y4l52) = €5, + 2b, = 315.9460 . 2(4.5040) = 324,954

Y5552) = €5, + 3b;, = 315 9460 3(4.5040) = 329.458

| r 0 ok 3 i
1 order to compute the 95% prediction Intervals, we use the forecast errors in Figu

5. This figure gives the one-period-ahead foreca

when we use a = 0247 and Y= .095, the smoothing constants that minimize
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Then, a 95% prediction interval for yq, is

[¥52052) & 2,951 = (€5, + byy) £ 2 55)
= |320.45 + 1.96(27.89)]
= [320.45 + 54.66)
= [265.79, 375.11]

a 95% prediction interval for ys, is

[ﬁg,,(SZ) + zmms\lk 21 -0-7'Y)'2]

= [(532 + 2b)) £ 251+ a2l + PP

= [324.954 +1.96(27.89)\1 + (24720 + .095)2]

= [324.954 1 56.63]
- [268.32, 381.58]

and 2 95% prediction interval for yss is

(75552 £ 212551 + 021+ 77 + al(i+ 27 |

= [(tsz +3b;,) £ 2 asSy1+ a1+ 7P + o?(1+ 27)2]

- [329.458 + 1.96(27.89)1+ (247701 + 035F + (247701 + 2(099) |

=[329.458 + 58.86)
= [270.60, 388.32]
Eurthermore, if we observe ys3 = 330, we can either find a new optimal acand ythatmin-
imize the SSE for 53 time periods and compute a new s, or we can simply revise the -e's;i— Bt
mate for the level and growth rate and our forecasts as follows: ‘
€s3= ays3 +(1- a)(€s; + bs,) |
= 247(330) + .753(315.946 + 4.50¢ ]
= 322.8089
b5;=7'l353—€521+(1-7)b51 b
= .095[322 8089 — 315.9460] + .905(4 5040)
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EXAMPLE 8.4

ot alter the chaice. ol the smoothing parameters that minimize the SSE.
the Tormulas for the point forecasts and the 95% prediction intervals re

vame 1Uis, however, easier to relate the error correction form of the equa
the state space models of optional Section 8.6. The error correction form
smoothing equations for the additive Holt- Winters method is given in the fo _

DOX

ERROR CORRECTION FORM

The error correction form for the smoothing equations in the additive
Holt-Winters method:
Cr=Cp v b ralyy = (Cpy + by + 50y )]
by = by, + a¥lyy ~ (€7_, + by, +s0;_,)]

Sy = snp_; + (1 - a)d{y, — (€p_ + by, +s0;_)))

Consider the quarterly sales of the TRK-50 mountain bike presented in Exercise 6.3 of
Chapter 6. Table 6.8 presents four years of quarterly sales of the TRK-50 mountain bike
for the previous four years at a bicycle shop in Switzerland. The mountain bike sales are
plotted in Figure 6.32. This plot suggests that the mountain bike sales display a linear
demand and constant (additive) seasonal variation. Thus, we apply the additive
Holt-Winters method to these data in order to find forecasts of future mountain bike
sales.

We begin by finding estimates for the initial level, trend, and four seasonal factors.
For seasonal data we need to use at least four or five years of data to find estimates for
the seasonal factors. Hence, we first fit a least squares regression line to all four years of
the available data rather than just half the data. As in Holt's trend corrected exponential
smoothing, we let the y-intercept be €, and the slope of the regression line be b,. For exam-

ple, the Excel regression output in Figure 8.9 gives the following least squares regression
equation:

J, = 2085 + .980882t

Thus, we choose £, =20.85 and b, = .9809. These values have been copied to the cells

that correspond to the level and growth rate at time O in the Excel spreadsheet of '
Figure 8.9. ;

The seasonal factors are found by the following three-step procedure:

1. We use the least squares regression equation to compute J, for each
that is used in finding the least squares regression equaﬁon In our "
ﬁfm&:eﬁwryeaﬁ df“data t= 1 2 5as s 15
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Exce! spreadibeet of the additive Holt-Winters methad for quarterly mountain © bike m :

.. :ana 0 as 10 598
o
ppha  genma  delts ssquars ¢ : : g
Be a4y o Hnee 19W BT | e
{
. Actual Forecas! Squared frny
Bihe Growth Seasonal Made Les Forecast Forecast R
. Sales Lovel Rale | Factor Pencd Emor . Enor : L

3 14 162 - il
2 65529 ' i
1 18 5721 Regression Mult

U 208500 09809 -109088 fsimates Detranded Average R Square |
1 {0 23070 10286 140254 76147 23853 568% 216309 -118309 -14. 2162i usted R
2 31 235585 10608 66418 208895 11106 1 7913 228118 816882 65529 Sl_&n

3 3 245731 10472 185575 431815 01815 0032 717926 192074 185721 'Ob

4 '6 258780 10729 -108057 147115 1 2885 16603 247735 BT7735 -10.9088 :
5 yase 37079 2576544 147544 00000 ANOVA 1
E‘ ¥
7
g
8

s o

11 265658 10344 -14.1794 12,925

!
37318 10096 65424 342420 12420 15427, 267353 6.2847 i
15 279776 009712 184040 469190 -19190 36825  27.7162 17.2838 ‘Re
17 %8702 00483 -108972 181431 -11431 13067 286971 -11.6971 Residual |
14 93707 00186 142985 154892 14892 22176 296779 -156779 Total
0 3 W12 09019 54759 3BB317 08317 06918 306568 53412 -
n 50 311391 09133 184497 494289 05711 03262 316397 18.3603 o

12 21 320214 09102 -10.9096 211553 -0.1553 00241 326206 -116206 'Inierce :

13 19 330050 09176 -142692 186331 03669 01346 336015 -1468015 X Variable
14 41 340428 09206 65240 403%5 06015 03618 345824 6478, . 1
'§8 5 %2881 0912 105759 53422 15778 24894 355632 13.4388 :
16 25 %1813 09544 -109%6 2533% 03396 01153 BS54 1541 L

These values are shown in the column of “regression estimates.” For

y, = 20.85 +.980882(1) = 21.8309 &

and o ,{
< = 20.85 + .980882(5) = 25.7544 ‘-f';_.*-'

2. Next we detrend the data by computing y, — J, for each time period tha ti
to estimate the least squares regression line. For the mountain bike data
compute y, — ¥, for the four years of data, t = 1, 2,..., 16.

These values are shown in the column of Figure 8. 9 cailed "Detren&{
example, o

¥ — ¥y =10 -21.8309 = —-11.8309
and

Ys

ys =11-257544 = 14, 7544
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